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Preface 



From very small hcginningis during the early years of the 1960^, interest 
by UKitheniatic^ eclueatorjs in Piagetian research broadened until at several 
univcrsiticis students were \vorking on doctoral dissertations that clearly 
were almost as closely related to child-devcloimient psychology as to 
mathematical education, ifncasincss over little cvi<Ience of close cooper- 
ation between psychologists and mathematics e<Iucators led to persuading 
the National Council of Teachers of Mathematics to sponsor jointly with 
thcDepartinentof Mathematical Education. Teachers College. Columbia 
University, a conference on the Piagct type of research in mathematical 
education. Somewhat apart from >Jcw York City and with facilities for 
housing participants, the Grcyston Conference Center of Teachers College 
was chosen for the site of the conference, held 18-23 October 1970. 

The primary purpose of the conference was to i)romote more dialogue 
not only between mathematics educators but also between ujathematics 
ethicators and psychologists. A daily schedule with much free time 
scorned an excellent way to encourage small groups interested in the 
same aspect of cognitive development to get together for discussions. 
5iomctimes these were carried on during walks about thcgrounds of Grcy- 
ston: .sometimes a group gathered-after ^<Iinncr in someone's room, with 
the schcfhdcfl lectures ser\'ing as background" information. The discus-' 
sions led to new acquaintances and new tmdcrstan<Iinp of both mathe- 
matics anti child-development psychology. 

A grant from the National Science Foundation ujade possible the papers 
that appear in this volume, the volume itself, and the participation of 
some sixty psychologists, mathematics educators, and doctoral .students. 
All participants had a deep interest in Piagetian investigations, and all 
were enthusiastic about the opportunity to^talk with fellow investigators. 

Myron F. Rosskopf 
Leslie P. Steffe 
Stanley Taback 
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Piagel's Theory of Developnienl: 
The Main Stages 



At fii^t^ight it would seem that a pr^ychological theory that ir« rcj^anlwl 
l)y its author as a **by-|)roduct*' of hi?? cpi^tcinological research and is 
therefore principally directc<l toward the investigation of knowledge and 
its changes in the history of mankind, as well as in the growing child, is 
ideally suited to educational applications. One of the ahns of education 
is the fosterini^of knowledge, the endeavonr'to transmit to the next gen- 
eration the exj>eriencc of its forebears in the hope that the ?um total of 
knowledge will he expanded. At the same time, for many different rea- 
sons, there is a general feeling that education is not goo<l enough, that 
something slioidd be changed, that not enough profit is derived from what 
is becoming a considerable number of years spent at sdiooL. ft is thus 
not surprising that-a nmnber of educators Ifave tinned to FiageVs titeory 
to seek help for new pedagogical approaches. l;nfortuiKitetS% many of 
them have been (lisappointe<l; Piaget's theoretical approach has seemed 
too far removed from classroom reality. Recently, others have become 
very enthusiastic, seduced by the experimental situations Piaget has 
imagined, and there >ccms to be a regrettable tendency to take PiagetV 
problem situations and convert them directly into teaching situations. 

Why I think this is regrettable is probably best explained by a meta- 
phor: Piaget's tasks are like the core samples a geologist takes from a 
fertile area and from which he can infer the general structure of a fertile 
soil; but it is absurd to hope that transplanting these samples to a field 
of nonfertile soil will make the whole area fertile. A childV reactions to 
a few Piagetian tasks will enable a well-trained psychologist to give a 
fair description of that child's intellectual level: but teaching the solutions 
of these same Piagetian tasks to a group of children does not mean that 
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the children will thereby attain the general intnllcetual level of the ehild 
who ean solve^the tasks independently. 

Many modern sehool programs emphasize doing and point out that 
seeing and hearing are not enough; such program^ are sometimes called 
Piugetian, and, indeed, one of Piaget's basic principles is the primacy of 
action. However, this does not mean that children should spend all their 
early school years digging in sandpits and' making mud pies,, progressing 
to constructing buildings out of bricks and then to making systems of 
pulleys and levers. 

—Educational applications of Piagct's experimental procedures and theo- 
retical principles will have to be very indirect— and hc'himself has given 
hardly any indication of how one could go about it. His experiments 
cannot be modified 'into specific teaching metuods for specific problems, 
and his principles should not be used simply to set the general tone of 
an instructional program. 

It would thus seem necessary to study Piaget's theory as a whole before 
deciding whieli pkrts of it,.if any, could be applied in the classroom. The 
theory is explicitly developmental and maintains that the explanation 
of the nature of adult knowledge is found by studying the waj^>tl)is knowl- 
edge has been built, up; in other words, the adolescent explains the man, 
the ehild explains the adolescent, the toddler explains the ehild, and the 
infant explains the toddler. Even though all of you are familiar with 
parts of Piagct's work, a brief description of the psychological charac 
tenstics of cognitive development may be helpful. This will perhaps in- 
volve a certain amount of tedious repetition of facts known to all of you. 
My apologies! 

According to Piaget, action, rather than perception, is the primary 
source of knowledge. To know objects, one has to modify them in some 
way— for instance, simply change their position. The main division into 
developmental stages is therefore based on the character of the actions 
that link the subject to the surrounding world. 

From Sknsorimotor Iktklligence 
TO Concrete Operations 

A firs t period is called the sensorimotor stage. It is a preverbal period, 
or,'spcaki:ig more generally, a period of direct action without representa- 
tion. During this stage (lasting until about the middle of the second 
year) the world around the subject becomes more and more stable and 
organized. While at first the newborn baby seems to have no awareness 
of himself as distinct from the objects around him, by the end of this 
period he ean perform the actions that assure the direct dependencies 
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between subject and objects. He has now acquired object permanency, a 
first cognitive invariant, as well as a first grouplikc structure— the group 
of displacements, as Piaget has called it. In view of the paramount im- 
portance Piaget accords to actions that modify reality, it is no accident 
that his formalizations of the underlying cognitive structures arc all in 
terms of groups of transformations — even at the level of sciisoriniotor 
intelligence. Constants, on the one hand, and action or operation struc- 
ture, on the other, cannot be dissociated psychologically: at all stages 
of development they arc no more than two sides of the same coin. How- 
ever, it seems advisable to separate the invariants from iheir grouplikc 
structures for the purposes of this brief sketch of the course of cognitive 
dcvelopiiicnt toward the formal operations, which arc the only ones that 
can be formally expressed in terms of group structures in the mathe- 
matical sense of tho word group, , 

Constants 

Let me start with the cognitive constants. Object permanency, achieved 
by the middle of the second year, means above all that the objects have 
now become "retrievable" or "rctraceable"— the child no longer acts as 
if they disappear completely once they go out of his perceptive field; 
moreover, if they arc hidden under several screens, he can rccoinposc 
their successive dir-placements and find thein again. Permanent objects 
are objects one can start "knowing" — they arc no longer only objects to 
which one ean react. A little later, objects acquire an identity that is no 
longer simply a function of the act of searching for them but that arises 
from the child's realization that several actions can be performed on the 
same object without its basic identity's being changed. For instance, a 
piece of wire ean be twisted into the shape of a pair of glasses or scissors, 
but these different shapes do not alter the "sameness" of the piece of 
wire that was used to produce them. Although the child may put the 
glasses on his, nose and pretend to look through them, he knows, and will 
say so if asked, that it is the same piece of wire that was used earlier for 
something else. The next step toward the establishment of quantitative 
constants is taken when the ehild begins to make a jdistinction between 
permanent and impermanent qualitieo of objects. The colour, suppleness, 
and material of the wire are permanent, but its shape is not. For children 
below the age of, say, seven, certain changes of shape imply a change in 
length. Nevertheless, the identity of objects has become more objective 
in the sense that it is now based on the objects* qualities rather than on 
the actions the subject performs on them. 

The great novelty of the concrete-operational period is the change from 
qualitative identities toward quantitative constants. The first of these 
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quantitative constants is numerical conservation, which manifests itself 
in eorreet answers to the well-known questions about the nunierieal 
cquivalenee of two collections of objects. For an example, consider tho 
cxpenment m which red and blue counters arc used. Starting from two 
rows, one red and one blue, arranged in a visual one-to-one eorrcspondence 
the experimenter spreads out the blue counters so that they go beyond 
the limits of the red row. The child is then asked whether there are still 
just enough red^pouiiters to cover the blue ones, or whether there will be 
some blue counters left over, or whether there will not be enough and 
so on Before the age of five or six, the child will say that there are not 
enough red eounters to eover the blue, that some blue ones will be left 
over, I. tihere are more blue ones than red ones, and so on. But from 
five or SIX onward, the child affirms that the number has not changed and 
he ean give arguments to explain his judgment: "You didn't add any"- 
lou ean put them back like they were"; "They're just spread farther 
apart ; and so on. 

Structures . _ „ 

Wc now come to the second aspect, that of the structure of actions- the 
action group of displacements, which is completely bound up with object 
permanency, slowly becomes elaborated during the sensorimotor period 
from very elementary, often hereditary action patterns. These action 
patterns (sucking, looking, grasping) at first form isolated entities but 
so.., they assimilate other objects (sucking thumbs, toys, etc ) and be- 
come coordinated (grasping and looking, etc.). Gradually, instead of 
several little isolated actions, there arc more and finer coordinations, 
which culminate in an intended connection between a definite goal and 
the action sequence necessary for reaching that goal. During the first 
period of postscnsoi-imotor but preoperational intelligence, the child starts 
to build up whatPiaget calls a semilogic, that is to .say, a logic of one-way 
mappings. In psychological terms, this means that the child understands 
that when one pulls the cord of a curtain, the curtain opens; the farther 
one pulls, the farther the curtain opens. These functional dcpendeneics 
niiply a real, physical link between cause and effect just as much a* a 
conceptual dependency. Pulling (y) makes the curtain move (x), where 
^ (V) ; but you also have to know how far to pull to make the curtain 
go all the way back-knowledge of x depends on knowledge of y Tliese 
dcpendeneics constitute a kind of semilogic, and their one-way character 
lias been demonstrated in several studies. 

In the following experiment, devised by N. van den Bogearts in 1968 
the child IS sliown a toy truck which picks up counters in front of five 
different dolls. Each counter is put inside the truck in a line so that the 
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arrangement of counters mirrors the itinerary. The eolours of the eoiintcrs 
correspond to those of the dolU' dre:5ses. The dolls are arranged on the 
table in a fixed pattern, but neither in a straight line nor in a circle. The 
first questions concern the arrangement of the counters inside the truck: 
"Which will bc^firstr' '*Whieh will be last?'' "Why is the red one next to 
the yellow one?" The four-year-old child understands and explains thai 
the order of the counters in the truck is dependent on the itinerai*y of the 
truck: if it goes to the blue doll first, the blue counter is first; if it goes 
to the yellow doll next, the yellow counter will be next to the blue counter; 
and / on. But, surprisingly, if the child is asked to reconstruct the truck's 
itinerary, he is incapable of doing so: the mapping is only one way, and 
he docs not understand that the order of the counters in the truck deter- 
mines the itinerary just as the itinerary determines the order of the 
counters. 

Incomplete though it may be, this semilogic is an important develop- 
ment and a neeessary stage whieh the ehild has to pass through before 
he ean acquire reversibility. The wxll-known experiment with the balls 
of clay can be reformulated in terms of functional dependencies. At first, 
n dependency is established between actions and their effects. If one rolls 
the elay (.r), it becomes longer (iji) : 

?/|=/»(x). 

But if one rolls the elay (.r), it also becomes thinner iy-^) : 

2/r = /z(a-). 

Both dependencies may be thought to covary ; that is, if one rolls the clay, 
it gets longer and thinner. Finally, the chiTd is able to exj)ress this co- 
variation between 1/1 and 1/2 directly, without the necessity of linking it 
to the action of rolling, itself. A function (/) that is reversible (/'M is 
seen to exist between y\ and y^. whereby getting longer is exactly com- 
pensated for by getting thinner, and vice versa: 

yi = /({/=) ami Vz = /*'(//«). 

^'^R^r CoNCUETE Operations to Fokmal Operations 

Around the age of six or seven the semilogie of the preoperational 
period starts to. turn into logie. At first this remains a limited logie— 

nee the term concrete operations— in contrast with the "fulP' logie of 
formal operations. However, this term does not mean that the ehild ean 
think logically only if he can at the same time manipulate objects. Even 
less does it coincide with the (rather difficult to define) distinction be- 
tween abstract and concrete. Concrete^ in the Piagetian sense, means that 
the ehild can think in a logically coherent manner about objects that do 
exist and have real properties and about actions that are possible; he ean 
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perform the mental operations involved both when asked purely verbal 
questions and when manipulating objeets. The latter situation is far 
preferable to the former, mainly for reasons of elarity, but the aetual 
presenee of objeets is no intrinsie eondition. Nor is the reverse— that is 
to say, the absenee of objeets— a eondition for formal operations; these 
may indr-ed involve the solving of problems dealing only with proposi- 
tions, but they may, ar-l usually do, apply to quite coneretc situations. 

Among the many problems that eome within the reaeli of adoleseents 
at the level of formal operations, there is one (designed-by B..Inheldcr) 
that, I think, makes this aspect of the distinetion quite elear. The ex- 
perimenter shows the child a edlleetion of metal bars (some made of brass, 
others of aluminum; some eylindrieal, others with a square cross section; 
all of various lengths) which can bn fixed above a board and then weighted 
at the end so that they will bend. The problem the child has to solve 
(which is unsolvable until about the age of twelve, i.e., the formal-opera- 
tional period) is, Whieh bar bends most? The various questions are 
posed: "A long, brass, eyhr.drieal one? A short, brass, eylindrieal one? 
A long, aluminum, eylindrieal one? A long, alumnium, square one? . . .?" 
S,?-"''*^ problem, all the properties exeept one must be kept 

^ ^constant during the comparisons: for example, the ehild might compare 
two brass rods of the .'•ame length to see if the round (cylindrical) one 
bends more tiian the square one. The problem eannot be solved in any 
direct way. A direct, concrete sohition would necessitate the existence of 
rods that are not»made of anything at all, have no cross section and no 
length. Such rods do not exist- in fact, cannot exist— and one eannot 
even have a mental image of them. But by comparing two rods made of 
the same metal, with the same cross section and of different lengths, one 
creates impossible rods— in this case, rods that have^only length. The 
concrete-operational child can do no such thing; he ran manipulate and 
thmk about real objects, but he cannot work with hypothetical entities. 
He will not be able to solve the problem until about the age of twelve, 
when he attains the formal-operational period. 

The stage of concrete operations results in an important change in 
children's manner of thought. They now possess what Piaget has called 
the structure of groupement (an incomplete but grouplike structure of 
transformations comprising invariants). 

The term structures has given rise to many controversies. Questions 
such as the following are frequently asked in connection with Piaget's 
structural approach to intelligence: Have the structures any psychological 
reality ?_ Or are they no more than a psychological artifice? What is the 
.use, if any, of the search for such structures? 
Many disciplines reach a point in history where their subject matter 
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becomes so varied and the types of problems dealt with so large in num- 
ber that the need is felt for some kind of unification. In mathematies, for— 
instance, the foundations for organizational principles were hiid in the 
beginniiig of the twentieth century and led to the matheniatieal theory 
of sets and mathematical logic. In psychological development, a similar 
need is at the basis of Piaget's search for structures. ^ 

At, a certain stage the child becomes capable of dealing with a great 
variety of problems. Obviously, he is not aware that he is reasoning 
according to-certain well-defined principles, much less that he is using 
structures. But the way in which he reasons clearly indicates that there 
is some kind of organisation. What type of organisation and what sort 
of general mental operatiotis can account for the way a child at a par- 
ticular stage solves certain problems and yet fails to solve others? It is 
easy to observe whether a child gives the right answer to a certain 
problem; it is nmeh more difficult to observe how he goes about solving 
it. To account for the method of solving (or of failing to solve) a variety 
of problems, one has to go beyond observation and suppose the existence 
of an underlying system of operations (a structure). 

Concrete operations 

The operations that form the concrete "grouping'' are of the most 
general kind (putting objects together into a class, separating a eollce- 
jdon into subclasses, ordering elements, ordering events in time, etc.). 
These operations are transformations that are reversible, either through 
annulment (as in the ease of adding, annulled by subtracting! or through 
reciprocity (as in the ease of relationships: A is the son of /i, li is the 
father of -4). 

The importance of the concept of group structures goes beyond the 
realm of mathematics. In the natural sciences one can, in certain eases, 
postulate the existence of a grouplike structure. When one then considers 
the effect of certain transformations on a set of object states (elements), 
it becomes possible to hypothesize the existence and ?ven the nature of 
some previously unobserved object states. 

Groups of transformations possess an identity operation. Similarly, 
when one deals with actual problem situations where objects arc dis- 
placed or changed in form, certain modifications have no effect on certain 
quantitative properties. For example: pouring a liquid into a different 
glass has no effect on its volume; kneading a substance has no effect on 
its mass; spreading out counters does not change their total number. 

In Piaget^s approach, one learns about the structures of thought by 
studying, for instance, at what age and in what manner children con- 
ceptualize the invarjanee of quantitative properties such as \yeight and 
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volume. These are, of eourse, the famous "conservation experiments." 
Because of the fact that invariants are always invariants of a system of 
operations, the acquisition of the conservation concepts is an excellent 
indicator of the level of intellectual development. 

For the concrete-operational period, Piaget distinguishes the basic 
transformational structures of classe.< on the one hand and those of 
relations on the other. Classification implies the grouping of objects 
according to their similaritie:>; seriatio7i implies the ordering of objects 
according to their differences. 

The system of' operations that accounts for the proi)lems in classifica- 
tion that eight- or nine-year-olds can deal with can be formalized as 
follows: 

If /I, /i, C, and so on, are classes that are included one in the other and 
A\ B\ C and so on, their complementary classes, the following operations 
pertain.* 

1. -4 + .1' = B; B + B' = C; and so on. 

2. B -:V^ A ; C - /?' « B; and so on. 

3. -4 + 0 = .l. 

4. -4 + A = A ; B + B = B; and so on. 

o., (-4 -}- .4') + ^ = .1 + U' + JS'), but {A + A) - A^ A + 
{A — A). ' 

In this system of operations, reversibility is annulment: adding A' to A 
gives B; subtracting A' froniJ? gives A. 

This structure accounts for the success achieved by children at this 



1. hi)iTOK.< I-frf>TNoTK. U H instructive to translate Pinget'*; lanjjuagc and svinbolisin 
into current uintlicniatical language and symbolism. Readers with a niatlienmtics 
baekgiound will be more fann"liar with the latter. Tliere are certain correspondences 
ir •'^y^ibolH and words whkli .slididd first he made dear: cla.ss ^ set; + ^ 
U ; (•oncsl>on(l^ td sot difference— that i.s,^' Is not the complement of A but k the 
^et difference relative to a set B; and A' = B - A, where "/i - A" denotes a set con- 
Msting of those olonieiit*- of B tlial aic not elements of A. 



PmgeCs langwujc 

1. A+A'^B 
B + B'=-C 

2. B-A'=:A 
C--B'^ B 

3. ^ + 0 == /I 

4. A+A=^A 
B + B=^B 

5. (A + A') + B' = 

A + (A' + B') 
but {A + A)'-A^ 




Mathcmalical language 

1. AU{B-A) = B 
j5U(C-/i)==C 

2. B-^{B-A)=A 
C-{C-^B)=^B 

3. A [}0-=A 

4. A{}A='A 
BUn=^B 

5. {A U U (C-i5) 

AU{{B-A)U{C-^B)) 
but {AUA)^A^ 
AU^A-^^A) 
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level when dealing with several problems in classification: i I) the cjuanti- 
fication of class incli^^^ion — they can answer questions on the relative; 
numerical extension of a general class B compared with a subclass A; 
(2) multiplication of classes-— they can find missing elements in double- 
entry tables; and (3) intersection problems — given, for instance, a col- 
lection of pictures of green objects and a collection of pictures of leaves, 
they can find the green leaves which form the intersection. 

Seriation implies reversibility by reciprocity and not by annulment. 
For instance, in seriating lengths, one has to understand that element E 
is simultaneously bigger than all the preceding ones and smaller than the 
succeeding (E > D, and, the reci|)rocal relationshi|), D < E), Moreover, 
once this problem is clearly understood, a new deductive way of composi- 
tion becomes possible through the application of a transitivity argument: 
if A(R)B and /i(R)C, then AiR)C. 

The existence of this structure, very similar to that of classification, 
accoiipts for the success achieved from seven years onward in |)robletns 
such as: (1) ordering sticks in an o|)crational manner — that is, first tak- 
ing the smallest (or biggest) of all, then the smallest (or biggest) of 
those left, and so on; (2) ordering dolls, walking sticks, and rucksacks of 
different sizes so that one obtains corresponding scriations; and (3) order- 
ing according to two different i)ro|)erties — for instance, counters of various 
shades of blue and various sizes to be arranged in a double-entr>' matrix 
(e.g., keeping size constant horizontally, colour ordered from |)ale to dark, 
and keei)ing colour constant vertically, size ordered from small to big). 

This concrete-operational period stretehes from age seven to age twelve 
and at the same time constitutes a complete elaboration of the ty|)es of 
reasoning made possible by these o|)erations, an ai)|)lication of their |)ower 
to more and more difficult contents, and a prep^aration for the much more 
powerful formal o|)erations. 

Formal operations 

Since the concrete operations, as I have just said, bear only on reality 
in the sense that they -are applicable to true and observable situations 
(whether the situation is actually present or not), the novelty of formal 
operations is that they can beer on hypotheses— that is to say, on state- 
ments that arc not known, nor supposed to be true at the outset — and on 
behaviour and properties of objects that cannot be directly observed. In 
formalized terms, this means that propositional logic becoiiies possible, 
admitting implication (if . . . then), disjunction (either or both . . . or), 
exclusion (either . . . or), incoTtipatibility (or ... or ... or neither nor), 
and so on, between propositions. In tenns of groups of transformations, 
this implies that annulment by inversion and reciprocity become com- 
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bined and that therefore eveiy transformation U now at the same time the 
mverse of another and the reciproeal of a third. 

Let me give just one example of the wssib-Hities that are now opened 
up as far as the reasoning of ehildren at ?his level is coneerned. In a sit- 
uation where an objeet is shown to mov.j and to stop whilj a light comes 
on or goes out, a child of this age is capable of the following reasoning- 
which can be observed through the experiments he does, since -he can 
manipulate the object. The first hypothesis might be that the light i« the 
eause of the stops {I => s). This \vouid mean that l.s = 0. Exit there 
could still be stops without light (i.s need not be 0).^ If on the other 
hand, the stop causes the light, then there could not be a stop without 

u J -J '^""'^ ''Sl>t "-ithout stop {I . s need not 

be 0). Therefore: (1) if i=>s,then l.s = 0; and (2) if s=>i, then 
J = 0. If, on the one hand, the light occasionally eomes on without the 
object s stopping, then hypothesis (1 ) is invalidated; if, on the other hand, 
th^ object stops occasionally without a light, then hypothesis (2) is in- 
validated. In Piaget's formalization, these operations constitute a group 
of four transformations such that N = RC,'R = NC, C = NR and 
I = NRC. Here I represents the identity transformation; N represents 
the negation transformation; R represents the reciprocity transformation; 
and C represents the correktivity transformation. The^group table is 
shown m figure 1. From the table one sees, for example, that RC == N 
(from the R-row and C-coIumn intersection), NC = R, and (NR)C = I 
This system unites both inversions and reciprocities, which remained' 
separate m the incomplete grouplike structure of the concrete operations 
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Fig. 1 



This very brief sketch of the main stages of cognitive development 
leaves many aspects untouched. In particular, nothing has been said 
about what is called the semiotic function, the peculiarly human capacity 
to represent objects and events by something else. This "something else" 
IS not necessarily language, although language is certainly the most im- 
portant part of the semiotic function; mental images, gestures, symbolic 
play, and, even before any of these behaviours can be observed or inferred, 
2. Editor's Xotk. Here "." means and and "0" means false. 
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imitation in the absence of the model, are all part of this capacity to 
represent reality (in the largest sense of the word). Evidently, thi< ca- 
pacity of re-presenting reality — that is to saj, of rendering it present — 
extends the field of mental action enormously. li liberates the child from 
the liniiting constraints of the here and now: it enables him to recapitu- 
late past events and to 'anticipat<j future events. In short, from an 
organism that reacts and acts in the face of present circumstances {ac- 
cording to the actual situation), the infant becomes an individual v/ho 
can begin to "know" and to plan. 

I have been asked to devote one period to the Genevan language experi- 
ments, and a longer discussion on the semiotic function is needed as an 
introduction to that paper. However, the representation of reality will 
also 'be discussed (in the case of mental images and their observable 
expression, drawings) when I talk about the different types of knowledge. 
In fact, if this first sketch has given the impression that cognitive devel- 
opment is primarily or even uniquely a development of logic, I hasten io 
emphasize that this is not the ease. There are many different types of 
operational structurations, and certain types are theoretically distin- 
guished one from the other. 
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KENNETH LOVELL 



Some Aspects of the Growth of 
the Concept of a Function 



The study I am going to describe atteini)ted to measure tlie extent to 
which the concei)t of a function had been mastered. It was carried out 
at Leeds l)y A. Orton 1 1970) . - < ^ 

Recent work l)y the Geneva school (Piaget. Szeininska, and Bang 
1968) deals with the growth of understanding of some asi)eets of the 
conoei)t of a function. It can l)c shown that the thinking of the i)reschool 
child may be characterised by a number of one-way mappings or func- 
tions, which contain qualitative identities but no "real invariants. For 
Piaget and his colleagues these one-way functions, functions in process 
of formation, or contributary functions— however we cafe to call them— 
represent, as it were, i)oints of departure for the elaboration of what 
Geneva calls u-cll-formed junctions. However, it nnist be i)ointed out 
that the exi)eriments that Piaget, Szeminska, and Bang used to study 
the growth of these well-formed functions were linked with the scheme 
of projwrtionality, for only those functions in which laws of variation 
play a i)art were considered. A function was considered as a relation 
between the magnitude of two quantities, the variation in one bringing 
about the variation in the other in the same i)ro|)ortion. 

The present-day mathematical definition of a function is more general 
than that considered by Piaget. A function from a set A' to a set Y is a 
relation such that if .r 6 X, then there exists a unicpic ?/ 6 F that corrc- 
s|)onds to it. Nevertheless, an understanding of a function as now defined 
m mathematies is dependent on Piaget's stage of formal operational 
thought and the elaboration of second-order oi)eration$. The pupil must 
be able to handle ratios between ordered values of variables and also the 
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concepts of continuity and limit, all of which arc sometimes involved in 
an under.^tanding of functionality. 

The only previous study of the development of the concept of a func- 
tion in mathematics in pupils of high school age was carried out by 
Thomas (1969). Indeed, this was the pioneer .study. Thomas used a 
group test on functions with 201 seventh- and eighth-grade inipils with 
an average age of thirteen years. The mean I.Q. of those for whom an 
I.Q. was available was 125. so he appears to liavo been studying pupils 
who were well above average in ability. The next jihasc of his s^tudy 
involved the selection of twenty subjects fr»' indivichial testing. This 
was cflFceted by random selection from subsets, these subsets being de- 
fined by group-test response patterns, by age. and by sex. The responses 
to sixteen tasks suggested four stages in the growth of the idea of a 
function. 

The Lekus Study 

In the Leeds study all the pupils involved had a background knowledge 
of sets, operations on sets, ordered pairs used for a variety of purposes, 
graphical representation of ordered pairs, and elementary directed num- 
bers intro(hieed through the manipulation of vectors defined as directed 
!ine segments and expressed as ordered pairs. Other work often demanded 
a revision and extension of the concept of a function — for example, the- 
study of geometrical transformations in two dimensions as a mapping of 
one set of points to another, or the study of differentiation as a limit 
connected with the ratio of intervals of the number line mapped onto 
itself. The point is that the concepts of relations and functions were 
present in mathematics from the moment they were introduced, and no 
pupil could avoid meeting them in each year of school mathematics after 
their first intro{hiction. 

It should perhaps be said that for the purpose of this study", and gen- 
erally for British school mathematics, function is used in the sense of 
single-vahied function.. The function y=f(x), defined on X as domain 
and v;ith a subset of Y as range, gives a mapping of the set A* into the 
set }' such that for each .r € A' there is a uni(iue image f(x) 6 Y. 

The subjects 

The subjects were all pupils in a mixed, comprehensive secondary 
school (including eleven- through eighteen-year-olds). Eight boys and 
eight girls were selected from each of the second through the fifth years, 
together with eight students in the sixth year. This gave a total of 
seventy-two subjects wIksc ages ranged from twelve to seventeen years. 
The eight pupils in their sixth year we»*e highly select in that all were 
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studying courses leading to the G.C.E. A-!evel mathematics examination. 
There were only two girls in this group. The pupils from th.e other year 
groups were chosen from the top four mathematics sets, so that almost 
all the subjects were from the upper half of the ability range. But 
subjects were chosen to give a spread of mathematical ability within 
each set, sueh ability being judged by the students' previous examination 
results together with the opinion of their' mathematics teaehers for tiie 
year. 

The function tasks 

The function tasks given are indieated in the Appendix t; " "s paper. 
The fourteen tasks in part ) tested a wide .range of situation: and pre- 
sented relations in all of the major representations — by diagram, by 
graph, by ordered pairs, by table, and by equation. Further, in addition 
to the ability to recognise a function, the formation of the appropriate 
range from a given rule and domain was eonsidered to be an important 
part of the tasks. The idea of an inverse was introduced in task 9 and 
was used thereafter. 

It was not until the fourth year that pupils were introdueed to the idea 
of the composition of two functions. Thus, part 2 tasks were given only 
to pupils in years four, five, and six. In addition, the part 2 tasks used a 
more advaneed notation, the /-notation, and used rather harder relations 
throughout. 

Each pupil was interviewed individually, the time required for^a^ 
interview ranging fro^i 1 to 2yo hours, with an average time^f l-J^Tiour^ 
The tasks were presented on individual eards, but follow-up and supple- 
mentary questions were given orally. There was no time limit for any 
task. Pupils' responses were tape-recorded and later transeribed. 

Function items arid scoring procedure 

The responses to the subdivisions of the function tasks were regrouped 
to form items, each item relating to just one aspect of functionality. Thus 
item 1 brought together all responses to "Is the relation a function?" 
when the relation was presented as an arrow diagram. The relevant tasks 
for this item were l(vi), 2(iii), 2(iv^, 2(v). and, to a lesser extent, 6(iv) 
and 10, used only when additional evidence was required. The subdivi- 
sions of the function tasks were regrouped into sixteen scoring items' for 
part 1 and a further six Jor part 2. The items for part 1 were as given 
below with the corresponding task numbers in brackets. 

1. Does the arrow diagram represent a function? ri(vi) ; 2(iii), (iv), 
(v);6(iv)] 
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2. Does the rule define a function? [3a(iii),36(iii),4(ii», (iii)] 

3. How must the arrow diagram be altered? [2(iv), (v)] 

4. iStatinga dis?crc'U range. [4(iii)] 

5. Stating a continuous range. [3a(ii). 36(ii).4(iii)] 

6. ' Describe the relationship in words. [3a(ii), 3i>(ii), 4(iii)] 

7. Finding hnages and pre-images from graphs. [5(i). (ii) : 7(i), (ii)] 

8. Domain and range from a graph. [6(i), (ii)] 

9. Convert a graph into an arrow diagram. [6(iii)] 

10. Does the graph represent a function? [5(iii), 7(iii)] 

11. Ordered pairs. [8(i). (ii) ; 14(v), (vi)] 

12. Tabular form. [9a(i), (ii) ; 96(ij, (ii)] 

13. Problem concerning lockers. [11 and 12] 

14. Mappingof square to circle. [13] 

15. Time/height/weight/spced problems. [14(i).(ii), (iii)] 

16. Difference between relation and function. [14{iv), some reference 
tol4fv),(vi)] 

The items for part 2 were the following: 

17. Composition of functions defined on discrete domahis. [15f>] 

18. Composition of inverse relations defined on discrete domains. 
[m.b] 

19. Range for mappings of real numbers. [17a] 

20. Composite functions with equations. [176] 

21. Composition of inverses of functions with equations. [18] 
22.. Equations for inverses and for composite relations. [176, 18] 

Responses to the items were assessed on a five-point scale. In order 
to define the criteria for the scores for each item, each of the resf)onses 
was studied and common levels noted. For example, the criteria for tne 
five levels of response to item 15 were the following; 

1. Unable to attempt or incorrect attempt 

2. A realization of what the situations are about and an attempt to 
explain in terms of type of relation or arrows, but not up to level 3 

3. Correct answers and explanation for task 14 (i), but considerable 
confusion over either 14 (ii) or (Tn) 

4. Correct answers to all parts, but explanations showing some con- 
fusion or unnecessary' complication 

5. All parts answered well 
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The criteriii for the five levels of resj)onse in respect to item 20 were: 
1. Unable to atteini)t or incorrect attempt 

•2. Able to make some correct statements about domain and range, 
probably in terms of "first set," "middle set," and so on 

3. Able to answer (i) correctly with or without further questioning, 
but unable to comj)lete (ii) even with further questioning 

4. Able to answer fi) correctly without further questioning and able 
to complete (ii) after further questioning 

5. Able to answer both parts witliout further questioning 

Other tests 

All subjects worked the AH4 tcsf>-a test of verbal and nonverbal 
reasoning. It is often used in Britain as a reasoning or general-ability 
test. In addition all pupils worked, individually, five tasks involving 
number sequences and proportionality. The verbal responses of each 
pupil were tape-recorded as in the other tasks. These tasks were taken, 
with some amendment, from those used by Lovell and Butterworth 
(1966). But in the analysis of the results, only the scores on the last two 
tasks were used, since thest are most closely linked with numerical appli-- ^ 
cations of the concept of proportion. Thus task 4 involved the pupiPs 
finding the missing number in the following example and explaining how 
he obtained it: 

8 is rcla(c(i to 6 
28 is J elated (o 21 
10 is related to 7!^ 

? is related to 9 

The scores awarded were: 

1. The subject recognises that the answer should be larger. 

2. The subject attempts unsuccessfully to apply trial hypotheses 'cher 
than differencing. 

3 The subject attempts differencing. 

4. The subject obtains a correct answer with differencing. 

5. The subject obtains a correct answer with intuitive use of 

6. The subject can symbolise or otherwise verbalize the % corresj)ond- 
ence. 

Analysis of the results 

We have already said that Thomas suggested four stages in the growth 
of the idea of a function (1969). But in view of the facts that tasks in- 
volving operations on functions were not included in part 1 of the present 
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.study and that one of the purposes of part 2 was a study of the operation 
of composition, it was necessary to redefine the stages in order to ehnssify 
responses to the function items. Stages 1 and 2 as proposed by Thomas 
were found to be ahnost directly relevant to the present study, Orton s 
(1970) stage 3 for part 1 corresponds closely with substage 3a proi)05Jcd 
by Thomas, while Orton's stage 4 for part 1 corresponds to the v . ^ration 
of substagcs 3a and 36 of Thomas, with a greater degree of gener. li',y being 
shown in the discussion of the eoneept. The descriptions of the stages 
used by Thomas have been kept as far as possible in order that the two 
studies may be eoniparod. Thus part 1 responses were classified by stages 
according to the following criteria: 

Stage 1. The thinking of the pupil is essentially intuitive or concrete in 
nature. He can carry out processes associated with the func- 
tion concept when they arc essentially arithmetic in character 
or when the numbers of one set arc assigned to those of another 
by means of a line graph or table. The pupil interprets a rule 
such as 

a:-»2a; + 4 

as a sequence of operations to be performed on some specific 
number. But the concept of a function as a special kind of re- 
lation has not been mastered, and the extension of representa- 
tion to new and less familiar forms such as the ordcrcd-pair 
graph is limited. 

Stage 2. Pupils still do not understand the basic criteria necessary for a 
relation to be a function. But they do show a good grasp of 
the relational aspects of the concept of function, in thq^ense 
-that for all forms of representations of a function used pupils 
can find images, pre-images, and sets of images. Further, they 
are able to identify the domain as that set of elements that 
are assigned images, while rules sueh as "add 15,^' and 

are now thought of as operating on any number of the specified 
domain. 

Stage 3. The basic charaeteristie of this stage is that subjects can 
identify relations in several types of representation of functions 
and not functions and can gi.c adequate criteria for each such 
discrimination. Subjects have mastered the basic concept of 
a function. They can identify inverse relations as functions or 
not functions, but they do not always take care to check the 
uniqueness of images or to clieek that they have defined a cor- 
rect domain for the inverse. 
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Stage 4. Pupils now display mastery of the basic coneept of a fiinetion 
to a greater degree of generality than that of subjects at stage 
3. All representations of relations can be classified as function? 
or not functions, with a precise analysis of the uniqueness cri- 
terion. Inverse rehitions are defined with correct domain, and 
uniqueness of images is checked. 

In most eases, stages 1, 2, 3, and 4 of i)art 1 correspond to item scores 
of 2, 3, 4, and 5 respoctively, but there were some-exceptions. Item 4, on 
stating a discrete range, produced very few spontaneous correct responses 
(score 5) , and an item score of 4 must be considered to represent a stage 
4 response, there being no item score equivalent to a stage 3 response. 

For part 2 rc.'^ponscs, in which the emphasis of the tasks was on the 
composition of relations, together with the use of notation (/, /-\ etc.), 
it was more difficult to define directly comparable stages. However, the 
Leeds stages are : 

Stage A. Success with tasks related to the composition of functions and 
relations, and of their inverses, is limited to finding images by 
sequencing assignments in the compositions. Domain and range 
can only be identified in simple eases and by direct reference 
to a diagram. 

'-^'te B. Subjects are successful with some of the tasks involving com- 
position, and, in particular, are able to define domain and range 
in simple cases without being restricted to those members con- 
tained in a diagram. 

Stage C. Pupils can comi)lete tasks involving composition, with some 
indication that the processes can be thought of as operations 
on a set of functions. Subjects are able to identify domain and 
range, including domain and range for composition of ipverse 
relations, but they have difficulty in checking the uniqueness 
criterion in inverses. 

Stage D. At this stage complete mastery over compositions is exhibited 
and classification of relations as functions or not functions is 
consistent. Even in the composition of inverse relations the 
domain is correctly defined and the uniqueness criterion 
checked. 

In part 2, one item, 19, should be singled out as being more appropri- 
ately connected with the stages of part 1, since this item did not involve 
the composition of relations and functions but involved the^onsideration 
of the range oi functions defined by eq»iauons. However, the definition 
of the part 2 stages corresponds with the definition of part 1 stages with 
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respect to eoneept formation, and thus for eonvenienee this item^s re- 
sponses were elassified on A, B, C, and D stages. For all the part 2 items, 
the seores of 2, 3, 4, and 5 correspond to the stages A, C, and D re- 
spectively. 

Results 

Table 1 shows the number of part 1 responses at stages 1-4, with the 
figures in parentheses indicating the percentage of responses. There were 
256 responses for eaeh of the years two to five and 128 responses for 
year-six subjects. In some instances subjects had not even reached stage 
1, so that the figures for a year group do not add up to 256 or 128. 



■ TAHi.E 1 

Distribution of Response by Year Group and Stage: Part 1 



Year 
Group 










Stage 










; 








3 




4 


Second 


65 


(25.4) 


32 


(12 5) 


27 


(10.5) 


64 


(25) 


Third 


39 


(155) 


49 


(19.1) 


42 


(16.4) 


107 


(41.8) 


Fourtli 


45 


(17.6) 


38 


(14.0) 


24 


(9.4) 


130 


(50.8) 


Fifth 


28 


(10.9) 


50 


(19.5) 


40 


(15.6) 


132 


(51,6) 


Sixth 


3 


(2.3) 


9 


(8.0) 


18 


(14.0) 


94 


(73.4) 



One single sixth-form pupil accounted for all the responses that were 
below stage 1 in that year group. 

Table 2 shows the number of part 2 responses at stages A-D, with the 
corresponding percentages in parentheses. There were 96 responses in 
each of the fourth and fifth years and 48 responses in the sixth year. 

T.ABLE 2 

Distribution of Rc^iponses by Year Group and Stage: Part 2 



Year ^^"^^ 

Group A H C D 



Fourth 37 (38.5) 36 (37.5) 7. (75) ^ -7 (73) 

Fifth '30 (31.3) 30 (31.3) 19 (19.8) 8 (8.3) 

Sixth 5 (10.4) 12 (25) 18 (37.5) 13 (27.1) 



Tabic 3 shows the mean scores for the proportion and function items 
as a percentage of the maximum possible. The maximum score for the 
function items was 5 and for the proportion items 6, these being the 
scores awarded for the answers for which the teacher would hope and 
strive. Table 3 shows that the part 1 items arc, on our system of scoring. 
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TABLK 3 

Means: Proportion and Function Items 
(Exprc.-iscd a»s Pciccntagc Concct) 



Year " //c?n Type 

^'^^^^P Pfoporlian Function ( part 1) Function (part 2) 



Second 445 58.6 

Tliird 56.7 75.4 

I'ourtli 65.8 772 53j0 

Fiftli 65.0 82.0 57.4 

Sixth 77.5 89.0 76.4 



easier than the projiortion items, with the latter being easier than the 
part 2 items. 

Intercorrelations were eoniputea between the seores obtained on the 
function tai^ks in part 1, the AH4 test, and the proportionality task scores. 
The seorcs on the proportionality tasks correlated highest with the AH4 
scores. The intercorrelation matrix was subjected to a principal-compo- 
nents analysis which yielded a general factor accounting for 48 percent 
of the variance. All the loadings on this component were positive and 
significant. For example, items 11, 10, 12, 1, and 15 all correlated greater 
than 0.8 with this component. It appears to reflect a strong intellectual 
and educational dimension at the centre of the pupils* knowledge and 
recognition of functions in all the different means of representation; it 
also correlated highly with the items involving problem situations. 
Finally the scores obtained by the second- and third-year pupils on part 1 
of the functions items, abo those obtained by the fourth- and fifth-year 
pupils, were separately subjected to analysis of variance. There were 
significant difYcrcnecs due to age, ability (score on the AH4 test), and 
item in both instances, but in neither analysis was there a second or 
higher-order interaction. 

Di.sci s.sioN Gbneh.vted by thk Leeds Results 

There is now some discussion of issues arising out of this study which 
need investigating further. The following points are made by Orton 
(1970). 

Functions and proportions 

It has already been indicated that the basic concept of a function is 
less related to intelligence than is the concept of proportion. At the same 
time, many functions defined by simple rules do involve proportion. For 
example, task 4 involves the proportion 
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y — 5:x = 2:l. 

Ill this respect the older definition of a funetion — which required an equa- 
tion or a law of variation, or a table of values such as would ari^^c from 
an equation or law — is more associated with proportion than is the more 
general definition used currently in. mathematics. With the present defi- 
nition of a function it is possible to study functions and relations without 
the added complication of proportion. But the modern definition docs 
have the disadvantage that it introduces technical terms and some addi- 
tional notation. And, of course, when functions are defined in the present, 
more general way, as a type of relation, sooner or later simple ecjuations 
that involve proportionality must be introduced. The functions defined 
by equations which summarize more complicated rules of variation, such 
as the trigonometric functions, would thus appear to be more difficult 
than some algebraic functions in which the law is relatively simple. Here 
is a topic that needs invcijtigating. 

Many of the second-year pupils had not grasped the basic idea of a 
function and did not recognise a function even in simple cases. In this 
age group, some children wanted to define a function as a relation that 
produced a pattern, or a combination of patterns, when plotted on an 
ordered-pair graph. The pupil who tries to use patterns to identify func- 
tions is using an incorrect definition of funetion, but it is one that is more 
closely connected with the old definition of function than with the new. 
The type of function which produces a straight-line graph, and so involves 
a law of proportion, was more readily identified by some of the younger 
children as being a function simply because they had not learned the 
basic definition of function, and not because functions involving pro- 
portionality per sc arc more readily identifiable. The confusion of many 
.second-year pupils and their desire for pattern suggests that if the mod- 
ern definition of function is to be used, the property possessed by some 
elementary functions — namely, that points on the graph form a particular 
kind of pattern — should not be mentioned too soon. There is insufficient 
evidence from thisjstudy to suggest good ways of introducing functions 
that involve proportion, but it would seem inadvisable to study such 
functions until pupils have considerable experience with the general case 
outlined by the basic definition. The growth in understanding of that 
subset of functions involving proportionality is a research area that needs 
attention at once. 

Types of relation 

A function can be defined as a one-to-oiic or many-to-one relation, but 
a serious disadvantage of this approach to a definition of a function was 
apparent in the younger age groups. There was considerable confusion 
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bet\yeen the meaning of niany-to-one and of one-to-nianjr. The clearest 
indication of a reason for this confusion was provided by those subjects 
who said that the diagram shown in figure 1 is an arrow diagram for a 
many-to-one rehation because many pre-images are mapped onto one 
image. However, they said, if the number of arrows associat<jd with 
each member of the sets is counted, then there is ojw arrow leaving each 
member of the domain, but many arrows arriving at a single image, hence 
one-to-many. 




Fig. 1 

Our evidence suggests that it may be better to attempt to define a 
function at first in terms of uniqueness of images of members of the 
domain— in an arrow diagram only one arrow leaves each member of the 
domain. The classification of relations into types is also important, but 
it might be wiser to keep the work on relations apart from the definition 
of a function at first. One must, of course, admit that in Piagetian terms 
the failure of pupils to separate the meanings of one-to-many and many- 
to-one indicates a lack of operative knowing. For in operative knowing, 
knowing is related to the construction and functioning of the known 
thing — in, our case, a mathematical function. The issue raised in this 
section needs investigating further. 

Graphs of relations 

Many of the second- and third-year pupils wore unable to interpret the 
graphical (Cartesian) t ks with confidence. The principal-components 
analysis suggested thai \r/<. interpretation of graphs is related to age. 
There seems to be a strong element of practice or experience involved in 
the ability to interpret graphs of relations and functions. The graphical 
tasks involving finding images for given pre-images and vice versa, listing 
the membei-s of the domain and the range from a graph, and converting 
the graph of a relation into an arrow diagram or into a set of ordered 
pairs were difficult for younger pupils. There is a need for further re- 
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search into the difficulties of pupils in the early stages of learning about 
graphs of functions. 

Relations atid junctions 

The results obtained from item 16, involving the difference between a 
relation and a function, demand special mention, for many of the re- 
sponses were unsatisfactor}-. If functions are approached through a study* 
of sets and relations, there appear to be difficulties. The main difficulty 
seems to be that many pupils are not clear about the meaning of the 
technical term relation in mathematics. The distinction between the 
terms relation and relationship is subtle and not appreciated by younger 
pupils, and some mathematicians may deny there is any point in making 
the distinction. It is4hc relationship .->r rule defining the relation whieli 
children want to take as the relation itself. The term relation, has more ' 
general and varied meanings in eveiyday life than in matheniaties, and 
children use the word when relationship may be a better term mathe- 
matically speaking. If the definition of function is to be based on a 
definition of relation, then it must be made clear that the term relation 
in mathematics does not mean exactly the same as the identical word 
used in other contexts. Our study aimed to investigate the growth of 
children s understanding of functionality, and only incidentally has the 
concept of relation come into it; but it appears that research into chil- 
dren's understanding of relations themselves is necessary. 

Continuity 

Although the concept of continuity is distinct from that of function 
the former is, nevertheless, involved in the study of many functions, 
particularly when the functions arc defined by equations. In the i^rin- 
cipal-componcnts analysis it was found that performance on those items 
that involved continuous sets or ideas of infinite sets appears to be related 
more to measured intelligence than to age. 

The number line was not used in this study, but research needs to be 
carried out to establish if with items involving a continuous domain, the 
number line is a more appropriate pictorial representation than the arrow 
diagram. It would be worthwhile to establish if the line leads to a greater 
understanding of mappings defined on the set of real numbers than did 
the arrow diagram used throughout the present study. 

Item 14 also produced interesting results with respect to ^.inuity. In 
mapping the points around a square onto a circle, and ^the inverse 
mapping, some of the older subjects had to think very hard about whether 
the mapping was one-to-one, and they were clearly considering what 
happened to points that were close together. This was a difficulty that 



23 



Piagetian Research anr/ Mathematical Education 

younger subjects did not, in gonoral, appreciate, for many of the re-spon^o? 
from younger eliildj'on indicated that they wore thinking in terms of dis- 
crete sets anyhow. In contra^^t, the phicing of d at the CiM'ner of the 
square, thus jnaking it coincide with a point on the circle, while confu^fing 
many younger subjects, did not prove difficult for older oiies. 

Problem items ^- 

Performance on items 13, 14, and 15 was more closely related to intelli- 
gence and age than was performance on items that demanded recognition 
of functions from arrow diagrams, rules, graphs, and ordeied i)airs. The 
responses to the question involving school lockers were poorer than ex- 
pected, although the situation was concrete and familiar to the pupils. 
Two reajjons may be advanced. First, the unused lockers of :?ituation 
11 (ii) caused confusion, there being a failure to discriminate cocfoniain 
and range. Second— and more important— the presentation of a many-to- 
one relation and a one-to-many relation in the last two parts, (iii) and 
Hv), led to the usual confusion between these types of relation. 

Item 15 j>roduccd a distinct range of difficulty of questions. The easiest 
task was the relation that »napped 

{ngc} {heigiit}, 

for in this nearly all pupils realised and used the fact that age can only 
increase. This was not the case in part (iii), which involved time: here 
pupils did not appreciate that time can only increase. The relation of 
part (ii), 

{height} -> {weight}, 

proved to be a very good vehicle forlesting understanding of the concept 
of a function. It was necessar>' for subjects to consider all the j)ossibilitics 
that c^n arise in the 

{i»oight} -> {weight} 

relation. Those subjects who assumed that height and weiglit varied 
together were reminded that adults, who normally stay the same height, 
can fluctuate in weight and that increase in height docs not necessarily 
involve a change in weight. This presented subjects with a variety of 
possibilities to analyse, some of which implied functionality and others 
not. Tasks involving familiar situations may pose unexpected difficulties. 

Composition 

A clear conclusion to be drawn from the responses to tasks involving 
the composition of functions^is the need, among many pupils, for a dia- 
gram showing the successive stages in the composition. This argues a 
lack of understanding of the operational nature of composition. In par- 
ticular, it was noted that where the diagram accompanying a task de- 
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picted -that / first followed by {/—response's to gf wore rolatively 
good but re:jpon?C:? to fg wore very poor. An understanding of tiie com- 
position of functions was arrived at by a few of the ai)hM' .<ui)jects in 
the fourth and fifth years. 

Equations 

Subjects were asked to find e(|uations only in the hi^t two tasks of 
part 2. Tlie easiest cjucstions were tliose tliat involved fin(Hng the in'verse 
of a relation for which the equation was given. Much harder was t!ie 
])robleni of finding the equation for a composite relation when a diagram 
was available illustrating the successive assignments. Hardest of alLvvas 
the problem of finding the equation when there was no diagram available 
to show successive assignments^ irrespective of whether tin? composition 
jiiyolved inverses or not. Further research is needed to confirm our view 
that the .^tudy of inverses of relations and of the most elementary eom- 
posftionsMS appropriate for the more able pupils in the fourth and fifth 
years' 

Couclmions 

Some aspects of the concept of a function, introduced in a very con- 
crete manner* can be grasped by inipils in the elementary school who are 
at Piaget's stage of concrete-operational thought. But it seems that at- 
tainment of the eany stages of formal-operational thought — Piaget's 
stage Ilia — is necessary before pupils are able to tackle the tasks indi- 
cated in part 1 of this study. The tasks set in part 2 dennmd a more 
developed and flexible formal thought* characterised by Piaget's stage 
III6. As in all other content areas, the more the pupil is familiar with 
the ideas involved in the concept of a function and the more experience 
he has of handling functions, the more likely— other things being equal- 
it is that formal thought will be available to him in this content area and 
hence that an understanding of the concept of a function will develop. 



APPENDIX 
Part 1 

1. Study the arrow diagram shown in figure 2 for a relation that maps 
{-3, -2. -1, 0, 1. 2, 3} 

into 

R 1. 2. 3. 4}, 
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Fig. 2 



(i) Write down each image of 2. 

(ii) Write down each number that has 2 as its image. 

(iii) Write down the domain for this relation. 

(iv) Write down thg set of images. 

(v) Write down the range for this rch'ition. 

(vi) Is this rehation a function? 

2. The arrow diagram in figure 3 shows the rehationship "has thi$ num- 
ber of prime factors*^ from 

{3. 4. 6. 18. 30} 

to 

{1, 2, 3}. 




Fig. 3 



(i) What is the domain for this relation? 

(ii) What is the range for this relation? 

(iii) Is this relation a function? 

(iv) If the element 12 is added to the first set, how must the 
arrow diagram be altered? 

(v) If, instead, the element 4 is added to the second set, how 
must the arrow diagrain be altered? Is this new relation a 
function? 
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a. The arrow diagram shown in figure 4 is for the relation given by 
the rule 

X -> J -f 5. 

The domain is the set of real numbers, and a few examples are 
shown. 




Fig. 4 



(i) What is the image of 5? 

(ii) What is the range? ^ 

(iii) Is the relation a function? 

(iv) Describe the relationship in words. 

6. The arrow diagram shown in figure 5 is for the relation given by 
the rule 

The domain is again the set of real numbers, and a few examples 
are shown. 




Fig. 5 



(i) What is the image of 6? 

(ii) What is the range? 

(iii) Is the relation a function? 

(iv) Describe the relationship in words. 
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4. A relation i^i given by the rule 

(i) What i.s the image of 4? 

(ii) If T i^ a natural number, that is, 

.r6{1.2. 3. 4. 5.6 ), 

what ii? the range? Is the relation a function? 

(iii) If X is any real number, what is the range? Is the relation 
a function? 

Mv) Describe the relationsliip in words. 

5. The ordered pairs of a relation are shown on the graph in figure 6. 




(ii Write down each image of 4. 

(ii) Write down each integer that has 1 as its image. 

(iii) Is this relation a function? 

6. For the previous relation, 

(i) Write down all t!ie members of the domain. 

(ii) Write down the set of images. 

(iii) Draw the arrow diagram for this relation. 

(iv) Look at your arrow diagrajn; is this relation a function? 

7. Study the graph of orrlererl pairs for a relation shown in figure 7. 

(i) Write down each image of 3. 

(ii) Write down each integer that has 2 as image. 

(iii) Is this relation a function? 

8. For the previous relation 

(i) Write down the net of ordered pairs. 

(ii) Looking at the ^oi of ordered pairs is this relation a 
function? 
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9. a. The tabic in figure 8 shows the pairs of values for a relation 



X 


1 


2 


3 


4 


5 


11 


0 


1 


1 


2 


2 



Fig. 8 



(i) Ii> the relation a function? 

(ii) Is the inverse rehation a function? 

6. The table in figure 9 ijhows the i)air5? of valuej? for another rehv 
tion, X ij. 



X 


1 


2 


3 


4 


5 


y 


0 


1 


2 


3 


4 



Fig. 0 

(i) Is the relation a funetion? 

(ii) Is the' inverse relation a function? 

10. a. The arrow diagram in figure 10 shows a relation between two sets 
of numbers. 

(i) Is the relation a function? 

(ii) Is the inverse relation a function? 
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Fig. 10 



6. The arrow diagram in figure 11 shows another relation. 




Fig. n 



(i) Is the relation a funetion? 

(ii) Is the inverse relation a funetion? 

11. Class 2Xj whose form room is a laboratory, was given lockers out- 
side the room, 

(i) Every member of the class was given a locker, and there 
were no lockers left over. Is the relation 

(Members of 2X) (Loekers) 

a function? 

(ii) If there were too uiany lockers but eaeh pupil was only 
allowed one loekei so that some loekers were left unused, 
is the relation 

(Members of 2X) (Loekers) 

a funetion? 

(iii) If there were too many loekers and some members of the 
elass took an extra loeker so that a few of the class had two 
loekers, is the relation 
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(Members of 2.Y) (Lockers) 

a function? 

^ (iv) If there were not enough lockers to go around and sonic 
pupils had to share a locker with someone else in 2X. is the 
relation 

(Members of 2A'') (Lockers) 

a function? 

12. Consider the inverse relations of those in question 11 and decide 
which, if any, are functions. 

13. The diagram in figure 12 shows a relation between points on a square 
and points on the circle that is drawn through the four comers of the 
square. The points and their images are all drawn so that lines con- 
necting them would pass through the center of the circle, marked 0 
on the diagram. Consider the inverse relation of this. 




Fig. 12 



(i) Find the image of Do in the inverse relation. 
(u) Is the inverse relation a function? 

14. Consider the following.j^ 

(i) Is the relation (Your age) (Your height) a function? ^ 

(ii) Is the relation (Your height) (Your weight) a function? 

(iii) Is the relation (Time) (Speed of a car) a function? 

(iv) What is the difference between a relation and a function? 
(v) Write down a set of ordered pairs which is a relation but 

not a function. 

Part 2 

15. A function / maps a set A onto a set B, and a function g maps set B 
to ^t Cf as snown in the diagram in figure 13. 
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Kig. 13 



a. Write down: 

(i» f{\) 
(ii) g{2) 
Hii) f//(3l 
(iv) f(j{\) 

b. Answer the following: 

(i) What i.s the doniain for gj? Wliat is tlie run^c for gf? Is 
gf w function? 

(ii) What is tlie, domain for fgl Wliat is Clic range for ig? U 
ig a fu ction? 

16. Draw the arrow diagram for tlie inverses of / and g in the previous 
(luestion, u:<ing the same sets, and use your diagram to answer (/ 
and 6. 

a. Write down: 

(i) /-M3) 

(ii) g''{2) 

(iii) y^g-U\) . 

b. An sw(»r tlu' following Cjuestions: 

(i) What are tlie domain and range for Is/"' a function? 

(ii \ What are tlie domain and range for ? Is (f^ a function? 

(iii) What are tlie domain and range for /"V/"'? Is Pg'^ a 
function? 

(iv) What arc the domain and range for (/'7"^? Is g'^P a 
function? 

17. (I, (Consider the following: 

(i) What is the range if / is the function .r r + 1 where r is a 
real number? 

fii) What is the range if g is the function .r where x is a 
real numher? 
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(iii) Complete the diagram shown in figure 14, which shows the 
two functions together. Four real number^: are used as 
examples in the domain for /. 




Fig. 14 



b. Answer the following questions: 

(i) What is the range for gf? Is gf a function? What is gf in 

the form y? 
in) What is the range for fg? Is fg a function? What is fg in 
the form x xj? 

18. Complete the arrow diagram in the previous question for the inverses 
of / and g, 

(i) Is /'^ a function? What is /"^ 1n the form x \j? 

(ii) Ls g'^ a function? What is g'^ in the form a: ^ y? 

(iii) Is /"'(7'^ a function? What is i"^g'^ in the form y? 

(iv) Is g'^p a function? What is g'^f'^ in the form x^ y? 
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HENRY VAIV EIVGEIV 



Epistemology, Research, and 
Instructidh 



In 1927 P, W, Bridgenian^s book The Logic of Modem Physics appeared 
on the Anieriean scene. Bridgenian was eoneerned about the semantic 
difficulties physicists were having with such mundane terms as length 
and time. These difficulties were brought to the forefront by the Einstein 
theory of relativity. Bridgenian came to the conclusion that one knows 
Jhc meaning of a term if it is possible to point to some overt action to 
which the term refers. In fact, in this book (p- 5> he says: "The concept 
is synonymous with the corresponding set of operations." Attempts have 
been made to apply Bridgeman's line of thinking to psychology (Stevens 
1935), Howc\cr, it seems to have had few followers. 

At about the same time that Bridgeinan's work appeared, Piagct's 
The Language and Thought of the Child was published in English 
(1926). Piaget, like Bridgeman, places the emphasis on overt actions, 
or operations. 

An operation is thtis the cs:?ence of knowledge. For instance, an operation 
wotild consist of joining objects in a class to construct a classification. Or an 
operation would consist of ordering, or putting things in a series. Or an opera- 
tion would consist of counting, or of measuring. In other words, it is a set of 
actions modifying the object, and enabling the knower to get at the structures 
of the transformation. [Piaget 1964, p, 8] 

Whether Piaget and Bridgeinan ever heard of each other, I do not 
know. Most certainly as epistemologists they have much in common. 
The twn influenced two entirely different sets of people. In the main, 
Bridgeman's work was taken up by the philosophers. Piaget's work, on 
the other hand, has had its major impact on the psychologists. 
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It is well known to all attending this conference that the iHoas of 
Piaget have stimulated much research on the thought processes 0/ chil- 
dren. Many of these studies have been of interest to those of us inter- 
ested in mathematics instruction. However, as a teacher of mathematics, 
I am concerned about the ambiguity and, at time:5, mathematical error 
that creeps into the reports of some excellent research. In the words of 
Parsons (1S60), who reviewed Inheldcr and Piaget's The Growth of 
Logical Thinking, "One must protest against so much ambiguity and 
obscurity in the use of logical symbolism*' (p. 78h Most certainly, 
research would be enhanced and communication channels more clearly 
established if the researcher explicitly stated how certain key words 
ifcre used and how they fitted into a structure of the subject under con- 
sideration. Vague use of such relational terms as more than and shorter 
than, as well as terms referring to various aspects of number, too fre- 
quently leaves the reader in a quandary. This vagueness also affects the 
interpretation of the results of the research. Relational terms can be 
operationally defined and must be so defined for the child in any instruc- 
tional program. It is the first major task of this paper to clarify and 
structure some of the ideas that arc found in the research literature and 
in instructional programs. The foundational terms for research and 
instruction arc the same. This is not surprising, since research and 
instruction have related goals. 

Operational Definitions of Certain Relations 

The key idea underlying the development of niathematica! concepts, 
even that of conservation of number, is the idea of relation. Relations 
can, and must, be "opcrationalized" in order that they can later be 
applied to number. A specific illustration or two will help clarify the 
import of such a statement. 

The terms longer than or as long as arc frequently thought of as being 
based on number. It is, of course, possible for an adult to reduce any 
sentence containing these .terms to a number comparison — that is, to 
restate the problem in terms of a relation between two numbers. How- 
ever, to think of relations between numbers presupposes the concept of 
number. For the young child whose concept of number is immature this 
is not possible. 

To define longer than operationally, stick -4 and stick li arc laid side 
by side so that one end of A coincides with an end of /i. Then if the 
second end of A extends beyond that of we can say that stick A is 
longer than stick B. This iminediatcly leads to the study of the relation 
longer than. We discover, by overt actions, that: 
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1. .1 is not longer than A. 

2. If A is longer than B. then B is not longer than A. 

3. If A is longer than B and B longer than T, then is longer than (\ 
All these ideas can be established, if it seems desirable, without number 
and by use of overt actions. 

In much the same way, it is possible to define operationally as long as 
and discover that (here "R" stands for as long as) : 

1. AHA. thatlr-l is as long as -4, 

2. If .4R/i, then BR.l. 

3. If ARB and BRC, then .4Rr. 

The second illustration involves the classical situation in which two 
rows of objects are placed the one under the other and in one-to-one 
correspondence. This situation involves the term as ma?iy as. Here again 
number is notthe fundamental ingredient. 

What does the term as many as mean? Wc say there are as many 
apples in basket A as in basket B if we can match each apple in -4 with 
just one apple in B and each apple in B with just one apple in A. These 
operations define as mayuj as in a specific case. The child then learns 
that we use the term as many as whenever there is a mat<;h2ng of elements 
in set .4 with elements in set B. This matching mpst be a one-to-one 
correspondence. 

.4s maJiy as is also a relation. If "R'* represents as majuj as and .4, B, 
and C represent sets, then wc write; 

1. ARA. 

2. If^lRB. then BR/1. 

3. If.lRjBand/mr,then.4RC. 

In fact, as many as has the same properties that as long as has. This is 
not surprising in view of the way we use these terms. Piaget (1952, p. 55) 
calls these terms quantitative relationships. From a mathematical point 
of view, these are relations between sets of objects and not necessarily 
relations between numbers. Operationally, they are easily defined in 
tenns of actions that do not involve number or quantity. What impli- 
cation does this have for the classical situation used to test for conserva- 
tion of number? Suppose we have a row of nickels and another row of 
candies, with candies and nickels in one-to-one correspondence. We ask 
a four-year-old child. Are there as many candies as nickels? If the child 
answers in the affirmative, does this mean that he has some concept of 
number? Not at all. It niay mean that the child has learned how adults 
use the term as many as and observes that the apples and nickels are 
properly matched. He may have no concept of number. 
Now suppose we spread the candies out so that the row of candies 
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is longer than tlio row of nickels iiiul ask the same (juestion. Siippoi?e 
the answer is in the affirmative. Does this mean the child conserves 
number? Not necessarily. It may mean he conserves the one-to-one 
correspondenee. If he answers in the negative, it could mean that he 
failed to observe that moving the candies did not destroy the corre- 
spondence. The conservation of one-tr-one correspondence is the key 
idea in this situation and not the cons -rvation of number, (In this con- 
nection, it is interesting to observe that there is a basic theorem in 
mathematics which states that if two sets are in one-to-one corresi)on(l- 
ence, then they are in one-to-one correspondence regardless of how the 
elements are arranged. It would be interesting to observe when children 
MMise this basic theorem.) 

There are a nutnber of other relational terms that can be operationally 
defined for children and should be so defined for research studies. 
Among these are fewer than and less thayi. It is essential that relational 
terms be understood (internalized) by the child because he must use such 
terms to study the order relations for numbers. Failure to recognize these 
terms as relational terms, and not numerieal terms, leads to questionable 
interpretation of experitncntal results. For example, Piaget's (1952, pp. 
123-57) elassical staircase problem (ordering a number of sticks in order 
of size) is clearly a study of one characteristic of the order relation 
bigger than and is not necessarily a study of ordinal numbers. 

But where does number enter into the picture and how? What is 
number? We now turn our attention to these crucial questions. 

What Is Xvmijku? 

There is more confusion surroumling the concept of number in both 
instruction and research than surrounding almost any other mathematical 
concept There really should be no more mystery surrounding the use 
of this term than there is surrounding the use of the w^ord cat. As a result 
of this confusion children are confused, teachers are confused, and re- 
searchers block lines of connnunication. 

Number involves relations between sets. Two sets and B are ecjuiva- 
lent, written "/I ~ B/* if to each element of A there is a unique element 
of li and to each element of B there is a unique element of A, Under this 
condition the following relations hold: 

1. A^A (reflexive). 

2. If .4 then ^ ^.4 (symmetric). 

3. If.4~^and/^ — C. theni4~r (transitive). 

Now number for the child is simply a noise we all agree to make 
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whencvcM- we see a set -1 or any set equivalent to A. Tims, the noise 
"five" is uttered \v|H>nover one is referring to the collection of fingers on 
one hand. Wo agree to make this same noise when referring to the col- 
lection of pennies equivalent to a nickel. This may startle some people, 
but it can be put on a sound mathematical basis?. This will be done in 
the next ft ..- paragraphs. However, let's look at an analogue. What is a 
book? 

A book is. at times, a collection of objects having the set of properties 
{Pu P P:u . . . , P„). The symbol book then denotes the set of objects 
having the properties Pi, Po, P;,, . . . , P„. The sentence "The book is 
the foundation of American education" illustrates how the word book 
can 1)0 used to denote a class of objects. 

On the other hand, book also denotes a member of a class. The sen- 
tence "The book you see on my desk is not mine" illustrates how, at 
times, hook denotes a member of a class of objects. 

A child first learns the member-of-a-class meaning of book and later 
the class meaning. In this sense, the child learns to make the noise 
"book" whenever presented with an object having the necessary 
properties. 

In much the same way, a number, such as four, is a class of objects, 
namely sets, having certain properties. From the point of view of mathe- 
matics, '^relations between cardinal numbers are merely a more con- 
venient way to cypress relations between sets" (Hausdorff 1957, p. 29). 
That this is a natural way to think about cardinal numbers is brought 
out by the "empty hat" approach to cardinals. Taking this approach, we 
define zero to be the empty set. 

Dkfinition: 0 = { }. 
Then we set up a means to get a successor to zero. In effect, it is simply 
"adding one more element" to each sot. 

Definition-: The 6C/ A \J {A} is (he successor of the set A. 
It is now easy to write down all the cardinal numbers in terms'' of set 
relations: 

1 = 0 U {0} {0} 

2 ^ 1U{1} = {0,1} 

3 - 2U{2) « {0,1,2} 

4 = 3U {3} = {0,1,2,3} 

A^ + 1 ^ A^U {A^} = {0,1,2, . . . , iV} 

From the above standpoint, the cardinal numbers are only sets of a 
])articular kind. To establish the cardinality of a set /C, we find a set 
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Z in our tabic of standard scti? that is equivalent to A'. In actual praetiec 
the eounting set 

{1,2,3,4, . , . , .V} 

is used to estal)lish cardinality. The important point to remember is that 
^^four" is a particular set. Then "four'* is transferred to all sets that arc 
equivalent to it and called the number of the set. Thus the set of legs 
of a horse is equivalent to the set {0. 1, 2, 3}, whose name is "4." This 
enables us to say that a horse has four legs. 

As has been observed, in actual practice we order the cardinal numbers 
and form an ordered set which \vc call the counting set. To say that a 
particular number is a set of a particular kind and that the symbol for 
that set is the symbol for the last clement in the counting set is not at 
all mysterious. Certainly it is no more mysterious than naming a dog. 
The child learns dog as the word applies to a particular dog, maybe a 
police dog. He then learns to apply it to collies, poodles, St. Bernards, 
and so on. In fact, he applies it to any member of a whole assemblage 
of animals. In the same way, a child learns to apply five to the set of 
fingers on one band. He then learns that five is applied to any discrete 
set of objects that are equivalent to his set of fingers. Fwe is applied 
to a whole assemblage of sets and we say, "The number in the set is five." 
All we mean is that the elements of the set can be placed in one-to-one 
correspondence with the set { 1, 2, 3, 4, 5}. 

To complete the mathematical foundation, it would be necessary to 
establish a system of names, an ordering relation, definitions of addition 
and multiplieation, and so forth. We do not have time to do this. How- 
ever, a few^ paragraphs must be devoted to ordinal numbers. It would not 
be profitable to give a mathematieal foundation for ordinals. Henee, I 
shall sketeh the basic idea of ordinal numbers. 

OrdiKx\l Numbkus 

For cardinal numbers the basic idea is that of equivalence. For ordinal 
numbers the basic idea is that of similarity. An ordinal number, like a 
t.ardinal number, is merely an abbreviated way of talking about sets. 

Two ordered sets M and are similar when the elements of M and 
. N can be placed in one-to-one correspondence in such a manner that 
if for any two elements of M, m< and the relation m(Rm/ holds, 
then for the corresponding elements of the relation n<Rn; holds. 

On the basis of similarity, ordered sets can be classified and assigned an 
ordinal-type. If the set is such that it and all its subsets have a first 
element, then we speak of an ordinal number. 
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finite :?uti^ that are 0(iuivalcnt are i\Uo t^mnVuxr. Hciipc, all ?et.< having 
the .<ai)ie finite eanlinal mnnbcr also have the same ordinal-type or 
ordhial lunnher. For practieal rea^^on?, we Ui?c the same symbol for the 
ordinal /luinher that we use for the eardinal number when the sets are 
finite. Herein lies a vat^t sea of eonfusion. Botli in research and in 
in^'truetion. \lw tenns ordmtl and cardinal are freely used and almost 
never defined operationally for the ehlld and in terms of mathematieal 
structure for the researeher. 

In tile physieal world there are events that have a natural order from 
tile point of view of tin\c,«plaee, or arrangemont. We could use the 
alphabet and ifpeak of the bi\\ individual to enter a room. This is not 
usually the ea.<e. Instead, we use the standard counting ?ct, which is a 
well-ordered set, and assign the elements of this set to the individuals 
entering the room in a prescribed way. The important feature to note 
here is that "4" is assigned to one and only one object. This is in con- 
trast to the use in the cardinal-number ?ensc where the four is assigned 
to a whole set. Since the counting set is ordered, we use this ordered 
set as a communication instnnntnt to order sets of objects. This is the 
"practical use" of the cardinal symbols to express order. ' 

The development of the cardinals, sketched in this paper, is simple 
and straightforward. There is no mystery attached. It is possible to 
define "t operationally for the child— a highjy important feature. Fur- 
thcr .ore, it is not a conglomeration of ideas. In this respect one must 
disagree with Piaget when he says: 

The whole nnmher is ncitlior a simple .^^ystcni of cla>s inplusions, nor a 
simple scriation, but nn indissociabic synthesis of inclusion and scriation. 
The synthesis derives from the abstraction of qnalitios and from the faet that 
these two systems (olassincation and scriation), which are distinct when their 
qnajif ic> arc conserved, l)ceoinc fused as soon as their qualities arc abstracted. 
|Pia*rct in()7, p. 83] 

The difficulty with this conception of number is that it docs not dis- 
tinguish between the elements of a set and the relation that exists bc- 



Thc study of the order of whole 
,t exists between two numbers and 
ation. It is one of the many types 



twccji two or more elements of the so' 
numbers is the study of a rclatioirth: 
has the usual properties of an order re 

of relations existing in mathematics. One should not say that these rcla 
tions are an integral part of the concept of a number, such as six. Assign- 
ing the property of a set of objects to- individual objects is a common 
error. This confusion can only block connnunication, obfuscate essential 
issues, and delay obtaining reliable answers to research problems. 
In much of the reading of psychological foundations of number, one 
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vvivs in vain for a precise :?tatonient of the exporinienterV concept of the 
ideas under inve^•tigation. For example: 

Xuinher i^• at the same time a cia^> and an asymmetrical relation, the units 
of which it is (•om|)()se<i beins sinuihaneously added beeau>e they are ecjuiva- 
lent, and >eriated because they are (hfierent from one another ( Pia^et 10ry> 
p. 1841 I . . 

A<hntive ami muhiphcative operations are already hn|)lied in number as 
such, since nmnber is an additive tunon of units, and one-to-one correspond- 
ence between two sets entails nniltiplication. f Fiagct 1952, p. IGl j 

These statements and others like them, njake the reader demand an 
explicit statement of the author s conception of nmnber— cardinal and 
ordinal— and the structure in which number is embedded. This is essen- 
tial, because the experimenter's interpretations of the child's reactions to 
niathematieal ideas will depend on \u% the experimenters, conception of 
the matheniatieal object -involved. Hence, in research it is more important 
to define the objeotrbciing investigated than to take care of all the statisti- 
cal niceties. 

Because of this failure to state explicitly what ideas are involved, there 
is reason to (juestion Piaget's conclusions about the interdepemlencc of 
cardinal and ordinal numbers. Mathematically they are like two parallel 
roads that are not far apart. One can step from one to the other without 
nuich difficulty, but they are different roads and can be traveled inde- 
pemlently. Piaget's results are, possibly, only the results of a culture 
(and schools) that does not make any distinction between the cardinal 
and the ordinal nund)er. Operationally there is a difference, as will be 
seen in a later .section. 

The difficulty with these ideas is nicely illustrated by the title chapters 
of an excellent little book written for "those interested in children" by 
Lovell (1961). The chapter titles include "The Concept of Substance/' 
"The Concept of Weight," "The Concept of Time," and similar titles. 
But on the subject of nund)er the chapter titles are these: "Some Ap- 
proaches to Number Concepts 1" and "Some Approaches to Nuud)er Con- 
cepts II." Number is a difficult topic! 

We now turn our attention to operational definitions of cardinal and 
ordinal mnnber. 

Implications fou Tkaching anm) Reskakch 

Up to this time, the emphasis has been placed on relations and nund)er. 
But what do we do to distinguish between cardinal and ordinal nund)er 
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for the child when testing children and for the purpose of researeh? \\c 
must remember that number is a brief way to talk about certain sets. 
Instead of saying that the number of fingers on my one hand is {0, 1, 2, 3, 
4), we say that 5 is the number of fingers on my hand. Here, since' 5 =' 
{0, 1, 2, 3, 4}, it makes no difi'erence which response we give. The need 
for brevity forces us to vise "5," however. 

When teaching a child how to use these standard sets, we have a 
choice. We can teach him to associate standard sets (nuuiberj with vari- 
ous appropriate sets of objects and then order them, or we can teach the 
child the standard sets in order. For the purposes of this paper we 
choose the latter. ' 

The child must learn to associate one with some set composed of a 
single element and all sets equivalent to it. In the same way he must 
associate two with every set containing a pair of elements; three with 
every set containing a triple, and so forth. We can then order these sets 
on the basis of "one more" and learn counting. 

□ .one; Q □ two; □ □ □ three; □ □ Q Q four; etc. 
• one; • • two; • • • three; • • • • four; etc. 
5 one; 5 5 two; 5 5 5 three; 5 5 5 5' four; etc. 

The child should not learn to count as he does on Sesame Street by 
settmg up a one-to-one correspondence between the standard sets and 
the objects. For example, the following figure illustrates this confusing 
procedure for counting five objects: 

□ n □ □ □ 

o"e two three four five 

In the initial stages, the count of five objects should proceed as illustrated 
below: 



□ □□ □□□ □□□□ 

one two three four 

□ □□□□ 
five 

The succession of diagrams is supposed to illustrate that a child should 
set down one block and say "one"; put another block beside the first and 
say "two"; etc. In this way the child learns that the cardinal number is 
associated with the whole set and not with an element of the set. 
If one wishes to teach ordinal number, one proceeds as in the first 
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illustration. Here each symbol is associated with one and only one 
object which indicates the order in which the svt lia< l)ecn arranged. 

\Vc now have the necessary information to develop further the dis- 
cussion on conservation of one-to-one correspondence and conservation 
of number. 

CONSKRVATION OF NfMUKR 

Suppose that the cliild has responded negatively to the question **Arc 
there as many red disks in the bottom row as there arc black disks in 
the top row?" (Assume the same number of disks in each row.) What 
might the situation be? It might be that the child does not know how 
adults use the relational tcnn as many as. That is, he does not know 
that we are asking him to test for one-to-one correspondence between 
the two sets of disks. On the other hand, an afTirmative reply does not 
necessarily mean that tlie child knows there are the same number of disks 
in each row. He may have only observed the correspondence. 

After spreading out one row, the experimenter repeats the question. 
What conclusions can be safely drawn? If the child has responded 
affirmatively in this instance, it may well be that the response is based 
on the perception of the conservation vi one-to-one correspondence, not 
on number. On the other hand, a negative response does not necessarily 
indicate failure to conserve number. It may indicate failure to conserve 
one-to-one correspondence. 

But what is conservation of number? An activity that would more 
nearly indicate conservation of number can be described as follows: 
Suppose a child freely associates ten with a set of ten objects. In other 
words, he knows what is meant by "the number of disks in this pile.'* 
Then the experimenter reshapes the pile of disks, splits it into two or 
three piles or in any way rearranges the disks and asks the (juestion 
"Now how many disks are on the table?^* If the eliild freely, without 
recounting, responds "Ten.** then it would seem that we could say that 
tins child conserves number. 

The ability to recognize that tiie number remains invariant with the 
arrangement of the objects is of utmost importance for the understanding 
of addition and multiplication. Most certainly a child must comprehend 
that a set of three objects joined to a set of two objects is the same as a 
>Qi of five objects. That is, number is invariant under this transformation. 
When this stage i6 attained, the child can comprehenfl that "3 + 2** and 
"5** are really tw ) names for the same number and say J_^3 + 2 = 5.** 

Now let uj: turn our attention to a restricted list of studies that were 
done in the Piagetian spirit. They are in a sense side issues insofar as 



43 



Piagetinn Research nnti Mnthemnticnl Education 



the nuiin-linc tlicory is concerned, but tliey are important sinee tliey cai^t 
light on elassrooni conditions. 

The Wisconsin Studiks 

Outstanding |)rogross lias been made in developing a framework of 
genetic c|)isteniology based on Piaget's work. For tins the teaeliers of 
arithmetic should be et^rjaally grateful. Similar |)rogress must be made 
on classroom a|)plications of Piagetian theory. 

One of tlie early studies in the Wisconsin series was carried out by 
Zweng (19631. She studied second-grade public school children. Using 
an operational definition of division, and working with children who had 
not been introduced to division in the school program, she studied their 
reactions to the two types of division situations, connnonly called parti- 
tive division and measurement division. She obtained scores on a set of 
one-group tasks, A one-group measurement task involved eight pencils 
to be separated into sets of two i)encils each. A two-group measurement 
task situation involved eight ,uv^h to be placed in boxes with two 
pencils in each box. Mathematically, and operationally, there is no dif- 
ference between these two situations; yet the presence of the boxes 
seemed to be a distraction. Zweng found significant differences between 
the mean performance oi children in onc-groui) J^ituations and that of 
children in two-f:;rou,, jtuations. These diflferenccs were in favor of the 
one-groui) situations. The implications for classroom instruction arc 
bbvious. 

Van Engen and Steffe (1966) studied the performance of first-grade 
public school children. These children had studied arithmetic for approxi- 
matel>- one school year. A study by Feigenbaum u963) had suggested 
that the number of objects in a collection may affect the chikrs ability 
to ignore his iOTcei)tion. In reality, the Van Engcn-StefTe study was a 
study of number conservation, although it was not perceived, as such at 
the time. 

One hundred first-grade children (fifty boys and fifty girls) were ran- 
domly selected ami given four tasks. The central idea involved recog- 
nizing a number of objects, first as two discrete sets; then, as the experi- 
menter pushed the two sets together so as perceptually to form one set, 
the children were asked to i-,dicatc whether there were the same number 
of objects present. Initially the experimenters thought that all children 
would recognize the invariancc of the number of objects for "smalF' sets 
like two and three, hut for larger sets they might not have made the 
obvious, to an adult, generalization. 

Four tasks were formulated. In task 1 the child was confronted with 
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two sots of candies, a set of two eandies and a set of three candie^;. The 
ehihl was asked: "If 1 let you take these candies for your friends, would 
you take the two piles of candy or the one pile [hero the experimenter put 
the candies into one pilo] after I put thoin together, or does it make any 
difTerence? . . . Why?" Task 2 was similar but involved a set of four 
candies and a set of five. Task 3 involved ten candies and fifteen. Task 4 
involved twenty-five candies and twenty-five. 

Since the children knew some basic ad('uion facts, they were tested 
on the combinations they were likely to know, namely, 2 -f 3 and 4 -f 5. 
All but one of the children gave the correct response to 2 4- 3 on a paper- 
and-pcncil test. All but tix knew that 4 + 5 = 9. 

Satisfactorj' responses to the question for each task were categorized 
under the headings '*Sanie Number/' ''Same Candy/' "Just Know/* "No 
Reason." and the inevitable ''Others." A similar classification was made 
of the unsatisfactory responses. In table 1, the responses to each task 
are classified. 

TABLK 1 

Frfc|uoncios; Coiifrt Rc.^ponso.s by Task and Total J:>corc. .V = 100 



Tai^k TotalScore 



l-'roquoncy 54 45 45 42 26 27 10 9 2S 

One does not need to know all about analysis of variance to see the 
implications of this array of data. All but one of the one hundred chil- 
dren could rcs])on(l correctly to 2 -f 3 on a paper-and-pencil test, yet 
only fifty-four knew that the number of candies remained invariant. 
What have the remaining forty-six children learned about arithmetic? 
The frequency of total correct scores is also revealing. 

The twenty-six children who scored zero on the four tasks are most 
certainly not in any position to benefit from arithmetic instruction as 
usually practiced in our elementary schools. The situation is even more 
serious when one considers that the experimenters were actually giving 
the children an operational definition of addition, although this v»as not 
brought to the child's attention. Most certainly the child should not 
study addition if he does not know that the number of objects is invariant 
under such transformations as made in this study. A child must be able 
to conserve number in order to associate meaningfully "2 + 3" and "5" 
with the union of a set of two objects with a set of three objects. 

In 1966, Steffe studied the performance of children on a test covering 
addition ])roblems. On the basis of a numerousness test, the children 
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were classified in four levels of conservation of nunierousness and, by 
means of an intelligence test, three I.Q. levels. The problem-solving tasks 
were classified as to: 

1. Physical aids with an explicit transformation 

(Example: Four jacks in a pile and three more jacks put with 
them ) 

2. Physical aids without a transformation 

(Excwiple: Four cars in one parking lot and three cars in another 
lot) 

3. Pictorial aids with a transformation 

(Example: Like first example above, but pictorial aids present 
only) 

4. Pictorial aids without a transformation 

5. No aids present: verbal description of a transformation 

6. No aids present: verbal description of a situation without a trans- 
formation 

The central question involved the difference, if any, in performance of 
these twelve groups of first graders randomly selected from some 2,100 
first-grade public school children. The principal findings of this study 
are the following: 

1. The problems with no transformations were significantly more diffi- 
cult than those of all o^her types, and the problems with physical 
aids with a transformation were significantly easier than those 
without a transformation and verbal problems with a transforma- 
tion. 

2. The children in the lowest numerousness level and I.Q. group scored 
significantly lower than all other groups with exception of four 
groups in the lower brackets of the 3-by-4 table. 

3. The children in the top three levels of conservation performed sig- 
nificantly better than the children in the lower level. 

4. The proble-.^is with no accompanying aids were significantly more 
difficult than those with aids. 

5. Problems that involved a described transformation were signifi- 
cantly easier than problems without a described transformation. 

6. The mean performance in the low I.Q. group was significantly lower 
than that of the other I.Q. groups. 

LeBlanc (1968) studied the performance of children on subtraction 
problems, using the same population StefTe used, the same classification 
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of problems, and the same statistical design. Two tables taken from 
LeBlanc^s study are of interest. The possible total score is 3. 



TABLE 2 

Mean Scores 
(I.Q. by Aids by Tiansformationai Ty;>e) 



Tmmformntion No Tmmlarmatiati 



I.Q. 


Physical 


Pictorial 


Xo A id.s 


Phy.iicol 


Pictorial 


■ No Aids 


1 


273 


2^9 


2.21 


2.41 


2.46 


1.71 


2 


2.57 


2.55 


2.07 


2.16 


2.25 


1.55 


3 


2.57 


2.50 


1^1 


1.77 


2.09 - 


1.07 



TABLE 3 
Moan S('oro,< 

(Consc» vation Level l)y Aids by Transformational Type) 



Trnn-^formatiou No Transjortnation 



Phyxical 


Pictorial 


No Aids 


Physical 


Pictorial 


NoAiiLs 


2.91 


2.94 


2.70 


22^ 


285 


1.91 


2.73 


2.82 


2.06 


224 


2.58 


1.73 


2.61 


2.49 


1.88 


22Q 


2.09 


U9 


2.42 


1.04 


1.55 


1.49 


1.55 


0.73 



The fesiilts of LeBlnnc^s study agree substantially with those of Steflfe. 
I quote from LeBlanc^s (1968) study: 

Tile uio^it sigiiificimt outeonie of this study is the relationship of conserva- 
tion of nuiuerou^ncss as measured by the pretest to children's performance on 
a problem-solving test. Although all children received training based on the 
same curriculum, the |)erformanccs of the children, categorized into four 
levels of conservation of numerousness, were significantly dilTerent. The chil- 
dren who did well on the conservation test, did well on the problem solving 
test. Likewise, the children who did i)oorly on the conser\"ation t^st did poorly 
on the problem solving test, fl'l^- 154-55 1 

As related to whether conservation or I.Q. was the stronger indicator 
of success in problem solving, LeBlanc says: 

With one exeei)tion, it was found that, in examining the means of the 
twelve groups, the conservation pretext related better to problem .solving 
success than I.Q. did. Thus, all the mean i)erformances of the children 
in the three LQ. groups of Level 1 were higher than any of the I.Q. groups 
of Level 2. . . . Thus, the performance on the pretest of conservation of 
lunnerousness was a stronger predictor of success on the problem solving test 
than the group I.Q. test was. However, the two tests . . . taken together 
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were found to he a .-lightly hotter i)re(lictor of >ucce>,< in i)rohlem sJolving ilinn 
either te.-i n^ell >ei)arately. \ l\ InOj 

The>e two >tU(Iic.< Mipply <onie pretty <roo(l cvidonce that a nizahlc per- 
centajro of our first-jrrade chihhcn arc* .studying arithinotic under adver.se 
learning condition.-. Thi^ i.^ not only true of the low I.Q, nonconscrving 
group; it is al.<o true of the high l.il noncon:?erving group. It would seem 
that for these chihhen. the >ehools .should renter their attention on activi- 
ties that might enhance cons^M'vation rather than on our traditional 
arithmetic. curriculum. Furthermore, the implications of thcj?c studies for 
the kindergarten program arc (piite clear. 

As a result of the Steffe and LeBlanc studie.<, the question arose as to 
whether specifically doigncd experiences for use in the classroom would 
affect the ability of kindergarten and first-grade children to conserve 
numerousnes.s. Harper and StefTe (1908) carried out a .study to mea:?ure 
the effect of a se(|uence of twelve lessons carried out over a period of 
twelve weeks. The investigator;.- were well aware of the previous work 
that had heen done by .<uch researchers as Churchill. Dodwcll, Elkind, 
and others. This study differed from previous studies in that the test had 
previou.^ly heen used in the .studies of LeBlanc and Steffe and it was car- 
ried out under cla.^sroom conditions by a cla.<sroom teacher. 

Two pretest.s wei-e adminij?tercd to experimental and conti-ol groups in 
kindeigarten and first-grade cla.<j.ses— the Lorgc-Thorndikc intelligence 
test and a test of con.^ervation. One posttcst was admin i.^tercd. the test 
on con.servation. Analysis of covariancc was used at each grade level 
where the covariatcs were the scores from the two pretests and the de- 
pendent measure was the .score obtained from the test of nunierousne.^s. 
Significant differences were observed between adjusted means of the 
expei-imental and control groups at the kindergarten . .^cl in favor of the 
experimental group, even though both graups had gained. 

Skypeck (19601 .studied the relationship of .-socioeconomic status to the 
develop'ment of conservation. She used three of the conservation tasks in 
standardized interview-interrogation procedures suggested by Dodwell. 
The sample for the study was drawn from children in the fivc-to-cight 
age bracket found in a large southern city. 

Statistically significant differences were found to exist between the 
scores on the con:?ervation tasks for low socioeconomic groups and average 
and high soc^'^eeonomic g in favor of the latter groups. The relation- 
:?hip of race to Piagetian development stages was not significant. The 
findings of this .<tudy .support the hypothesis that children from low 
socioeconomic urban enviionnients suffer retardation in cognitive struc- 
tures related to the conccjit of cardinal number. 
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Boc (19661 undertook to investigate tlie ability of secoiulaiy school 
pupil? to seetion solids. She randomly selected seventy-two pupils from 
die schools located in a large Wisconsin city. Twenty-four pupils were 
randomly selected from each of three grades — grades 8, 10, and 12. The 
subjects were stratified according to sex, g' ale. and ability. The problem 
originated, in part, as a result of .^oiiie yeai> of experience as a teacher 
of secondary .ndiool mathematics and a j^tudy of Piaget and Inlielder's 
theory of space representation. The basic problem involved the .seetioii- 
iiig of solids, mentioned by Piagot and Inlielder (1903) in The (luliVi; 
Conception of Space. The subjects were asked to represent the section 
by a drawing and to select the section from a group of drawings presented 
by the experimenter. .Vs a result of her study, Boe reported: 

1. There are .•significant differences in the responses made by pupils of 
differing ability. 

2. There are significant differences in the responses to the two tasks, 
namely, selecting a representation of the section and drawing a 
pieture of the section. 

3. Piagct and Inlielder report that by the age of twelve years, all geo- 
metric sections had been mastered. This study used sixteen sections 
included in the Piaget-Inliclder study. Only ten of the so\'Mity-two 
subjects were successful in the sixteen tasks in the two tests. No 
subject received a perfect score. 

4. Piagct and Inlielder claim that the two tasks are e(|uivaleiif 
measures of the same ability. This study reports a low correlation 
(0.00 > tetween the scores on tliC two tests. 

5. There are significant differences among the responses to the various 
solid figures., Piagct and Inlielder (1963) state, ''The child has 
"no greater difficulty' with the cylinder, the prism, and the 
parallelepiped" (p. 175). 

6. Age, as measured by grade in school, was not a significant factor. 
Ability level, however, was significantly different for both methods 
of respoijsc. 

Most certainly this sttuly should be replicated and extended. From the 
teacher's point of view, it has great potential for supplying useful infor- 
niation. Our schools do far too little .to develop spatial imagery. 

There are educators who contend that the overt actions used to demon- 
strate ratio and proportion arc different from those actions used to dem- 
onstrate rational numbers. Mathematically, in one case one has a linear 
vector space and in the other an ordered field. Steffe and Parr (1968) 
devised a series of tests, four on a pictorial level and two on a symbolic 
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level, to study the performance of fourth-, fifth-, and sixth-grade children 
in two school systems when-confronted with ratio situations and rational 
number situations. They were interested in equal ratio and fraction sit- 
uations with missing numerators and missing denominators. For example, 
the child is shown a picture of two squares and six circles and asked, 
"If there are two squares for ever}' six circles, for one square there would 
be how many circles?" The following results were common to both school 
systems: 

1. The pictorial test involving ratios_wiUi missing denominators was 
significantly easier than the corresponding fraction-denominator test 
for the low and middle ability groups in each grade. 

2. The missing-numerator pictorial test for fractions was significantly 
easier than the missing-denominator test for each ability group in 
each grade. 

3. The high-ability children performed significantly better than the 
low-ability children on each of the four pictorial tests and two sym- 
bolic tests. 

4. The fifth and sixth graders performed significantly better than 
fourth graders on all tests. 

5. Very low correlations exist between the scores on the symbolic tests 
and scores on the pictorial tests. 

6. The fraction-denominator pictorial test was the most difficult for 
each ability group in all grades. 

CoxcLt niNG Rbmauk.s 

For purposes of research and instruction, American sehools and uni- 
versities need a careful analysis of the relationship that exists between a 
system of overt acts and the fundamental mathematical ideas studied in 
the elementary schools. There exists enough evidence, even at this time, 
that concepts arrive out of physical experience. The study of those experi- 
ences that enhance the development of mathematical concepts is sorely 
needed. The studies reviewed in this paper supply some evidence that the 
models for physical situations that adults take -for granted as being ob- 
vious are not obvious to the child. There is some evidence that the 
absence of an expressed transformation is an impediment to arriving at 
a solution to a problem. Since this is true, what further difficulties exist in 
learning to cope with situations for which ''x + 2 = 8" and "9 = n - 2" 
are models? Some fundamental problems in learning mathematics exist 
in this general area. Answers to these problems should help us to devise 
strategies for teaching basic number ideas and mathematical operations. 
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From the point of view of researching these ideas, we need two thinge: 
(I) We need an analysis of basic mathematical ideas in terms of those 
actions to which these ideas may be isomorphic. <2) Resr /chers in 
mathematics education must be more explicit in stating the mailiematical 
structure in which their ideas are embedded and the actions they will 
accept as evidence that children are in possession of these ideas. Most 
certainly, a researcher's interpretation of a child's reaction to a given 
task will be colored by the researcher's own concept of the mathematical 
idea supposedly under investigation. Furthermore, the tasks used to 
gather data in an experiment will be conditioned by the researcher's con- 
cept of the basic idea, the overt acts he accepts as isomorphic to the idea, 
and his conception of how this idea fits into a given mathematical 
structure. 

What mathematics education needs is a team of researchers attacking 
common problems. Studies up to the present have, of necessity, been 
carried out by one or two individuals. The problems to be solved have 
epistemological, psychological, instructional, and mathematical tones and 
overtones. One individual cannot eope with all these aspects. The prob- 
lems are so broad that any attempt to find solutions needs a team of 
people who have similar interests but different backgrounds. Let us hope 
that this conference will point up this need and, in some way, lea^i to a 
team approach to the important problem? facing the American schools. 

m 
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Different l^ypes 
of Operatory Structures 



Having given a brief sketch of what Piagct considers tlic eliaraeteristics 
of the iimiii stages in intellectual development, I shall now deal with some 
of the problems that arise fiom this theory. Granted that cliildren are, 
of course, totally unaware of these structures and that the operations only 
forjualizc what cinldren can do and how they go about doing certain taskl, 
it still looks as if these operations are mainly logico-algcbraic in character. 
Arc they applied in otiier fields of activity also? Or, to narrow the ques- 
tion, arc they applied in such subjects as physics, chemistry, geometry? 
If :jo, how? 

It seems useful to introduce a distinction on which Piagct has often 
insisted, that of the two poles of knowledge. The two types of knowledge 
that exemplify these two poles are called logical kyiowledge and physical 
knowledge. In the ease of logic, our knowledge stems mainly from our 
own anions or operations and their coordination. To take Piaget's ex- 
ample: a child is playing with a number of pebbles; he arranges thcni 
first in snvUl groups, say 2, 4, 6; and then rearranges them so that there 
are 5, 3, 4; from this he discovers that the total number of pebbles does 
not change. But the properties of the pebbles have little or nothing to do 
with this knowledge. The same actions could have been performed upon, 
and the same conclusion drawn from, a collection of sweets, dolls, and 
so forth. Only one condition pertains to the objects themselves: they 
should be clearly separate and should stay where one puts them. Water 
or milk would not be much good! 

By contrast, when a child wants to find out something about floating, 
it is imperative that the properties of the objects used in the experiment 
be taken into account. In fact, it is the properties that become the main 
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source of knowledge. Nothing can be found out about floating without 
obsJcrving how i?oHd and liquid interact. This phy^iical type of knowledge 
is much les? "pure" than the former; in fact, obsicrvation? by themselves: 
lead only to fragmentary, ad hoc knowledge. To be able to induce law.s 
and regularities and to imagine experiments, a logical framework is neces- 
sary. As far as actual situations arc concerned, either in real life or in 
the tasks psychologists propose to children, the two aspects are usually 
both present but in different ratios. Furthermore, one and the same 
situatioii can fre(|uently be used to explore knowledge of different kinds. 
For instance, the well-known concept of conservation of weight is at first 
only a conservation of an invariant property of objects: logical operations 
of addition and composition are sufficient to maintain that weight docs 
not change with a change in shape. But the conservation of weight is all 
the same more difficult than that of simple substance, a global quantita- 
tive concept; and with their growing knowledge of the physical world, 
children begin to sec difficulties they had not considered in the conserva- 
tion-of-weight problem. Apparent regressions may occur, as in the case 
of children who begin to wonder whether the ball of clay divided into 
little bits does not weigh less than the whole ball, gince the little bits 
**press*^ on more of the surface of the scale, as if an inte^isive property 
like pressure were equivalent to an extensive property sueh weight. 
They also often think that the weight of an object diminisht^ when its 
movement increases. When one asks the same questions for conservation 
of weight — (1) after putting the two quantities of plasticine on a double 
scale; (2) after.hanging them underneath the scales; and (3) after hang- 
ing two balls at the same height on one side and two balls, one underneath 
the other, on the other — the children's answers will be C|uite different at 
certain stages and there may be apparent regressions. The distinction of 
the two opposite poles of knowledge is therefore to be seen as theoretical 
and heuristic: in real situations thc^typc of reasoning applied is some- 
where in between the two extremes. 

Another question comes to mind concerning this distinction. Oiven the 
fact that, starting in the sensorimotor period, all knowledge proceeds 
from action and that all action implies the transjjosing or transforming of 
objects (including the subject s own displacements in space), is the dis- 
tinction valid at all levels, right from the start of the development of 
intelligence? 

According to Piaget, even at the very caily stage of sensorimotor hi- 
telligence, that is to say around six months of age, it is possible to 
distinguish the roots of the two types of knowledge. In one, which will 
later develop into logical operations, it is mainly the action patterns 
themselves that become coordinated and integrated. This occurs when- 
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ever the bal;y hat a specific goal and combines two movements to reach it. 
In the other, coordination also occurs, but the new knowledge comes 
mainly- from the objects themselves, as in the case of the baby who dis- 
covers that if a certain object is i)ushed and start* swinj?in<r, it not only 
moves (he follows the movement with his eyes) but also makes a sound 
(he listens to tho:?ound). In a research i)roject on symbolic behavior, 
carried out in collaboration with Irene Lezine and Myra ^tambak, we 
have example.^ of children from the age of thirteen or fourteen montlis 
onward performing actions that can be classified according to the two 
types: sometimes they push one object with another; they shake the 
objects; they tap the floor with them; they explore them carefully with 
their forefinger. In other instances they spend quite some time (that is, 
a minute or to) aligning the objects, putting one on top of another, and 
so on. In the one ca^e, they are learning about the properties of the ob- 
jects themselves— soft, supple, prickly, and so on— or about the effect of 
one object on another— one can push the spoon right inside the bristles 
of a brush but not inside a mirror. In the other ease, they seein to be 
introducing some organization into the objects around tliein— they put a 
spoon next to a toy broom and a feather duster— and contemplate the 
patterns that result from their own organizing action. But most of the 
time the two types of activity seem at that age to be inextricably inter- 
woven. It is only with continuing development that the activities leading 
to the two types of knowledge can be more easily distinguished. 

There is, apart from the theoretical reasoll^i, an educational use to be 
made of the distinction. In the case of knowledge of the physical type, 
reality flatly contradicts an incorrect idea; it is possible to show the child 
that he is wrong. If a six-year-old thinks that a small piece of iron will 
float ''because it s so light." one has only to perform the exi)erimeiit for 
liiiii to see that his prediction is not correct. This does not, of course, 
mean that he will give up his idea ; at first the child is incapable of form- 
ing a different hypothesis and will regard counterexamples as ''funny" 
cases. But such a demonstration is totally impossible in the case of a 
logical problem. For example, if a child affirms that there are more apples 
than fruit (items of fruit) in the bowl, inakiilg him count first the fruit 
and then the apples is not going to have any influence at all. If he can 
already count and finds that there are six items and four apples, that 
does not prove to him that there is more fruit than apples. Counting, in 
this case, can be compared to naming; the fact that the last person named 
is called Peter does not tell anyone anything about the number of people 
in the room. j 

However, there seems to be a bit of a paradox here, which I cannot 
resolve. Since *'\vrong" ideas in physics seem to be easily demonstrable 
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and "wrong" ideas in logic very diffieiilt, Wnv do educational eiirrieula 
always introdiiee physics so nuieli later than arithmetic? Is it because 
every day we make use of technological marvels that only a few of us 
really understand, whereas our daily contact with mathematies is limited 
to fairly simple problems sueh as adding and subtracting money or work- 
ing out how many rolls of wallpaper are necessary to cover a certain sur- 
face? Or is it precisely beeause wrong ideas in pliysies are so obviously 
wrong that it seems hopeless to start teaching pliysics early? When one 
constructs the syllogism 'Mohnny has two eyes; Johnny is a boy; there- 
fore all boys have two eyes/' one has all one's faets right, but the logie is 
way off. On the other hand, when one says, "All boys have two noses; 
Johnny is a boy; therefore Johnny has two noses" the logie is impec- 
cable, but one of the premises is false. The first type of reasoning, wrong 
as it is, seems somehow less false than the second! 

In his epistemologieal work Piaget seems to indieate a more profound 
reason. In many cases, it is only after many aspects of a branch of scienee 
have been elaborated that science discovers (or at least explicitly formu- 
lates) basic concepts that are acquired early in cognitive development. 
Such is the case with topological structures. Topology became a branch 
of mathematics well after Euclidian geometry, but we find that the child 
can handle relationships of closure as opposed to openness of figures, of 
being adjaeent as opposed to nonadjaeent, of overlapping, and so on, well 
before he can deal with the relations between parallel as opposed to inter- 
secting, curves as opposed to straight lines, and so on. Similarly, one-to- 
one eorrcspondence, which is at the base of set theory (another recently 
fonnulated theory), is one of the earliest established concepts in the child. 
Possibly awareness and explicit formulation of deeply ingrained, basic 
concepts comes later than that of more complex achievements. However 
that may be, a similar phenomenon exists as regards physics, where cer- 
tain of the most difficult notions of modern physics seem to exist in a 
primitive^ intuitive form in children— but then they look completely 
^Svrong." The concept of time seems to provide an example of this. Very 
young children have an intuition .of speed; this is based pn.rcly on the 
eventual *'ovcrtakings" or "catchings up.'' Time, however— that is to say, 
duration— remains linked to distance covered or to the amount of work 
done. Uniil nine years of age there is confusion when comparing two 
moving objects or persons as regards the time taken and the distance 
covered; going further usually implies having taken more time. It is very 
difficult for children of this age to admit that time is something that ean 
be measured independently of what has been aeeomplished during the 
time. In fact, they think that a watch does not work in the same way 
when it is worn by someone who is running as when it is on the wrist of 
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someone who is walking slowly. For them, there is no connnon, !>oino- 
geneous time. The insufficiency of this |>o>tulate in phyno hecame cle:ir 
only when Einstein u^etl the con.^tancy of the velocity of litrht, :i> demon- 
strated in- the Michelson-^Jorley experiment, to derive his j)rinciple oi 
relativity. It seems that, onee again, children's intuition lias >oniethin«: 
in common with late developments in science. 

The findings of developmental psycholo<iy indicate a very clear parallel 
between the child's reasoning in logico-niatheniatical problcm.> and hi> 
way of attacking problems in physics igenerally. to >tart with, in >imple 
nndianics). For instanec, even in the preoperational period, when his 
logie is still a ^cmilogic of one-way mappings, when a child is asked about 
the respective lengths of a piece of string in the situation pictured in 
figure I, he knows very well that if one pnll? on the extronnty of A (for 
instance, by hanging a weight on it). .4 will get longer and B will get 
shorter: but since lie is as yet incapable of (juantifieation. he will not 
suppo.sc that A.4 = Mi. In general, the eliild thinks that the irain in the 
length of .4 is more than the loss in the length of after all. -4 is "where 
the pull is'^ a^iagct ct al. 1968K To take another example, where the 
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apparent ilir-crcpaney between knowledge of physical plienoiiicna and 
h^gico-iiiatliematical reasoning is more striking, at the stage of concrete 
operations, in the following situation (Piagct 1970) a rubber band is 
marked with a elij) at one third of its length and then is stret(4icd out. 
Children initially think tnat the stretching occurs only at the ends and 
then, shortly afterward, at the end of each segment. However. Jipplying 
the additive compositions of which they are capable at this stage, they 
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tliink tliat tlic cliangc in lengtli is tlic 5?ainc for l)Otli part;?, despite theii^ 
initial inequality. Tliey ean tlien ol)scrve tliat tlieir predictions were 
wrong; but since at tliis stage tlicy are still incapable of understanding 
proportion, they will content themselves with the following explanation:- 
"The long bit gets more added to it. the small bit less." The logic of this 
reasoning i.« perfectly comprehensible, but it is combined with the idea, 
r\as regards the physics of the phenomenon, that the "pull" is not distrib- 
uted over the whole rubber band but seems to result in "bits" added at the 
ifuds. Somehow oj other, this idea seems to many people more "wrong" 
than the corresponding logical concepts, which do not yet enable children 
to deal with proportionalkv^ Interestingly, as soon as children understand 
\* proportionality, they correctly predict the length in~this*p>ob^em and then 

fas regards the pliysical^aspect) immediately maintain that the "pull" 
goes through the whole rubber band and that therefore the force is evenly 
distributed over the whole length. 

However, despite this close parallel, a certain time lag in the construc- 
tion of physics concepts is comprehensible. The logical operations open 
the way to deduction and do not need any checking with reality, but the 
physical concepts demand constant checking by experiment. For instance, ^' 
from very simple premises wo ean find the following conclusion: if clay 
retains its total volume when it is split up into little bits (as in the 
volume-inunersion test) and if any shape of clay can be firod to produce 
a piece of fired elaj of the same volume, we ean deduce that a piece of 
fired clay also maintains its volume on frag-^entation. In this ease, the 
experimental cheek is extremely simple, but often such checks are very 
complex. It may well be that it is this complexity which accounts for the 
historical time lag between the development of logic and mathematics and 
that of physics. However, the parallel of the two types of knowledge in 
child development would suggest that, educationally, the two subjects 
might be taught in much closer connection than is usually the case. 

Where in this scheme of things does one place geometry? Historically, 
geonietry went hand in hand with logic. But in school programs the two 
became separated. Only recently have educators begun to follow Piaget's 
practice of amalgamating logic and mathematics (and therefoi-e geom- 
etry) in one whole: logieo-niathematieal knowledge. Once again, experi- 
mental psychological findings reveal a remarkable parallel; cognitive 
development is an indivisible entity, and its laws and the progression of 
its structures may have diftorent manifestations in different types of 
problems but nevertheless remain basically the same. In fact, in many 
experiments a chiUrs physical explanations and logical and geometrical 
solutions are inextricably linked (as was the case in the experiment on 
the pulling of the rubber band). 
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To take an example that ha? clearer, geometrical implications, eorsider 
the following experiment (Piaget and Inhelder [a] 1947). The child i^ 
shown a squat, angular bottle of ink (see fig. 2a). This bottle is put into 
a cover so that the level of ink is invisible. The child is then asked to 
draw, in a prepared frame that shows the bottle and the table (see fig. 26). 
the ink level (i.e., indicate where it is), then to draw its level if the bottle 
is tilted, put on its side, or turned upside down (all the positions are 
shown, but with the cover). The first drawings (in the preoperational 




(a)- 





(b) 

Fiji. 2. Ui) Hot tic with ink. (6) Frame po>ition.s ^howing lino of tlie table. 

stage) show scribbles that fill the whole bottle (and go beyond as well!). 
At a second :5tage, the level of the ink is drawn in all sitttations as parallel 
to the bottom of the bottle, and in the upside-down position the ink may 
be hanging from the top (see fig. 3). In the next stage, certain modifica- 
tions are introduced, mainly by having the ink go toward the opening and 
drawing oblique lines that connect the corners (see fig. 4). Finally, of 



7 




Fig. 3. Kxamples of drawings at an early j^econd .stage 

"1 





FIk. 4. Example:* of dra^v^ng^ at late second stage 
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collide, at about the age of nine or ten. all the drawings are^correet. Now 
tlie:?e (lift'erent drawing.^ ean be interpreted in a (|iia:^i-geonidri(al way: at 
«r.<t. the only rehition:^hii) that eount:^ i.< that the ink be iiu^ide (or mainly 
nu<i<lef the bottle. Seeondly. the child keep:, the intrafigural reIation.<hip^ 
constant: the level always keeps its relation to the shape of the bottle. 
It is only at the third .^tage that extrafigural indieations are taken info 
account and the drawing of the table in the model sketch begins to attract 
their attention. Finally, a system of coordinates is established, and the 
children say that the level >hould always be "straight'' or -just like-the 
table." However, their j-enwks concerning the phy:=ical nature of the 
prol)lcm provide a |)arallel explanation : at fir>t. the ink just stays inside; 
then, the ink has the tendency to go toward the opening of the bottle (even 
if. tis i> obviously the ca^e in this e.\-i)enment. the opening is ^ealcd). Only 
in the final stage do thev e.vplain that water always goes down as far as 
it can. that it goes down on all Mdes. that all bits of water arrange thcni- 
mJvcs so that the level i> horiy.ontal— as long as it is not. bits of water 
will be higher and roll down toward the lower level until an efpiilibrium 
i> reached. 

Other e.\-pei-iinent>-eoncern the copying of geometrical figures and, more 
mterestingly. anticipatory images of >imi)le geometrical slrapes when they 
are rotated or translated. 

A first example is provided by the following (Piagot and {hl.cl'ler [b] 
lOOOh The child is shown two cardl)onrd s(|uares (o c;n by n cm), one 
i)laced a[)ove the other. touching along one >ide (see fig. rya). He is then 
asked to copy this situation, and only if he can make a more or less 
correct copy i> he retained for the rot of Jie e.vperiment. Now the child 
i> asked to imagine something: ''How would it look if 1 pushed the top 
>(\\nuv a little bit to the right?" (the gesture is sketched but the square 
IS not movcdh Once the child ba> understood this in>truction. lie is asked 
to draw (and >ometimc> to indicate [)y goture.-. [)Ut we shall not go into 
tlio>(> re>uhsi '1u)\\-nr wiiriook." Finally, the experimenter actually 
VU>\w> the toj) xiuare. and the child i> asked to copy thi> final situation, 
figure o/a The su[)jects were children l)etween foui* and jicven years of age. 



(a) (b) 
l'*m. 5. Tasf; with two ^(itijuc**. o cm by cm 
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Surprisingly, the (lra\viii<r hy anticipation is correct (77 percent :?ucccss 
ratcl only at the age of seven. Interestingly, even the simple copy of the 
final state is correct (76 percent) only at five-and-a-half years. Kven 
more interestingly, the deformations introduced in the copy are of e.xactly 
the same type as those in the anticipatory drawing, hut they appear two 
years earlier. This fact alone is full of interest and proves once again 
that it is not MifTieient to have the model in front of oneV eyes to be able 
to reproduce its structure. The following types of drawings wcrr oi)served 
there reproduced schematically) : 

I. The very simplest solution consists in a simple eo|)y of the initial 
situation, or in a horizontal recombination (see fig. 6). 



2. Xc.\t (at about the same agn<) the two >(|uare> are drawn one apart 
from the other and the top Mpiart- is moved up iiiMcad of .-ideways (^ce 
fig. 71. Fifty-five percent of the 'drawings of the five-year-olds' are of 
this type. 



Kin. 7 



3. A very intere.-ting series of drawings i.v found at the ne.xt level (see 
fig. 8). ^They .^eein to indicate that the main difliculty reside^ in the prob- 



(ft) 



I'm. 8 
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Icin of what hapiKMii* to the right vertical side of the top .square when its 
left vertical side is displaced away from the corresponding left side of tlie 
bottom square. The displacement of the right side is represented either 
as synnnctrical to that of the left or vice versa ulrawing 8c). In other 
casc>, one of the top scpiare's sides is correctly placed relative to the 
corresponding side of the bottom square; but the top square^s other side 
is (bawn in vertical extension of the corresponding bottom sciuare s side 
(original position), as in drawing 86. 

4. Finally, of course, the problem is solved. However, when little ver- 
tical strokes are drawr. on the stjuares, on the bottom one to the rizht of 
the top .Mde and on the top square to the left of the bottom side, the prob- 
lem beeonies more difficult (see fig. 9). As one of the subjects said: -One 
of the strokes is near one side and the other one near the other side, so 
they can never come together.'^ It sceni.s evident that neither remarks 
such as this nor the deformed drawings can be the result of faulty per- 
ception, or of optical illusions. Again, the only way to explain them 
would seem to be by taking into account the particular character of 
preojK'rational tnought. 



I'ig. 9 

The solutions indicate that the main problem is ordinal. The relation- 
ship between the vertical .«ides of the top square and those of the bottom 
S(!uare is what the child works on (and fails to solve before the age 
of seven). The horizontal rlistance between the two vertical sides is 
neglected: the shape of the wliole (and all children of this age recognize 
a square wlien they see one!) is sacrificed. Either the intrafigural rela- 
tionships arc conserved, as in the first stages, or an attempt is made to 
represent the interfigural relationships, but the two cannot yet be 
coordinated. 

Another characteristic of early ^^geometrie^^ representation is that cor- 
rect drawings can be made of the initial and final states of a figure that 
changes its position in space, but tlie intermediate stages cannot be repre- 
sented. In tbe very simple case of a vertical stick (20 cm long, 2 mm in 
diameter [Piaget and Inhelder (b) 1966]) tliat pivots on its base, fixed by 
a support, children are first asked to draw tlie stick when "it has fallen a 
bit" (tbe movement can be quickly shown by pulling the stick down 
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through aiijilo of 20^ and 30"^). After this (hawing, the ehihi is asked 
to (haw th(» >tiek in several positions: first when it is upright, then at 
several points "on the way down," and finally when it "ha.< fallen right 
down, flat on the wooden support." The experimenter direrts the ehiid's^ 
attention to the pivot and makes it clear that the stick cannot move away 
from that point. There is little difTieulty, even at the age of four-to-five 
years, in drawing the two extreme position^. The interesting errors con- 
cern the intermediary positions. Figure 10 shows selieniatized repre- 
.•^(•ntations of typical errors in indicating the intermediary positions of 
the >tick: the dotted lines represent the (correct) initial and final posi- 
tions. Solution 3 is particularly popular at four and five years of age. 
Solutions 4 to 8 are more or less coiUemporancdus (at five -to -six years 
of agel, and they all thow the difTieulty of coordinating the movenient 
ot the top extremity of the stick (whieh describes a (piarter of a circle) 
and the >ueees?ive positions of the whole .<tick. The curves in solutions 
6 and 7 are particularly interesting and represent an incapacity to con- 
ciliate the (curved) trajectory of the extremity and the fact that the 
stick itself does not change its ?hapc. 




5 6 7 8 

Vlii. 10 



Should we conclude that geometry follows exactly the .<ame develop- 
mental line as that of logical aiul arithmetical operations? What about 
the famous mathematical intuition and its supposed reliance on mental 
images? .-Vccording to Piaget, this is partly true — especially f(n- the early 
period-— until the first grouplike structure of transformation.- is firmly 
e.'-tahli.^hed. However, geometry remains a case apart because of the very 
clo>e correspondence between its operation.-- and their spatial repres(Mita- 
ti(Mis (drawing, modelsi. Other experiments have thown how, once the 
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attachment, to tl.c initial and finnl .tntc is ovorconu.. children arom.d 
H>vcn or eight years can solve problems with complete and elegant rea- 
soning, whereas young children, though often able to answr correct Iv 
cither cannot justify their answers or else cite the wrong reasons In one 
experiment the children were presented with a number of drawing. 
(Piaget and Inlielder [b] 19661 such t.s those in figure 11. Thev were 

< N : •> / 




■-y. 



/ 



3 



KiK. 11 



askcl which one of the two lines (two roads, two bits of string) in each 
drawing was longer, or were they the^ame? Without giving a detailed 
analysis of the various stages that characterize children s responses the 
f--llowing are the main points, ki f,r.<t. from the age oi four-to-.<ix years 
(•hi...-.on think that there i.- a total correspondence between surface and 
perimeter, although neither is con.H-rved. Then (seven-to-cight or even 
up to nine years) the fii-st conservation.s lead to -wrong" conservation - -i 
change of .shape of a surface (for instance, when a square of cardboar.'l 
IS cut into strips which are then glued together into a long rectangle) i': 
no longer thought to change it^ area, ••therefore" (he children thiiik that 
its perimeter cannot have changed either! Converselv. a change in the 
form of a perimeter (a wire) is thought not to change the surface it 
deiini-tates (I.unzer and Bang 1965). In the ca.se of (he four figures we 
have taken in our example, the problem concerning 1 and 3 can be an- 
Mvered correctly by means of simple notions of topologv (one suiiace i^ 
included 111 the other: therefore the outer line is longer, since the inscribed 
surface is smaller than the iiicluditig. surface). The same tvpe of reason- 
ing, however, leads to wrong answers in cases 2 and 4. In other ca«e«= 
children below eight years may answer on a numerical l)a=-is, this time 
idready reasoning only on the lines and not on the surfaces. In drawing 3 
for instance, this may lead to the answer that both lines are the sime" 
length: "They each have four bits."- 

From >evcn years onward, correct answers are given to situations 2 and 
4. and the arguments become based on the possible transformations that 
would permit a direct comparison: -Jf you put one of the lines in straight 
bits like the other, you know it's longer.'" 

It seems clear that in !i certain sense geometry constitutes a s|)ecial 
ejise. where representation and mental images are much more ade(|uate 
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elTcetive problem solver need '*nni.H.>CH of >trueturally or<;nni.»«ed knowl- 
edge/' However. Fingot's poMlion make.-; eieanM* the general finding that 
the level of thought determines the degree of eoneeptualisation, and the 
degree of conceptualisation faeilitate:? >trategio.>- of thinking. For. in the 
view of Piaget. to know i:? to a.ssiniilate reality into sy:?tenis of transfor- 
mations — to know i.> to under.-tand how a certain stjite is i)rought ai)()Ut. 

Ueynolds also takes up the (piestion of the construction an I testnig uf 
hypotheses. He points out that, in FiagetWi^w, when a pupil i)egins to 
think formally, his construction and le.^ting of hypotheses 'develop to- 
gether. The re>ults of the study do not fully support this claim. There 
W(»re oceasion> when a hypothesis was not recognised as >ueh. when 
hypotheses were not systemnticully constructed. Jind when hypotheses 
were con>tructe(l or recognised l)Ut not toted. The f|ue.-^tions relating to 
the potatoes and hard-working .-scientists and Mr. Smith presented iiypo- 
thetical situations. The premises in eiieh (piestion were required to l)e 
accepted, although no construction of hypotlieses >vas involved, and de- 
ductions were to he nnide only within the framework provided. It might 
he expeeted that nil pupils at (he stage of formal-operational thought 
would l)e willing to accept an(* think within a hypothetical framework, 
luit tl: • results .*»howe(l that tliis was not so. 

Finallv we may^notc that some of th(» an>wers confu>ed data and con- 
elu.sion. This confusion revealed inadecpiate notions of the eonver>e of a 
statement and showed that rever.**il)le operation> eould not always he 
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Concept of Matliematical Proof 
in Abler Pupils 

if 



The concept of proof in mathematics will always he important \vlmte\'er 
may he the nature of the eurrieulmn. Frofesj^ional mathematicians have, 
of cour.vc, analVi^ed the concept of proof-^a5. for example, in The World 
oj Mathematics (Newman 1960). Allendoerfcr (1957i is one of a number 
of people who have given methods of proof together with illustrations at 
hii^h school level. Again, Fawcett (1938i attempted to teach the nature 
.of deductive proof to high .school pupils. But the :^tud/ of Reynolds 
(1907), on which this papv-r is ha>ed, i> the onl\ one known to me that 
studied the way.s in which pupils of junior and senior high school age 
develop their concept of proof. The aim of this study was to investigate 
the development of the understanding of mathematical proof in pii^)ils 
in British .-elective (grannnar and' technical ) secondary schools and to 
sec !u)w well this development is explained hy the framework provided 
by Piaget's genetic psychology. 

Reynolds starts from the position that a scheme, a gcneralisable ])lan 
of action, jr strategy of proof may be characterised as the combination 
of two processes: the construction of a hypothesis to solve a problem or 
explain an event, anrl the construction of a proof or disproof of the 
hypothesis. In the construction of the hyiiothesis the rules of logic are 
generally csWittle value, for it requires some new combination of the 
prohlenj .<olver's knowledge ami the (hita of the problem— there is an 
attempt to ^'closc a gap." It might be hypotl.csi.<ed, for example, that a 
certain relationship exists between some varia!)!es in a prohlpni. or that a 
propel -y observed in a fmite number of instances can be extended to a 
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Other concepts, what the effects are of continuous teaching from grade 
one involving small-group work, opportunities of the child to act on 
reality, much dis(U.<sion between teacher and pupil and pupil aju! peer^. 
and a teaclu^r who knows something of the structure of the subject inatt(^\ 
This studv i^nly begins to touch this important topic. 
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wider chi^:^ of rleinentr^. To the hypothesi?: :iik1 the data of the prohleiii 
the v\\\qs of logic may he applied in an attempt to arrive at a proof or 
disproof. 

Thu:^ when a hy|)othe.<i> \\i\> been con.-^tructed its validity must' be 
soujjht. and for this. mcUiods of proof and disproof are avaih\ble. 
Reynolds !i>ts five methods of proof and two of disproof. These are: 
direet proof; |)roof hy the use of eontrapositive: reihictio ad ahsunlmn 
method: proof by enumeration; proof by existence; disproof by contia- 
dietion; and (li.<proof by the counter-exain()!e method. The>e wi!! not, 
however, be diM'Usscd lien*. 

A.sPKCTS OF PKOOF O N S IHKK KI) 

T(>ts W(»ro eonstnieted to involve the following aspects of proof: gen- 
;'ralisations. symbols, assumptions, and methods of proof. The^e were 
eho:en for the reasons now briefly indicated, 

A genera I i.sit ion in mathematics is a statement that a property holds 
for every member of a particular ela>s. In the test^ given all such gen- 
era I i.sit ion.-- sprang from a finite uumi)er of examples. Thus each generali- 
>ation \> a hypothesis, and in .schemes of proof the nnikiiig of hypothe>es 
and rea^oning from them are important. A>sumptioni; are (»ssential in 
any argument, and no conclusion i^ worth more than the assunijitions on 
which it rest>. Pupils nuist he able to recognise their own asMnnptTon> 
and thoH* of other>. .Again, if pupils are to construct proof>^ they nmst 
have >ome awarcnc-.-- of rules of inference and of methods of proof. 
Attention n'iu>t be paid to the use of implication and the forms a>sociated 
with it'. Moreover, the reduetio ad ab.'-mduin method was involved in 
>ome que>tion> as it concern> hypotlicMS and the handling of contra- 
dictions. FaiUu'c to st'C a circ-ular argument shows lack of awareness of 
rnle> of inference. Finally, facility is needed in the use of >ymbols; >o 
(piotions were >et to see how pupils viewed mathennitical symbols in 
certain situations, and they wore also asked to state a purpose of symbol.-?. 

Thk Experiment 

Sample 

Subjects were selected from six grammar scliools and one technical 
seliool. Table 1 sliows liow the pupils were spread among the age groups. 

All the pupils took paper-and-pencii tests. In addition, 80 pupils were 
interviewed individually. These' were 14 girls and 17 boys from the first 
forms, 11 girls and 6 boys from the third forms, 9 girls and 7 boys from 
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TAHLK I 
Distiibiuion of Pupil? by Age 



Fin-t form * 
Third form 
Fifth form 
Xon mathematical 

sixth (XM) foim 
Sixth (M) form 
Total 



Girls 




Gtfh 


Hoy. 


222 


243" 


186 ~ 


193 


245 


280 


240 


207 


169 


199 


185 


120 


m 


22 


lOS 




29. 


20 


28 


67 


'^.'■769 


769 


747 
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tlu- fiftli forms. 5 sixtli-forni boys wlio did not take niatlicinatics-, and 
11 sixtli formers wlio did. 

The tests 

Test 1 eontiiinwl 21 questions, and caeli was answered bv every pupil. 
In te.<;t 2 tlicre were 11 questions wliieli were attempted bv'all pupils - in 
addition, there were 9 questions set for tlie first and tliird forms, and 9 
otiier que.stions for fiftli- and .ixtli-form pupils. By moans of the connnon 
questions to every ajre group it was possible to get .some idea of the 
development with age of tne understanding and u.se of the aspects of proof 
eonsidored. Eighty minutes was allowed for each of the papcr-and-pcncil 
tests, as a pilot study had indicated that this time was ample for most 
pupiLs. 

The questioii-s- in the two tests were placed in six sections for analysis 
corresponding to the aspects of proof considered, namely, generalisations, 
fymhols. a.ssumption.s and three methods of proof— those using the eon- 
verse, reduetio ad absurduni. and deduction. Examples of (|uestions in 
eaeli section are now given. 

(IcneraUmtiom. From answers to (lue-^tions in 'ni.. section it was hoped 
to discover how far children accept « generalisation on inadequate evi- 
dence, how far they suspend judgment, and what reasons thev give for 
Jhc rejection of a generalisation. .An example set for all group's was: 

Study the list given: ' 
2 = 1-1-1 G = 3 -j- 3 10 = 5 -j. .5 14 = 7 7 
4 =.3 -1-1 8 =-)-}- 3 12 = 5-1-7 l6=ll-{-r, 
[anrl .vo on. to 10 iii.«.tanees concluding 32 = 3 -j- 29] 

Do these facts show that every ,eveii number can be put a.-i the sum 
of two prime numbers? , 
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As yon know, this question concerns Goldhacirs conjectnre, whose 
trnth or falsity remains unknown. The sixteen instances given were 
consecutive and caty to chock. Another example was: 

Which of 2" and 2n 1 is larger when n = 1? 
Which is larger when n ^ 2? 

Do these \ahies suggest anything about 2" and 2n + 1 when // is . 
given other values? 

Sj/mboh. As ah'cady stated, questions were set to find out how pupils 
viewed niatheniatical symbols in certain situations. An examj)le of a 
question set to all groups was: 

Is — /; negative? 

Other examples were: 

Is it provable that 2 3 = 5? 

What is the puipose of symbols in mathematics? 

It was exj>ecte(l that juipils would mdicate how they regarded the symbol 
— '* and any assumption they made al)out the range of values of p. 

Aasumptions. A question set to all pupils was: 

What do we mean by a logical statement? 

All pupils will have heard the word hnfical used, particularly in support 
of the way in which a conclusion is reached in an argument. This exercise 
was an attempt to find out what j)upils understand by a logical .statement. 
Another (|ue>(ion a^Ued was: 

What do we mean by a hypothesis? Give an example if you wish. 

Cnnrerses. Two qne.stion> set to all-pupTrs in the secti(m were: 

1. All successful scientists v/ork hard, and Mr. Smith is ,i scienti>t 
who works hard. Can we say from this that Mr. Smith is a suc- 
cessful scientist? 

2. If all the angles in a polygon are e(|Ual. do the sides have to he 
e(|ual? 

Heductio ad ahsurdunt method. An example attempteii by all snl)jects 
was: 

In figure 1 we are told that AB is not parallel to TD. and we wish 
to show that /) and q have different values. Complete tic argu- 
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^ Dcrluctiotus. Ono (iii('>tion ^^ivon to all sul)joot> \va:< taken from Lewis 
CarroliV Symbolic Lo(jic. It read : 

(live the eonelusion that follows from these three >tateinents: 

1. No i)otatoo> of mine, that are new. have been boiled. 

2. All my })otatoe> in this disjh are (it to eat. 

3. Xo unboiled i)Otatoe> of mine are fit to eat. 

A more (lifTieult (iiie>tion (eon>isting of two parts) oiven only to the 
fifth- and .Mxth-form pupils is given below. It is taken from the >eetion 
on eonverse>\ 

What do we mean by the converse of a theorem? Ciive an example 
if you vi.sl: 

What is the converse of: "If a quadrilateral is a rectangle, then \U 
diagonals are eciual''? 

It wiJI be appreciated that there were oO (luestious in the two tests,' 
with 1.538 answers to each question in test I and 1,418 answers to eacli 
question in te>t 2. (juitc apart from the answers obtained b the individual 
interrogation of 80 pupils. In order to reduce the amount of work, Key- 
. nolds analyse I. in detail, the respohse>^to 22 (iuestions drawn from the 
5:ix sections and from the two tests. 



To summarize tlie findings in limited space is a very difficult task. It 
will, perhaps, be best done by considering a question taken from each 
section. I must point out, however, that I have greatly simplified the 
findings— perhaps "oversimplified them— and the percentages expressed 
below have been well rounded. o 

Generalisations 

Let us consider the responses made to the example tliat involved 
Goldbach's eonjecture. Some 40 percent of the first-, third-, and fifth- 
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late Piageiian theory into stimulus-response terms such as 'Mnterna! 
reinforcement:?'* and ''transformation responses" is seen by Piaget as little 
more than a language ganK\ 

The second generation of studies reflects a dissatisfaction with the 
Piagetian position in^ two senses. Pii^jt is the conviction that Piagetian 
>'tage theory ])laces too rigid a limitation on logical thought ac(juisition. 
It i< asserted by a number of investigators that the logical structures 
delineated by Piaget ean be acquired earlier through various kinds of 
training than is implied by the Genevan ''norms.'' In tnra, Piaget is ofte*n 
critical of the (prineii)ally American and ^Soviet) "ol)ses>ion" with aceeler- 
ating logical thought development. 

Second, many investigators are unwilling to aece])t the equilibration 
model a> the explanation for logical thought ac(|uisition nor the specifie 
logical operations and structures said to be involved in particular kinds of 
thinking. In regard to conservation, for example, they do not accept the 
role of reversibility nor inversion and compensation >tratcgies as nece.^sary 
to successful performance. Nor are they willing to accept transitivity as 
necessary loseriation, or the classification logic as necessaiy to whole-part 
relations and (-lass inclusion, and so on. Many critics undertake training 
studies for the: purpose of exposing the ^'true^' mechanisms of thought, or 
at lea.<t to reduce them to the simplest ohjectivcly observed constituents. 
In general, these studies ean he divided into those eoncerned with the 
*eehnology of training or learning and those eoneerned with the meeha- 



>u!)j('(»ts were a!\va\> unawnrcof nii infinite (*la>< (altlionjiii tln> is V(>ry 
nnlikcly in tlio ca>o of tlu» younjror chiMrcnJ. hut tluit tlu'v extended tlio 
jimcralisjition only to iii>tan('o> cIom* to the j^ivcn oiu'>. Around 10 pcM-- 
(rnt of the fir>t-y('ar cliildron an.^weml in this way. (I('cr<'a>in|^ to nil in 
the M >ixt!i. All pupils who answcMvd on the hasis of •'evi-'onco snUieiont" 
wcro clearly at a conrrete-operationai level of thinkinji in respeet of this 
probleni. 

A third group of response (a .-erai^hij? from 10 to 12 piM-eent of the 
rephe> up to the filth fonn. thou (leerea>iuji to 7 pereenti jin>W(*re(l "Ve.s" 
but niad(* u>e of tlie eonvor>c. Such ehildnni M'krted two odd prime 
numbers and by addition found an even one. Sueh a proeos. of eour>e. 
always <;ives an even number, but there i> no eertainty that all even 
nuuibers will be determined by it. The answers nn-ealed a failure to 
realise the direetion of the given proee.s< and to <;ive eonsideration to the 
universe of diseour>e. A few also glos>ed 6Wr the distincti(m between 
})rime and 0(kl numbers. 

The percentage of pupils who accepted the generalisation, "with doubt." 
increased slowly u}) to the NM sixth form and then jun^ped .suddenly to 
around 12 percent. Subjects realised that the evidence for the generali- 
sation wa> in>ufricient; they looked on Ihe generalisation as a hypothesis, 
although they made no attempt to te.4 it. a> might have been expected 
from Piaget's theoretical position. 

^ Finally, there was a grouj) of pupils who reali>ed the lack of evidence 
for the generali.sition. The percentage of answ(M> of this type increased 
>lowly with age until the sixth form, when it increased al)ruptly to >ome- 
what over 20 percent. Sul)jects reali>e(l that the evidence from a nund)er 
of positive instanco could never be ade(piatc to prove the generalisation 
for all even numbers. They emphasised the need for a more general proof 
before a conclusion could be reached. This more advanced view presup- 
poses an adecpiate notion of a mathematical generalisation, that is. that 
it >tates a property of every element of a definite set. But it is interesting 
to note that not a single pupil made :i fbmplctc test of the possibilities. 
If /) is '\v i> an even number*' and q \> '\v is expres>ible as the sum of two 
primes." the generalisation would l)e p-^q. Xo pupi^ considered testing 
the truth values of the four expressions 

P A q. V "^Q- ~P A q. ~/) A 
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The training studies will now be examined in some detail. It is a curious 
fact that from the entire range of interesting and important Piagetian 
experiments and ol)servation>, the most studied has been the conservation 
phenomenon. There \: no doubt that conservation lends itself to easy 
experimentation, and that it is intimately tied 'to the general theory. i)ut 
its attraction probably lies in the fact that it appears to;l)c the case where 
a crucial test can he made of Piagetian theory. .Many training studies are 
designed to make such a test. 

T 11 .M, N 1 N (; S T I * n 1 Iv s o K C o n s k u v a t i o n 

The ability to conserve is inherent in the development of (fuautitative 
cone ;ts, s'my such^conceptj? rccpiire the ability to maintaiii the invariance 
of the concept'iir spite of unrelated or related attribute transformations. 
In a recent .statement of bis ideas about conservation. Piaget ([c] 1908) 
emphasizes that conservation is pos-^ible oidy when there is a composition 
of quantitative variation.^ which takes the form of a compensation o.f 
relations (higher .V thinner = .<ame amount), or an additive composition- - 
(nothing added, nothing taken away == same amount). The additive and 
compensatory competitions involve. two types of reversibility, reversibility 
by inversion (a return to tlu* original state), and reversibility by com- 
pensation, plus the identity operation (nothing added, or taken away). 
The identity operation occurs only in relation to the other operations and 
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Wlnic a ptirtial tcj^t of these expressions may be expected of the twelve- 
to-foiirtecn age range, the full test mij^lit be expected in tiic fourtcen-to- 
eighteen age range. Pupils who rejected the generalisation on lack of 
evidence showed a move to formal thought and it need for a general proof, 
but they did liot tett the hypothesis. 

Syttibols 

We discuss the responses to the question *ls -p negative?" Since is 
not part of an algebraic expression, many children think of it as indicat- 
ing a state (e.g., position on a number line) or as an operation (i.e., to 
subtract p from a certain quantity) . 

Of those who answered "Yes*' to the ciaestion, the following percentages 
thought of p as indicating a state: around 28 percent in the first year,\55 
to 60 percent in^the third and fifth years, 45 percent in the NM sixth, and 
18 percent in the M sixth. A typical reply was is less than 0; any 
minus quantity is negative." Those pupils who answer, effectively; "Yes, 
a state." have a restrictive imiverse of discourse for values of pi although 
they are not aware of this. Very few subjects (nil in the M sixth) thought 
of -^v as indicating an operation. Those who did concentrated on what 
the syin})ol indicated should be done to /) and not on the range of vaUius 
of p. Anot'hT'group of pupils who answered "Yes"— mainly in the first 
and third years— appeared to think that /) was a different kind of num- 
ber. Their replies were of the type, "It does not exist," "It does not 
represent a number of articles." With the«?c pupil;? the indiviiluaHtiTcr- 
views clearly showed that a negative number was not regarded as a "real" 
number. Overall, the first-year pupils showed much uncertainty both in 
answering thg question and in respect of their concept of negative num- 
bers geneiW|y. ^ >^^ar[v^c-third declined to attempt the exercise. Of 
those who (ifd attempt it, many showed they had <oi\\c familiarity with 
numerical tenns like -1-3. ^2 (e.g., as temperature) but their understand- 
ing waf5 intuitive. This evidence is in line with the view that until the 
onset of formal-operational thought a chiUrs grasp of negative numbers 
is intuitive. 

There were, of course, pupils who responded in effect "not necessarily"; 
hardly anypne did so in the i ,stycar, but the ratio rose to\ardund one- 
third in the fifth and NM sixth forms, and to threc-(|Uarters in the M 
sixth form. These pupils may not have explicitly decided to take the set 
of integers or the set of real numbers as their universe. Indeed, they may 
have considered only a very limited range of positive and negative integers 
for /). but their acceptance of some positive and negati-e integer^^ for /) 
showed a better appreciation of the position than those who considered 
only positive values. There were also some 10 percent of the subjects in 



72 



Lovetl / The Development of the Concept of Mathematical Proof 



the first year who ans'.venMl "No" but whose rej?j)onses otherwise .showed 
poorly developed eoneept^s of negative miinbers. In the otiier year groups 
there were very few replies of this type. ^ 

Amimptiovs 

The res])onses to the question "What do we mean hy a hypothe^is■^' 
were divided into those whieh showed some rippreeiation of :i hypothesis 
and those in whieh the ideas expressed were of little value. Examples of 
good answers were of the type "Sojnetliing supposed*^ and *'i>oniething 
taken for the sake of argument." Pupils whose replies fell in this eate- 
gory gave the impression that they regarded a hypothesis as a statement 
tentatively aecepted and to be used as a basis for reasoning. Very few 
responses in the fi»*st and third years were of this kind, the pereentage 
rising to around 15 in the fifth year, and to about 40 in the NM, and to a 
little* over 50 in the M, sixth forms. 

Xe.irly idl the answers in the poor eategory centered around one or 
more of four possibilities: a hypothesis is a true statement, an initrue 
.<tatement. a proved statement, or one that cannot be proved; The per- 
eentage of poor answers varied fronV 5 percent, in years one and three, 
to some 25 in tlie'NM. and to 20 in the M. sixth fonns. It will he appre- 
eiate(j^fj-om the figm-es given above that in each of years one and three 
over 90 pereent of the pupils did not respond to the question, this figure 
?f«^)p*ing to 20 pereent in the M sixth form. 

('on verse ^ - . 

Here we discuss the rej)lies to the exercise: "All successful- scientists 
woi'k hard, and Mr. Smith is a scientist who works hard. Can we say 
from thi> that Mr. Smith is a silccc^sful scientist?" 

Some 25 pereent^f the responses of the firstr and third-form pupils 
answered **Yes*' in one form or another. This figure decreased in the fifth 
form, until in the M sixth form only 1 to 2 percent answered in this way. 
None of the subjects who so responded realised that they had accepted 
the converse of "all successful scientists work hard" or had equated the 
set of successful scientists with the set of hard-working scientists. A typical 
reply was "^Ir. Smith works hard and those scientists who work hard 
are successful." This kind of reply regarded as empty the set of scien- 
tists who work hard and are not ouecessful. Other pupils who put "Yes" 
regarded the situation as one reflecting real-life conditions rather than 
as a hypothetical one. Their view was that if you worked hard enough, 
then in the end you should be successful; and the answer *'Yes" was given 
in spite of exceptiofts. 

There wer'* two categories o/ reasons for *'No." In the one a good 
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reason was given; in the other the reasoii advaneed was not^adequate. 
Those pupils in the ^'Xo, good reason'' eategory realised that it eoiild 
not be said witlr eertdinty that all hard-working seientists were suecessful. 
Yet even though the pupils understood that the eonverso of the first state- 
nient-of the exercise was not neeessarilv true, a few supported their con- 
clusion by referonee to real-life situations and argued that other factors 
such as intelligence or skill might well affect success. These children, 
too^were looking upon the situation as a practical one. However, around 
55 percent of pupils in the first and third forms gave a ''No, good reason" 
type of reply, the figure rising to 85 to 90 percent in the NM, and to over 
90 percent in the M sixth form. About 18 percent of first- and third-form 
pupilsjaye a "No, poor reason" type of response, but among jbhe older 
pupils the numbers of such replies were negligible. 

This question involved the inclusion relation between two classes: 
the class of successful scieniists A', and the class of those who work 
hard Y. The relation was X ^ if A'' is the complement of X in 7, then 
^ + -V' = Y. So the problem was concerned with three classes. A', -YVY, 
connected by A' -f- A'' = Y. This type of problem can, of course, be 
solved at the stage of concrete-operational thought. But two features 
make it difficult to solve it ai this stage of thought. First, the situat a) 
is not easily imageahle. and since it is certainly not perceptible it is not 
easily mtuitable. Second. A'' was not explicitly mentioned. One would 
exp(ct. therefore, a good percentage in first and third forms giving a 
;;No. good reason'' type of reply, and a rapid increase with the develop- 
ment of advaneed formal thinking. This is broadly what was foAmd. 

Rediictio ad absnrdum method-^ 

Here we discuss the responses to the exercise: ''In figure 1 we are told 
that .4/^ is not parallel to CD, and we wi?h to show that p and q have 
different values. Complete tne argument that starts. 'Either /) and q 
are equal orthey are different; if /) and q are e(|ual then. . . " 

In the schools used in this investigation, parallel lines were studied in 
the first fonns, and all pupils knew that when parallel lines are cut by a 
ti'an.sversal th£ alternate angles are equal and the corresponding angles 
are equal. / 

The responses fell into four categories. The first eategory was poor; 
in this no effective contribution was made to the argument. There \s^c>e 
comments on p or q or on the diagram (e.g.. *'/) and q are alternate^' or 
*'CB is a transversal of AB and '^IV'), but no atteiupc was Juade at any 
argument. The percentage of pupils responding in this general -way de- 
clined from some 2o in the first form to 6 in the fifth form, and nil there- 
after. 

-> * 

74 



Lovell I The Development of the Concept of Mathematical Proof 

Category two included the replies in which it was deduced tiiat AB 
wa^ parallel to CD fiuni the liypothesis p = </. Some pupils whose re- 
sponses were put in Uiis category made the other unjustified assumption; 
that is. "As p and r/ are not ecpiaK lines AB and (7) are not parallel/' 
The number of pupils in this category steadily declined from around 
35 percent in the first year to 14 percent hi the M sixth form. In general 
the pupils whose replies were so categorised faihd to realise tiie role of 
the original hypothesis, p = which became t.ie source of a deduction 
that contradicted the datr^. They were unable to compare their conclusion 
with the data that AB and CD are not parallel. It is also worth noting 
that over half the first-form pupils interviewed said that alternate angles 
were always ecpiai. 

The third category of responses was termed contradiction reached, for 
tile pupils indicated that-tliey had arrived at a contradiction but did not 
knbw how to deal with it. Put in another way. all the pupils realised 
thm a rontradic*''^n had been reached but they did not see, that the 
>ource.of iUvas the hypothesis /)=(?. A typical reply was ''AB parallel 
to CD, which i^ not so." Retiiarkably, the percentage of pupils givitig this 
kind of response remained steady and ranged only from 12 percent to 
18 percent across the forms. ^ ' 

The percentage of answers in the fourth, or good, category increased 
from 14 in form one, to 38 in form three, to around 60 in the fifth and 
N:vI sixth forms, to close to 70 in the M sixth form. All the pupils whose 
responses fell into this classification recognised that the deduction 
AB II CD was inconsistent with the data and realised that the source of 
the contradiction was the hypothesis p = </. Ho this was disc.irded and 
the only other alternate p ^ q accepted. 

Deductions - — 

Responses to the potato (luestion taken from CarrollV logic are' now 
examined. Five types of answer were found:~those correct, those that 
did not reach a solution but that showed no inconsistency, those that 
made a contradiction, those that added new information, and those that 
treated the three statements as unrelated. 

The percentage of correct respijuscjjncreased from around 32 in form 
one to 75 to 80 in the M sixth form. There was a remarkably steady 
percentage of replies in the second category— -around 25 up. to and in- 
cluding the NM sixth form, thereafter the figure fell to 9. Examples of 
these incomplete replies were ''New polStoes are unfit to eat"; "The 
potatoes in the dish are boiled"; ''No new unboiled potatoes. are fit to eat." 
For etfse of discussion lot u? conJ^idwr these categories of response first. 
To reach a solution a number of steps are necessary. From the three 
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sta cnents n p.ir „u.st be .elected m.uI deduction n.a.le. This 

dcducfon n.ust now be regMrded as .taten.ent about the potatoes, and 
con,b„u.d w,tl, tl.e unused .taten.ent of tbe.original three to .1,.; 
f.nal conclu.>on. Apart fron, a fcnv an.wcr. in the .econd categorv wh 
gave one o: the original .taten.cnt. in another fonn (o.^.. "All n,v „n- 
boded potatoes are not fit to eat") no one had any difficultv in read, . 

c deducfon fron, one of the suitable pairs of stat.ne.its. But two" 
i fficult,e. appea,-ed to hinder the solution. ^i,.t, the deduction v.a" 

\° " '""■'^"'^'^ "■'^ """^^^"^ statement of the 
" t nent rnf H ' °f ''"^cleduction and the second 

feu n Mj potatoes whu-h a,e fit to eat are not new'" than in the for,,. 
All iny new potatoes aie unfit to eat.'" 
When we tur.i to the other categories of .esponse. we find that some 
. 1.) pocent of pupil.. „, yea.s one and tince p.ovided a contradiction the 
cor,espond,ng figu,-es for the other years becon.ing verv M„all. In a ve. v 
ew instances », each age g.oup new infonnation wa"s added (categoi-v 
our type of ,e..ponse.. while a,ou„d 13 pe,-cent in the fi.st v?ar but verv 
.sioMs!)""" ■^'*'^^""""'' '"^ "'"-^''^t"' (cat;.go.-y-five a-- 

The ,espon..es that yielded the eonfadictions a.v mtc.esting; all «ave 
M reply inconsistent with the data or with a deduction fron, then. State- 
ments one and tl„-ee are both in negative fo,-ni; i.e.. one set was said to 
have „o elen.ent in eo.nn.on with another M. Cont.adictions such a. 
The new potatoes a.e boiled" and ' All n,y potatoes are boiled and fit 
to c^^vere attempt.- t(, put these state-.ents in a positive fonn Other 

Sot t'" '"^f '■'•^"'■^'"'^ ^''^ ^^tate of 

u a.s the lack of check between the an>wer and the data given. 

« 

TiiK KK.sri.Ts i\ TfiK Lif;nr of 

Since all the Mibjeets were above average in attainment and n,easured 
nteihgence It ,s reasonable to suppo.^e that those in the fi,st- and thi.d 
foinis woidcl beac,,ui,-inK for,,,al-ope,-atio,,al thought and be at Piagef. 
.<tage IhA. 1 hose in the fifth and si.xth fonns would be aged-F,+ to 184- 
years and might be expected to make full use of formal-operational 
ought and be at P.agetV . stage IIII5. However, becau.se of Individ, I 
differences in abihty which «;«uh| make- so.ne ve,y bright third formers 
".ore n,telleetually ad^.nK•ed than ..o.ne fifth formes, son, e overlap in 
respect of performance must he expected. Indeed, this is what happened. 
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for there were common approaches to lh^i_que:jtigii:? in all age groiip>'. 
Jint the occa.^ioiji? of notahU' improvement in the fiftlis' and :^ixtlK>' an- 
.•^wer:? in the (|Ue?tion."S we listed were: 

1. In the (iuestioii> dealin*^ with generali.^ation? 

Here there _wa> a clear move to empha^i^c the hick of evidence for 
a generah^ation ha>cd on a number of instances, and the increased 
percentage of the replies that indicated the generali.sition 2" > 
2// -f 1 . « ^ 3. 

2. The emphasis ' the value of symbols for generalising 

3. The better understanding of the meaning of hypothesis and logical 
statement 

4. In the percentages answering correctly the exerci^c relating to Mr. 
Smith and the hard-working .H-ienti>t> in ihc section on converses 

T). The increase in the percentage of respon^cs in 'he good category to 
the problem based on the rcdnctio ad absurdun^, method 

0. In the percentages giving a correct response to the problem taken 
from Lewis Carroll's Stjt/iboliv Lo(fiv in th.e deduction section 

However, to some (juestions the ans\vcr> of the fifth- and sixth-form 
pupils showed only a gradual hnprovement over those in the first and 
third forms. Nevertheless Piaget's fonnulations regarding ^tages of 
tliinkhig account for a good deal in the nature of the replies. Answer.-* 
that were charaeterK^tic of the concrtc-operational stage of thinking 
appeared regularly, but the an.-wers also indicated an increasing ability 
to use formal-operational thought with age. 

SoMK Points fok CoNsinKKATioN 

The (|Ucstions po.-ed to the subjects showed considerable variation in 
the degree of their st!ucture. from the fully structured. |>reci:5e situation 
involved in the potato question to the following .^^ituation^fTrresentcd to 
all pupils) : 

If all the men who arc on C'ommittcc A arc put on Connnittee B. 
which of the following statements arc true, false, or cannot be 
» decided.^ 

1 lOvery man who is on B l< m A. 

2. Any man who is or cannot i)e on .4. 

3. Kvery wonia> on B^rnoi on A. 

In this problem only -t i.s ^•■ven. '^"^ 

Reynolds argues ,iial there are a ^jmbcr of reai^ons why the neat 
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thcoivtical framework iu respect of forniMl-operational ihouglit arising 
out of Inlicldcr and Piagot's experimental ta^k^ did not explain ail the 
findings in tins study. Ho maintain.-, for example, that the degree of 
stnicture of the problem \> relevant. The advantage of a well-.-tructured 
problem lies in the faet that its assumptions, variables, and universes of 
di.-course of the variables are easily identifiable. The problem solver 
then has no need to introdue^ assumptions or hypotheses from outside 
the situation as he attempts to solve xhe problem. He can eonstriiet 
hypotheses by relating in various ways the variables of the situation, 
(leduee the eonse(iuenres of the hypotheses, and then test them. 

In a loosely structured problem either all the assumptions are not 
stated or the variables are not easily identifiable or the univer.-es of dis- 
course of all the variables are not given. To sueh a problem the solver 
nnist bring his own assumptions and universes of diseourso drawn from his 
ov.n experience. For e.\ampl(K-in the question that asked whether was 
always negative, those who replied, in effeet, ^'Yes, a state/' assumed that 
^ J) took poMtive values: but the fact that this caused a restriction was not 
recognised. 

In the question relating to the committee in the deduetic.i section, 
som(» of the as>imiptions made were: 

No woman is on both A and B. 

There are no women on A. 

There are no women on -I or H. 

After the change there is only one conmiittee. 

J^ome women on B can be on A. 

These a>Mnnptions gave a uiove definite structure to the situation and 
led to erroneous conclusions. Reynolds argues that in InhelderV: experi- 
ment.- a pupil had a better opportunity to I'H tify a wrong assumption by 
practical nuinii)ulation. We must also note, however, that Reynolds does 
not make clear any differences he found between the written answers and 
the an>wers -Iitained by oral questioning: in the latter instance supple- 
mentary (lue.-tions could have helped the subject to se(» the con.-e(|Uences 
of his asMunptions and >o arrive at inconsi>tencies. I personally feel that, 
throughout the study, pupils would perform rather better ^at the indi-' 
vidua lly administered tasks than on the written tests, and I think 
Hcynolds woidd agree. 

So much for^be structure of the question>. Wiien we turn to the sub- 
jects knowledge of the concept.- involved, we jind. as hi all other studies, 
that the level of his uiidei'standing of mathematical concepts has an 
cfTect on the quality of hi.- answers. There is much in common here with * 
'CJagnes viewpoint, namely, iiiat strategies of thought for use by the 
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'I'he Training and Acquisition . 
of Logical Operations 

• * 



Matlicniaticians and mat luMna tics educators arc interested in Piagct s 
theorj- of cogniUve dcvelopinent because it explains how mental operations 
hasie to n)atlien:atical thou<?ht develop. They do not, the whole, have 
much interest in Piaget's views of fundamental logical or niathei^uatical 
relatioHi?, >uch as his ideas about the logical p.roperties of mmiber. 'Since, 
according to a number of philoM)i)hers o; science, it is desirable to isolate 
philosophic and logical systems from psychologizing, mathematicians and 
. logicians are able to view thv psychological implications of Fiaget s theory 
quite ii!'!ependently from its mathematics, even though a significant part 
of the psychological theory has mathematical and logical content. 

Beyond this, inteit^st in Piagct s theoiy is ceutcrcd on two of its featme-\ 
Fir.<t is the identiiication of the functional and .structural |H^Krties ef 
thought as they undergo change with age. The theory holds tliat while 
adult fonr.s of thought have their precursors in the structures of child 
thought, they ti^ fjualitatively different from the thought of earlier 
jjcriods. The early forms are not suited to particular kinds of problem 
s'>lving. Problems that eiUail the u.<e of propositional logic, for example, 
are approached by chihhen with strategies that lead to inunature and 
incorrect solutions. This view .^tands in opposition to thecn-ies of thinking 
and cicvelopmcnt that as.-ume that cognitive processes are the same for 

Prcpariilion of this paper wn.-- ;iid(d in part hv XICTII) Gmnt 

The :inlh(yf i< Kiatcftil fo Jorui Kay Clnyton and Carol Doyle for Uicir 
!i.>si>(aiu"e in the prepatation of (he biblioKtaphie niaterials. 
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all ngQSf with the chikPs thou<^ht only a Ic:?^ romplox and (|imntitativcly 
reduced fonn of the adult*:?. 

The rjecond a.spert of the tlieory that is of theoretical and practical 
import i.< the position it espouses vis-a-vis learnhij^. Piajict's theory is a 
developmental tlieory that sui)sunies learning to development, in contrast 
with l)ehavioristic theories that explain flevelopnient in terms of the 
procesiies of l(»arninj;. Piajiet^s view is that experience results in learning 
only to the extent that the elements of experience are assimilable to exist- 
ing cognitive structure. E.xperienee. whether it involve:? practice, rein- 
forcement, need rechiction. or verbal rule learning, yields no persisting 
resi(hie if it does not take place in the context of appropriately available 
intellectual resources. This is a very strong rlain- -.md it has not gone 
unehallengcd. It is the intent of this review to examine a variety of studies 
that have questioned, defended, or examined the Piagetian thesis concern- 
ing the relation of learning to logical thought development. 

In Piaget's conception of cognitive development there is continuous 
change in which the clnld's thought emerges out of the actions he performs 
upon the objects in the world about him. These actions upon objects consti- 
;ute the model for later thinking, since the most important clement in both 
the child's and adult V thought processes, the logical "operations." arc asso- 
ciated with action. Logical thought is conceived as a fonn of implicit 
action. Action is represented in the general property called "reversibility," 
a form of^ction that • n be canceled by a reverse action. In its logical 
form, an o];eraticn can t canceled by an inverse or compensating opera- 
tion, as in the case where the .tddition of a unit is canceled \y the sub- 
traction of the same unit. This characteristic of thought is embodiwi in 
all logical thought, and for the Genevans is critical in determining true or 
complete/*opei:ativity.'' that is, the full achievement of a logical thought 
system. The flexibility of operations represented by reversibility is the 
feature that di.-tinguishes operative from nonoperativQ' thouglit. It is a 
flexibility, nonetheless, that develops within a structured system organize(| 
in accord with logical principles that are codified by Piaget as the logic of 
classification, the logic of relations, and the propositional Jogie. Reversi- 
bility and c»>ncrete-operational thinking d(»velop.at about the age of six 
or seven years. Fi-eo])erative thouj|;ljt. which exists from the end of the 
sensorin)otor period (about the age of eighteen nionth.s to two y(»ars), 
while not without its logical i)roperties, is at most a limited logic (a semi- 
logic, as Piaget puts iti, and it lacks tlie key reversibility -featurt*. The 
entire system of logical thought develops under the control of a .-elf- 
regulating mechanism which Piaget denotes as equilibration. Equilibra- 
tion. op(»rating in conjunction with maturation and experience, is the 
central mechanism by which development occurs. It is the piocess by 
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virtiiQ of which the inchvidiial coi^truct? logical schemes out of the ele- 
ments of his experience as well as from already constriietcfl operations. 

The Genevans first b^eame interested in learning <or training) stiulies 
as a defense of the equilibration model. The most important theoretical 
alternative as thov^;^ it was the general behavioristicjno(lel connnon.to 
Hull. Skinner, Pa\'lov, and others. Whatever other features they might 
stress, such as need reduction, contiguity, or feedback, tliw^liave in 
common the attribution of learning to the external reinforcei/ienf" of 
responses made by the sul)ject^ For Piaget, learning in this sense is '*pro- 
vokcd b\;j^ituationsi.* It is pro\oked as opposed to being spontaneous, 
which is the prime characteristic of development. The Oenevans felt it 
necessaiy to attack the behavioristic alternative to e(juilibration theory 
because of its appeal to learning theory a^5--tle principal alternative 
explanation for the phenomena of development. * ^ 

' Among the training stu(lie.s that followed one can delineate three genera- 
tions of researches. The first was by the Piagetians themselves, the 
second l)y those with a variety of theoretical orientations and methons. 
The third generation reflects a return to the training '^studies by the 
Genevans. In the first generation an attempt was made, as indicated, to 
h'.ittress the e(|Uilibration model agains. beliaviorist attack. The studies by 
Siiiedslund ([a] 1959; [b] 1961), Wolilwill ([a] 19591. and the Ociievaiis 
themselves (Piaget [a] 19.')9i are significant. Smeds'lund contrasted external 
reinforcement training with conflict-equilibration training and showed tliat 
while rehifoieeiiieiit might be effec^'ve for learning it did not compare with 
the effeetiveness of a coiifliet-e(iuilil)ration procedure. lie also emphasized 
that when learning did occur it was with subjects who already had the 
rudiments of operational structures available to them. Piaget ([b] 1964), 
in eonmienting on the Sined.^lund studies, observed that while Smedslund 
was successful in inducing weight conservation with his method, he was 
not successful with transitivity training with the same method. This led 
Piaget to make a distinction between training physical relations and train- 
ing logicomatheiiiatical relations. He argued that training could be suc- 
cessful for physical experience but not for the coiistnictioifof logicoiiiathe- 
matical structures. He also took note of what he saw as WolilwillV success 
in inducing iniiiiber conservation through additive operations. He cited 
this to be an example of learning when one bases a more complex structure 
on sinij)ler structures if there is a natural (i.e.. logical) relation between 
(lieiii. What is common to Sinedsluiurs, Wohlwill's, and other Piagetians' 
experiments in this area is the rejection of ''external reiiiforeeiiieiit" as a 
model for the acquisition of logical and infralogical structures. 

In this period Piaget also rejected attempts at a theoretical rapproche- 
ment with neoassociationism. The effort by Berlyne (e.g., 1965) to traiis- 
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(Icnioiii^trato thc-vaHdity of this argunicnt, they conducted a perceptual 
screening expcriniejit with four-, five-, six-, and seven-year-old children. 
The essence of the experiment involved requiring the child to make deci- 
^\on^ about Uie quantity of water poured-froni one contanier to another in 
a variety of conditions^ with and without screens. The child made com- 
parison?? between the predicted height of the water and the actual height. 
The purpose of the iscrcen was to foix^e the child to-base his judgments 
upon the-identily of the water, which would help him "resist'' the effects of 
changes in th.e appearance of the water. Rci?istaiice to the alternations in 
water shape was con.^idered to result from the linguistic representation of 
the perceptual relationships viewed in the experiment. The effect of the 
training by screening was shown to be considerable m the five^, six-, and 
seven-year-old groups. The four-year-olds^ however, showed no improve- 
ment in the transfer posttest. - 

Piaget ([c] 19(58) is specifically critical of these studies. First, he 
implies that Bruner's subjects attained a %y\)o of pseudoconservation, 
who^e true status Avould be exposed b\^ the use of a simple control pro- 
cedure. Piagct is also critical of Bruner^^ conception of logical conipensa- 
tion, suggesting that Bruner fails to distinguisii 'Afunctional covariation" 
from "operational compensation," as well as failing to distinguish '^reversi- 
bility*' I which is logical and operative) from "empirical return" (which 
is a "physical notion^')- His most important observations, however, are 
made in regard to identity. Piaget elaborates a developmental sequence for 
identity in which a preoperative type of identity progressively yields to 
an operative identity that reaches maturity concurrently with the related 
conservation operations. Preoperational identity which Bruner i^ address- 
ing, says Piaget, can only lead to pseudoconservatioiu Piaget is addition- 
ally quite critical of BrunerV linguistic argument, citing evidence that 
language is subordinate to operations and "does not constitute the forma- 
tive mechanism of the operations" (Piaget [c] 1968, p. 33). 

The effects of Burner's screening procedure have been interpreted in a 
broader context ekcwhere fBeilin [c] 1969). The lingtnstic forms in which 
the perceptual dat^ire cmled are a een to encapsulate the .rules governing 
-the conseiTatioTT operations. The statements thus act as algorithins for 
the processing of perceptual input. This leads, as a rule, to limited classes 
Of correct solution that lack the flexibility of true reversible operations. 
(More will be said on this score later.) In any case, it is evident that a 
substantial number of nonconservers from age fivc^on can bonnTlrfced to 
conserve with the screening procedure, although the fact that four-year- 
olds were not able to profit from the procedure is not adequately accounted 
for by Bruner, even though four-year-olds have a sophisticated linguistic 
system available to them. 
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in an T^teiiipt to systematically formalize the distinction between 
identity and. equivalence conservation, Northman and Gvuen (1970) 
tested children oh a variety of tasks involving identity and equivalence 
procedures. They were not able to substantiate their prediction that 
-identity conservation would precede equivalence conservation, although 
they did find thatHtransitivity emerges at about the sun^ time as the 
operations necessary for conservation. 

Although the so-called identity arid equivalence tasks represent Uvji 
difiefent ways of testing conservation, the ineclianisnjs underlying them 
are riot substantially different. An undcrstunding of transitivity would 
seeni to be required in the equivalence conservation test, since one of the 
elements is used as a connnon measure. Sinca the connnoTTmeasure is 
transformed or relocated, however, it would seem logically required that 
conservation is a requisite for transitivity rather than transitivity for 
conservation. In addition, if the identity notion undergoes operational 
development in the way Piaget suggests, then the reduction of conserva- 
tion to a single identity meehanisni would seem inadequate, particularly 
if this form of identity is akin to a notion of object constancy. 

The attempt to reduce the notion of cotrserVation to identity relates to 
another problem which pervades the eonservatiori literature. It involves 
the definition of conservation. With an appropriate definition, conserva- 
tion can be demonstrated at a very early age, as Bruner and others (lOOOi 
and IVIehler and Bever 11967) attempt to do. ^f conservation- is defined 
closer to Piaget's meaning, however, it is seen aVa latet em^rging achieve- 
ment. Gruen"T[b] 1966) shows this to be true in the" use of weak and 
strong criteria for evaluating a subject's conservation responses. A con-^ 
eeptual analysis of the conservation notion CBeilin [c] 1969) reveals Umt 
certain uses made of the term, such as Brimer's, distort the meaning and 
significance of the phenomenon. The association of "same" in relation to 
'•number,'* for example, involves the conceptual attributes of number. 
Dealing with the conce))tual attributes of number requires cognitive 
ca))acities in the child which are different in kind from those in^vvliicli 
"same" is used in relation to the notion of "object * (e.g., water). The 
cognitive mechanics needed to deal with "same number'' are more sopliis- 
ticated than those required for dealing with "sj.me water." The hierarchi- 
cal relation between the concepts is paralleled by a hierarchical relation 
between the thought ))rocesscs required to conceptualize them. Attempts at 
reduction from one level to another on a logical basis alone arc not likely 
to succeed. Attem))ts (such as those of Brainerd and Allen 1971) to 
show that the criterion problem is not a significant one are misleading, 
particularly if the argument is that both successful and unsuccessful train- 
ing studies have used stringent criteria for assessing conservation perfonn. 
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ancc. Stringent operational criteria are not the same as demanding eon-- 
ceptual criteria, and the failure to distinguish them is a serious overflight. 
; While some studies involve what appear to be eoneeptual or theoretical 
differenees from the Piagetian model, others treat exj)erimental is&ues. 
The Mehler and Bever studies involve both and represent instances in 
wliich Piaget*s theory concerning conservation is vigorously refuted with 
ostensive conservation experiments iMchler and Bever 1967; Bcver, 
Mehlcr, and Epstein 1968). In response to ci-itical reaction^^however. these 
are later identified as soinething other than eonser\\ition (Mehler and 
Bever 1967; Beilin [bj 1968;JJever, Meliler, and Epstein 1968; Piaget 
fd] 1968). _ ' 

Cognitive conflict ^ ^ 

Another series of training studies deals with an acquisition model that 
also derives from Piagetian theory. These training studies starts with the 
work of Sinedslund ([a] 1959; [b] 1961), who posits that cognitive change 
occurs from the conflict between strategies or schemes that are constructed 
out of the chilcPs experience. The conflict is not between an existing 
scheme and data from perceptual or sensory experience but between ideas 
themselves, that is. between an existing scheme and one newly developed 
from experience. 

Sinedslund uses two methods to create conflict: a deformation procedure, 
whereby a transformation occurs through a deforination-of the object or 
its location, and an addition/subtraction (A/S) procedure, whereby addi- 
tions to and subtractions from an object or an array of objects arc made. 
Smcdslund's studies show that when the procedures are effective in cliang. 
ing nonconservers into eonserycrs (and they are not always successful) it 
is usually when there is already some evidence of conservation in the 
child's performance. The test he makes of the effectiveness of other pro- 
cedures to induce conser\\ation (particularly reinforced practice} shows 
them to be ineffective. Other investigators are divided on the efficacy of 
Smedslund's conflict methods. Beilin ([a] 1965), who tested the deformar 
tion procedure, found it to be ineffective; and Smith (1968), who us(^d the 
A/S procedure, found it to be equally unproductive. Merniclstein and 
Meyer (1969) obtained no significant changes in i)erformancc with a 
procedure that, purports to be an approxinjation to a deformation pro- 
cedure, although they obtained no positive results with any other training 
procedure. 

A study by Winer f 1968) conceives of the A/S procedure, following the 
proposal by Wohlwill and Lowe (1962), as a set-training procedure that 
leads to the development of inferences. He finds that A/S training is 
effective in improving conservation, but "conflict trials^^ in which addition/ 
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subtraction is tied to a defonnation procedure were c\'eii more effective. 
Ill spite of this finding, Winer considei-s the effect of the conflict procedure 
to be iiiiniinal. One may with equal justification, however, coiisider-thc^ 
results as supporting the conflict, interpretation. Sniedsluiid ([d] 19G3K 
jii training for conservation of length, obtained the greatest gains from 
the use of a method that.equircd subject anticipations of object dispiaco- 
nieiits (a deformation procedure), whereas he found that increasing lihu^ 
sion effects witii the Muller-Lyer ilhisioii led to the siiiaiiest gains, 
^furray (1968), who also used the ^luller-Lyer illusion to create eogiiitivc" 
conflicf, did obtain sigiiificaiit^iiicreases in eonservatipn compared witli a 
control. Conservation acquisition did not trausfer to an area conservation 
task, however, and as would be expected, older Ss showed greater gains in 
conservation than 3'oungcr Wohlwill and Xowe (1962 1, employing an 
\/% procedure, obtained little increase nrconservation performance. In 
interpreting the experiments dynainies they hold, however, thattlie A/S 
procedure leads to the child's development of an inference from the con- 
trast of the A/S condition with the condition without A/S. In tlie Genevan 
sense two schemes are being contrasted by the proce#re, and the result- 
ing conflict leads to a new organization of sehcines. The inference hypoth- 
esis, on the other hand, implies a process of induction, the nature of which 
is as little understood as that of schema construction, although it is more 
often identified with beln .doristic interpretations. 

Grueii (fa] 1965), using the Wohlwill and Lowe A/S apparatus and pro- 
cedure, found that 5s given conflict training outperformed Ss given direct 
training on the apparatus in which there was no A/S ])rocedurc. He found 
very little transfer, however, from number training to length and substance 
conservation. 

111 spite of the few negative studies, the conflict procedure appears 
capable of leading to improved conservation performance. Addition/ 
subtraction is superior to tbx) deformation procedure, even though Snieds- 
lund found the effects of deformation demonstration's to be superior and 
Wohlwill himself felt A/S training to be of relatively little help except for 
implicitly demonstrating reversibility. Conflict training is more effective 
with older children aud does not transfer to types of conservation not 
trained. Another finding which appears consistently in these studies is 
that the (oiiservafion of discontinuous quantities (number) is achieved 
prior to other types of conservation. 

Rcversibilitii 

Piaget, as indicated, puts great stress on reversibility as the key to 
conservation. In a recent discussion of the subject (Piaget [e] 1968). 
reversibility is associated with both inversion and compensation strategies 
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in con^:crvation thinking. The eaiJicr version of the theory, which still 
placed considerable stre.^s on roversibilit\% prompted Wallach and Sprott 
1 1964) to directly train for reversibility as a means of promoting conserva- 
tion. First-grade cliildrcn were given training designed to show, through 
the reversibility of rearrangements of order, the invariance -of number. 
This wa.>' done by showing that a fixed number of dolls could be fitted back 
into their beds after they had been removed and either spread out or 
bunched together. lYra~latcr experiment fWallacli, Wall, and Anderson 
1967). Iiowcver, children did not necessarily conserve even though fully 
cognizant of reversibility I Wallach 1969). This led Wallach to question 
whether training really induced reversibility or merely Icd^tlie child to 
recognize that a misleading cue was in fact nfisleading, a fact tliatns riot 
sufficient for conservation. 

A study by Roll (1970j shows that reversibility training rioes lead to 
iniproved conservation performance compared with that of^i-control^ as 
does a study b\'^ Brison (1966). The latter does not identify his procedure 
as a reversibilit}'^ procedure, although it utilizes transformations of liquids 
from differently proportioned jars and then retransformations (reversal) 
to the original jars. The Hquids in the original jars arc unequal/so the 
conservation is ostensibly one of inequalities. Brison reports transfer to 
conservation of substance. A study by Carey and Stcffe (1968) tliat J|as 
reversibility training as the key to its instructional procedures reports 
increases in' both conservation of equalities and inequalities as a function 
of the training. 

It appears from this limited number of studies that the reversibility 
procedure itself is capable of inducing conservation. The subject verbal- 
ization data* of the Wallach study, however, make it unclear as to what is 
occurring in the training task. The reversibility training "method" may 
not be leading to the construction of a reversibility niechanisni even 
though it leads to improved conservation jicrformance. 

Lea ruin g si udies 

The prior sections have in conmion the fact that the mechanisms pro- 
posed to be basic to the acquisition of conservation arc at least in some 
sense- within Piagetian theory. The training studies to be cited here go 
outside the Piagetian explanatory sj'steni for at least part of their logic 
of justification. In these studies an attempt is made to foster the acquisi- 
tion of conservation by (1) training the child to disregard or ignore mis- 
leading perceptual cues, (2) training the child. to attend to the relevant 
attribute (with or without learning to ignore "irrelevalit" cues), and (3) 
training the subject to differentiate^ the "real" from the "apparent.** 

The method of choice in these studies usually involves the use of a con- 
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cept-forniation procedure based on a discrimination mode! in which 
crimination.and concept acquisition is achieved by the reinforcement of 
correct re>ponse5. TJicsc procedures arc usuajly^ associated with behav- 
ioristically oriented research, although the researcher who uses these 
methods may be neutral or even negative in his regard for behavioristie 
theory. It may be held, though^ that the very use of a reinforcement pro- 
cedure connnits the researcher implicitly to a behavioristie interpretation 
of learning and development. 

The discrimination-based concept-formation proecflure is identified 
quite differently in different studios. With slight modifi^eation, for 
example, it becomes trainingzfor ^'learning sets." " 
- :An explanation of conservation acquisition in terms: ofr"\<ct" receives 
earjy expression in Znnile^ (1963). Conservation js interpreted as a 
tendency to responcl with consistency to a conceptual propefty l^i^^^ 
juinibgrj ratlier than according to other ie.g., spatialj crileria. Zimiles, 
iiowever, uiVdcrtakes no research to substantiate this thesis. I-Vttcmpts to 
train children by drawing attention to the relevant dimension in=;v con- 
servation task with a reinforcement j)roccKlure have been reported botli^ as 
unsuccessful (Beilm 1965;::Smedslu!Kl [fc 11, lET, V, VI] 1961:; Hatano 
and-Suga 1969; Smith 1968) andras succe^sful^CKingsley and Hall 1967; 
Gchnari 1969; Eull and Silverman 1970 1. Kingsley and Hall (19671, in a 
studyvconeeptually grounded in Gagne's (behavioristie) theory of coi^^^^ 
acquisition, used a learning set procedure for trainhig weight and length 
conservation with Sniedslund*s~ extinction procedure as a test of the 
achievement of conservation. There was a significant improvement in 
performance, including transfer to a conservation of substance task. How- 
ever, only 3 of 17 trained Ss who achieved conservation resisted extinction, 
and no natural conservcr resisted extinction. Hall ami King5?ley {1968) 
emplmsize in another study that experiiiiental condition.? have an inspor- 
tant bearing on the outcome of conservation experiments. They particu- 
larly identify the role of visual cues, verbal instructions, and labek in 
affecting conservation performance. They also show that it is possible to 
obtain extinction of conservation among college .students, which contra- 
dicts ^ome of Smedslund s assumptions abont the "counter-suggestion** or 
extinction procedure. These findings and similar results of others place in 
doubt the extinction procCflure as a strong test of operativity. Gelnian 
(1969) holds that the failure of children to conserve is due to inattention 
to relcviint qualitative attributes or to attention to the irrelevant features 
of a display. The theoretical basis for conservation and other conceptual 
learning situations is interpreted to be associated with the function Tof 
attention. Gclman provided learning set training with feedback in both 
length and number conser\'ation. The training consisted of 32 six-trial 
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ockiit}' problems c!n}3!oying three stiimilus objects. Half of the scries 
varied in niiinber aird hal| in length/ There wais within- and between- 
problem variation in color, sisie, shape, starting arrangement, and com- 
I'inations of quantity. Tlie results indicate that learning -vas eflfectively 
achieved. There was ^almost perfect gpccific^transfer (i.e., to tlic^ame 
type of task for which the S Avas trained i, and about 55 to 58 percent 
nonspecific transfer to liquid and mass con.^ervation. Finding a large 
amount of nonspecific transfer is most striking. Another unusual aspect 
of the study is the report of "correct" verbal justification of consm'ation 
following an ostcnsively nonverbal training procedure. A study that 
pursues thcrpossibilitythatGelnjanj^^^^ 
and/^ih'cniian laiO)" hiodifi^dr^ 
differcntiate-^ubjcetsnvJio coiO^^ 
wlio couhl niake AX'lia^Ji^^^^^ 
Cwhere-tliefe is:no=object;;transfonnall 
erallcficcts o^t"aining^buta}bt?u^^ 
Tli^ ralso reports niany-xorfcct^ V^^^ 
give a=corrccffc nonverbal conscrvatioh r^^^ 

A j)erA\asive difficult^^inithi 
tors conceive the saiim training techniques ;to ^el^vhrit to dificrcnt 
niechanisnWancl as supporting differenfefn^^ 
phenomenon.: This is exeniplified^in tlie^e^ea^^^^ 

(1970), who use the sanie "reveBiliiHty'^ f|)r6ced but 
describe training in terms of -^discrinijnatipri'' aiiU "sets.'\^T 
positive, but not unequivocrUr results of training. In the posttest an 
inequality "set'" is responded to correctly- by niorc^^ c^^ 
control subjects than conservation-failing expcrimehtal subjects--^a fact 
that is explained by the dulnotis observation thatcdnservafion oyncquar-. 
ity is easier than eonsorA-ation of equality \vhcn tlie- order of d^^^^ 
usually the revi?rse (Beilin [c] 1969). The authors attribute success of 
training not to reversibility but to '*scts" induced by the discrimination 
procedure. : v ^ 

Jieinforcemcnt effects have been=t€sted in a mmiber of investigations^. A 
recent study of weight cGnser\'aXjon fOvx?rbeck and Schwartz 19701 com- 
pares the effects of reinforcement with passive and active subject partjcL^ 
pation. In the process it exposes a phenomenon common to many con- 
servation training studies. Tt js rarely clear from the report oT^hesc 
c\pcriments^,s to how much Verbal interaction has takeni])laet between 
experimenter and subject, except in those studies that make a point of 
measuring the effect of verbal variables. In the Ovcrbeck and Schwartz 
study, reinforcement is identified as verbal feedback for correct and 
incorrect responses, and also by the provision of a verbal nde appropriate 
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to the pro^jm Verbal iiile instruction, liowcVer, is nioic than a roihforce- 
inent |)roce(hire. It becomes cxtmiiely (Hflicultv then, to clearly identify 
the experimenter s nianipulafions^ and dptennine wliat niay be caiiijally 
related to experiment outcomes; llernforcenjentMs reportetl a^ Jaeilitatiiig' 
performance, with no differential eft'ects for active or passive participa- 
tion. The authors njake the general obj?en'ation that the procedupS^riat 
apparently succeed in training c(yiservation: Qf: \vcii£ht hav^ one|.ype of 
"rdhforce«ncnt*^^in cqnftnon: verbal: nile instruction j _ ^ 

Using a method in whicJr a blintlfoided subjectidrop.^ equat numbers of 
beads into, two jilf^_Ec!ge«baun^ and£^Sulk significant 

iiiuil)favcji^^^^ 
'an(ISu%raictions^^ 

M iyiu 1 i^i^ntetj)retg^^ 

jandfiiptiof^^^^^^ 

^laiiipidatlngalieiB^ 

, neiguioigfflocjdjrcs^c 
tljenjonlyiiripBject^w 
Jf^prp j)o%Si thafcnu 
transfprnyation'wjthithiScla ss 

ah(l= thp eliniinalighrjof^^^ the 
jiiecjijinisnis nncl^hl^^ 
tion^toi^eiassoiia^^^^ 
?:fihds^thafe^in>c-*cc[^^^^^ leads to 

significant iinprovemcntSnicM^ein:^^^ t)er forma nee. - - ~_- ~' ------ 

- Anothcr-5cric5Vofrstiidic^b^^^^ 
nicnt: strategies ara functiol^^^^^ 
tiomabilities. ^%l^wi^i^([^a920J jlias^^^^^ 

as^crtlohtlmUtlie success oftindasiimn^ -'alefti 
ing'-tliesubjecMo^the dinicnBfonalifcatures of^c 

ehi Jd to resppml in a^ 'fflqre^^on *^more drffcrcntiat^d*- fashion, 

Bcarisbn C1S[6S() rcpprts^a^study/witlnn tHis fran measure- 
ment procedures Vasedron a eounlihg stt^^^^ (with beakers) led to 
improved perfornianc^ih a conservation of continuous quantity taslf 
which transferred to afcKJ mass^ quanlity^ nuniber,-and length tasks.. A 
groupof Sovietrstudies^raalso based^on the use of measurement strategies. 
Theitlieorctical framework^pf-thesajtu^^^ concepts very similar 

to those employed by Gagnc iti winch task analyses^^r^^dTierarcliical 
nature are developed. Thej^ also employ notions similar to those involving= 
learning sets^ but the theory also-goes far beyond these notions. The 
Soviet position, whicli like PiagePs proceecls from tlie assumption thai 
action is the central problem of psychology, differs in important ways from 
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' Piaget's (GalperinllOOGi. One of these is in the emphasis put on the 
orienting jnechanisnv and it^ cunstniction. The orienting mcchanisin has 
tA'o eoinp6nents:_ the basic conceptual scheme of the real-world ])henom- 
enon, and ihf* algorithm of aciiom involved in identifj'ing or reproducing 
this scheme. Experinienter-conshiicted niodels or instructional stratc^iei? 
are given to the child himself before he begins to learn to serve as a guide 
to his actionSr They also act: as a guide to the trainer. In the case of 

_eonser\'atipnj the models are based on the use of nieasuremeiit markers 
and the training is divided into three parts: (1) the usccf inafkersJor the 
comparison of two pluralities, (2j the comparison of size of two continuous 

-magii[C^ud§^vitliHthe^h^ 
wjthyiiejapijl^^^^^ 

-tojlielpUheichil<Uc^^^ 
ierreclftoitlre^conc 

1 cedureT9is_^saj(lHt<)rbc^^^ 
rer 



; :-^A>mmlbcr^^^^ 

: ionstic tlieory and fCmplia^^^ 

ha vc beeh^successf 111 -in d ei nonstra t n ig^acquisi tion - o f-c onsc rva t rbii)>^par^ 
ticularly when conclucted^ b^^^j;^^ 
-^hbse>^tudicX that str 
sort-of^as^ojjIative-bDnding^Jeaclsf^^^^ 
althouglv^this: approacb:i^ee^^^^ 
intencl -fo^reject iti i^he^studies-tlmt^arc^ilnoj^^^^ 
emphasize the aequisltionq# "Iea^^^ 
the ability^to afteml -to-'irelevant" dimensions^ a 
dimensions. This approaclr/ J!o\yever,- is reliUiycl^^^ 
to?the rnechanishis ofi consem^ition.-rAn^eq 
maintainithat tlic conserving child attends to 
attribtilcs)j and ignores: the irj*elev^^^ 

cues). Tt is in=Tact-onc w\ay: of defining "decentratibn.^ is 
not a sufficielit exphanafi 

it is a necessary ingredient to an adequate explanation.. T^^ 
differences imapproach to the Jittentiqhal^^ are thbCe/Msociated with 
what one considers attention to be in : the ^^ervii^^^ 
Zeaman and House {i963j::riold that atfentioiV pennits assqci.ative learn- 
ing processcs^to come into.playjin conceptacqfiisition. OU 
may be inclined to vrew^attention as leading- to ;tlie use of 'Inference 
processes/' An equilibration tlvebrist, on the other hand,^ 
tion is in the ser\ice of cognitive o])erations. Attention in; this sense is 
part of a performance niodetof acquisition and not a competence model, 
to use an analogy froni gencrailve-transfonnatiohai rmguistics. Although 
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these learning stuuie^ attempt in the main to illuminate the niechanisms 
of coiiserA'iition, they do not^ucceed in doing so because even where success 
is demonstrated, as in the learning -^et experhnent^, tliey do notconstifuK^ 
crucial experiments Chat confirm one theoretical explanatiou against 
all others. In additioiiv alternative explanations are usually possible and _ 
equany plausible for the game results. Li the same manner Unit bchav-- 
ijorists use Piagetian procedures but explain them in tlicir own terms^^so 
is it possible to take a bchavioriSic experimental proccfiure and rcxpiain 

rllie results in cognitive and cquilibration-ternis. Inraddition/tlie fact that 
achievement ;rcsults from a= particulairtraiiiing=procedure (such as the 
"' lcarnmg£set*!-j'einforcenient: cjisure that the nicclia- 

SnJ§ingjpif^c|iy 

S^^^m^iOgngrRgs^tl}^ 

^gjggI;^noinfQ^n 

^^^Merb^^ > ^^^^f^ -Sr?r:vz^^ ^^^^^^ 

^pjMS'ittiohf^^^^ 
:^;sptjghMQ^de|^^ 
yiojiriQne^^ 
J^^c^na^nvA^Sirtd^^ 

=^ji|]{)rpaclu^ass^ f effefeli ve njss? o fcyerb a! |ms ^nga^^ 

^ipeiTin^[aj,4965> rules-trisj&g^rn^coifs^^ 

ifepfesente{l=>ift^A'e cqordinitfediMrt^^^^^ 

f^ppfopfiate^ Tlid nire^cguldlrej>i:eM 

- j:Sion>^^versibyity by coinpensi^onf an)l:>tfe 
^l^ower^-ofc7tl^e^I>rbcedm^ was a^^^Hn^iijparisbh^ 

equilibraJioh:*prpceHurej^^^;a^^^^^ 

attainnient^prQcedure based;^^^^ 

*41eanTing set'- procechife) , and againsfe Uhe iperfdrmanc lof -av cpntroir 
A^erbal rule^instructbn \va^ the. moat effective; iif indiiein 

t -oyerthat of tlie other rnethods. ^^herprwal littk transfeiv^ho>ve^^ to^ 

Mfl^sk>fo^ ^'hic^ 

-^{dtfiough there^^ 
:^The Verby rul^ instructional {^illO procedure wasvtestM-% §niitl^ 
09M) in a^consen'ation of w^^^ 

^lertgth and numberO > and ithe-eiBcacy of^the ^procedure 
This time il was pitted against a reinforced pradtice method and:a Smeds* 
lund type of A/S procedure. Only the^ VRI groups shS^vved-sigriificantly 
feetterperformance than the control. / : = ; : 
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Tlie Ovcrbcek and SeJiwartz^tudy f 1970i already cited alho ii^cd verbnl 
rule instruction, hut tlie tCTlniicjuewasi^o-Confounfiecl with other procedures 
that it k difficult to assess Its effect, a Itlioiigh it did lead to improved 
eonservatiou perfornianee. The Vtudy by Peters i WlOj aUo confirnis the 
cffeetivcnc*$s of the VRT\procefh2re. althoui^h it was showirthat a 
;'I)erceptually-guided cue discriniirTjftloTi - proeerlurc wUs^ also^ efTeelive. 
The latter procedure, parenthctjcally^j^a "eonfeptuaK* pronljiting-method 
injtliat configurartoir of doti nuniber*-H^ich asjon_ 

^dice>-^ai(i^igtfiF'"digcdin^^^ 

then; get^ strou*^ support fro^uj^at least ^^^^^^^ studies" 
--- f^Qv^4J|o?^ny>orbyig 
-sentt^ftb^nlffil(tci-5(^^ 
;;\^ith;^j:aiiiing^inmh^ 

^ioc^^Qgy gid^ tOr si^^^J^op^^itHii^^ 

^iiafe^aJ^lgvo^^^ 

^etHq^.^^Qge^y>cpg^^ 

fUi^'UQtiQn^ds^fo^in^ 

4fefeiccmint^(or i 

vtp&ienabl^lafigungft^t^ 

^iishinec^iiji^hicli^aniad^^ 

^^Jiild: Sereening-}}f^ 

1905). ' ^ X v ^ ^ " 



/§pine_stiKiie* reflecM^ oonsenation 
aef|ui%ion Jtliioujgh^ra^ of 
;Piageti]in: tlieory, and-^6^§g^ 
j^ssibleitechuique ih anp^^ 

Theia am: two difficulticsMn^ ^oTieoiiecpt 
learning doc;^ not neccMrily^ enibaiT^^^^ theory .It would, if 

conservation; couUi" he itaughfc^oV rpiir-yelYr-^f^^ avHo: show no shred- of 
evidence bf^hc capacitjUo Sbnseiw^ teaching conserwition to 

^i[ve-\*car-olds h no 4»gular^^^^^^^ beeaute it can usually be 

arixued tfmt^ha^e^^childrenThaven^^^^ 

-edge/^f-tlieqi]ienonien6n> Sccon(lj;tlteni^^^^^^ 

acquisition thfoiigh traim^^^^^ of the : 

nieehanisms of thoughtror the way they develop and function. 

The ty|fe:0f stiidy tJiat is ininiinally rcq \s one tfiat makes it 
possible to associate experlnienaM; inmnipulaU^ specific learning 

aehieyenients. Sonie stiidiesrsJiich as;Kohnstanini's ([a] [b] 1967), 
contain so many expcriincnter manipulatioiis as to maKe them of limited 
value as ^cfentific insfnunents, although they may be-noteworthy as 
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^^ cfUu ationaL polemics. Some jnvesligators exercise more care in their 

^-prcxmhires but aUo emerge Avitli Tc^iilt?^ ih:U= cannot be related to a single 
experimental manipulation. A multiple method study by Rothenbcrg and 
Oriist (19691, for example. is_basi»d on the /tea cl nng of the ''component" 

. _>k?IU of conservation that liave=been found effective in prior^tudi^. The 
-^teclmiqucs used bv Wohlwilf and Lowe, Omen, and \>!alla"clCTTeAeniploy 
in the course of '.raining eight component concept?. Sigmficantliniprove- 
ment in conservation performance is reportecL but no indication is given 
of which components are neces.san' for-conserA'ation^c^g., reversibility, 
ccrtani verbal t-jrms [more-some], ctc;l. Tlic aiithor.s' comment tliat5 an- 

^^^^5ther_sefeof=comj>pnent:=sk tlie^ 

^MS^yf^fSi>C«^^^ 

dcMgncclrtpSce rf^tlie acquiiition bf^lpi^^^^ 
- uBinf^^^an iniproveuTerifiijnr tTaSninu^:coijSOT 
=oi areas^tfrSVusedj 
of eniptyr^piu'C's^ itnwslocatioi^^ 
: ~ ^subje:cts;5!:2l5 in::Ure:ic^perTmc^itairpoupVacq 
---r t'=sWfaces*i)li*p_iliirf^^^^^^ oflHie coSr 

\: Etitefl^herei-all^^^^ 

" ident ifv- any procedureTas niSrc rclatedkf o ^^u^c^^ful^^^ 
any otlfeiv Scime studiesjgditorgreatilenplis^^^ 
study.iwhich proyi(le(l?t\velvc-diffcr^iit£d(^sons^tp7^^^^ 
of iiiiniberr in\'blvH^lTeT^-concept^^^ 

= j)crccptnalmvarrahgement^:i(3) as nian5L 

(6) additioi^^and (71 subtraction, ^he^tfaming^ \Vas ^_uccessful^ (Jfarper : 
anct^Steffe 19683:. biit the authors/ a'lHiQialh Sh^y/are niatl^^^ 
cafor<, niak^ no note^fc^i^mie aiul cost^g iM^cilved iriT^training f^ : 
kind of coril-ervation. w1ii(di c ouldrl >^q^ui5d^by :aTi older childrin rai few 
— minii'.es. 



linii'.es. _ f 
At ^tudypha 



at based itself on the thesis th^t ^multiple classification/ 
nmltiplc n'lationship, and raVersibility involvT^ig niidtiple .relations arc 
neceWiiy' roi; conservationi iSigel^ Koepcrv and'Hoop^cr MGG^^^ 
with a sm|drmnnber of subjects to test whether trainingythat enipha^ijes ^ 
di^ut:siorif/bctween subject and ex^^^^ successful~=fhe : I 

^Tcsnits ii^jicate that the cxperimejital: subjects [jrofitcdL to sqine^ e^^ I 
from theSrainingT Ihe control group (some o^ ^w^lon^ were loft by attfi- i 
tionl shmved no gains. This study is another exaniplc in w'hich it is hot | 
possible to identify^the elements fhat^_ccount for the outcome. One can- f 
not assumcr as these studies impjy, that air tire jJijiiients in the mixture 
^^ccffitribute to changes in subject pcrforn',ance. It is qtiitc likely that some | 
. elements inhibit acquisition or iieutralii^c tlic effects of other proccdures^j 
These multiple method studies, nevertheless, all fcpor' success in tlie 
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::i#i(grenlfCrfcrtibet\ve?ivi^ 

lias led to a number of M^^^^^SsS^SuSfii^ 
(1967) set up tasks^^^ogg^^^^^l^sigy^j^^^^ 
^spatial cue5 where he?migli^^^^^nK^9Sli^|g^ 

- seem \'cry weak criteria for gpngggeay^MSo^^ 
as young as four-an(Na-ha ^aOTamgt^ 

Hal ford (1968 ) coni])ares cM^^^^TOife w^^^^^ p ^^^whe rM 
they arc reciuircd to recognize ec J^p^^^^px^i^i^ } OT[;^^^ 
.shaped containers, when a standara^for ^^W FiMi ^MlffgllaM KM 
when there i? none. He finds that cons^^ionl^ ^ffljmi^giW^W 
panied hy the ability to recognize compensating Mgm^aiMBSBcf^^B 
sions. Some of these skills, as in the ^'unkno w^^^fa^M llFi^M 
appear to him to be basg fiipniintuiJiiy e or | )ei:flfiiOTEf iMti^^ ffl^M 
not accounted for by anvWrej^^^^^uggcstaMbliBi^ ^MM f^l^ 
e\ er, that the data also dis^ra^ ro^on^^^^^^gn^^^ ^^^B 
(1965) that preconserving gi^TOMigjrel§lI^ ^^^p lTO1^^^3 
cnt siz e^_^A^^l y by Daehler flMl^^ ^MteMJimi ra investi^^M 
activitie^teffiUlren in conservatioipBH^K ^^^^Mt hat th^^^B 
plienoniWWl MtMtirn^^^lpliro 

ducing mate|^^^^^^t^prfl^ ^^^^^ p i[p^^^^^ 
ability to dist1rrginslTWregl^ffoM ^^m^_^^^^^M^^ 
to increase \vithjigg,^^^:ii^^jg^ ^^^^^^ o^^ ^^^^^ 
conservation \\'a;^aliMMTO^fflfil^^^rifj^ ^^^^^^^^^^ft 
On the whole/iPS ^iBFl^yf^ ^i^^^^ 

the re a^^^o^ ad |^roffi^^^^ro^gta n ^ 



oppogl ^^msignMasp glM 
s^"c^pp ^ggg ||^^^|tico^^ 




i even^eo Sre^^^^ : toinjng^ V 

its p^tg^ng^ ffgl^flte ^^ 

Si@ us su cgpssf ulffaffltl fc V are, oft en nioieBuejSg^SHOj aTiffiiMG^ ^^ 
iiictliods. Aif Mffiif@ yg_l^OTifiTOreiis that no"^^^cth^Wc'IlTr ^l^^t'^^ 
Itive with veity M\y3iing gdin3 ^ — those tWl ^iiig^M 

operative). ThMi^ficaneWojBIrcSM will be dis WModM 

hitcr. 

\Rccent Genevan trahii?iWWBS&JM __ 

( Tlie recent Genevan trainj^^tTOtesMdfiSmet>rM^^t a third wave of 
IMiniH^EHgli^ are by intMOTTgd^TO^ MfmiiMj^ aadi 
mtudi.^Wroi^B atecl aim (Inhelder gMMISMy9|59MSlS]3lMB^B^B 
^HdS mbl aiM967 ) is to j^tudy the psMroi^MllrMcl ^ipiMtMM le 
fltlf^ ro^iti^WB&tAveen stages. They^fl^OTtTOI^l^SPt^^fflSWf tliree 

l^^ ffil^lg ^E ilrgtfliQjiBb development under the control of Jg 

SjMlSSiM ^ftM ^SMtMtlM E) ? To answg^S 

t ion al ch ildil Mj fcpionM^Bionm^^ff^^ 

^PX@iM5iffim:dBonfi^ i n t enai^ mli^il Ogj i^g 





i^thei:ej5vaMlHf^hi^ 



MlrSldMiroiMB5 ^^-K lB3MIM^ 
WilMStMnTOfitlM 
^ytignltlilrc^gi^nianp^ 



avlioBh'Wfllgopel^^ 
weight, wliich iif acquired normally two or [Q}F^p^ ^fillgC gf S@i|p 
percent made no progre^ss. In addition, tlios^lM9^]pJ}MliiOT 
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£<|^-|iltr|j|^fljcg j^ of (loyglol pe nff^jSgS:?^^ jSjSS^SS^ 

^year-old cliildrcii in Icngtli and area ruialitativo igSStnfffli8*SlS 
gjjpjjd 1)1- tau<;ht to .10 both t^i(gspf#as|riyi#>^^^ .S^ couldWlffi 
^mRYOsf only in ac(|uiiing l epflfa, agOMiliffffiC ja^^ 
^ 2. Anotiiei- (lue.-^tion toiux'rnmin«felg tmsnfgi^p s hotwoen igjlM 
-^j>tnic*ui-ei.-; Can tile acquisition^f^KmWtaiTipriial nicasureniont (of^ 
lengtlij bo facilitated l)y tl.o cliildig,ai)|iUc;ttionmt»niniiSriaglBI^ 
If yes, wliat stages does tlio eliikllggjllg pmpIMlBgailOTfflafM 
beiiavioi- during learning sessions pr paangl MmmiTainfiiatttMM 
elapses between ac(|uisition of niniiber mipiilTl3!M^ hrc.ongervi^ 
tion? Inliclder and Sinclair re|)ort aTOa MnlTOlnmrenAw ho had 
number but not length conservatio n were ll fiiirdBiMl leBffi ervation 
task. They were reciuirc d^Mo mtCTS^ElIi l lMB^^raHurto ^ti^^M 
zig-zag the cxiKM^nK^nter iMillgKlM Wigonweagm^ff 
length to the standard, and in anotlTeFlvitl7s malkmnatch es {Iianlli7" 
standard j^ggp i^i^I gliM^ilfir to a GHlmHirrBi cw occurred 
betwconffl^ giijn^^g^^ ^lfl;!^ Abou^^^^^the subjects 
'"'"'^ "oiiagg JggiWaitlaf the rest 28 ix^ ^av^rr ect. answers 
and full fl|||gg|g onpaFi ^^^pgj^p|gj^ ^^^ Inhclder 

S"'i ||MM aidud«1mWWCTroim^^ acquired^ 
nunicricaj^grigiogM^l ^ftCTth-CT^ ^ ^ measurement :W 

^"^'^''^'^' MEj^aWMlM ^yWilHIi^^ aniuisition. The 
i>!^^p^^Ml^|ffi!pb expci-jn^^^li^jl^^jli^bnflM 
'•PSul|m^^^^^ginterpretation of niggHgft ^^ro Hl WfiK 
IS o^^^^^y-a constructivecfror^M^^MggBWB te^^ l 

fi;oji^^ i^ | jg^jgj|^^ - 



(lcvc| ^ |ggliM(g gB^l| ip^{^n|fg 
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__4^^_"^^fecBgl^^ sontencelsfi ^ture.^ tyj)ical of consm'cn-^^^^^^bject?: Avho ^ ^^g r^ ; -.^i 




did :U'(|iiire .superior verbal tonm rarely projT j^^ cji^gjfQ^i^^i t v (only 
T) percent ron.^erved). A' cm' baMtmin i n ^ , 1 1 o w^eiv^dldMleirdtel li 1 d i e ii to 
attend to varioihs d i nien^ i o i CTaircIttror covarp^ roi^WMB Mi suflieient 
extent to arrive at a niultiplieallon of relations or to relate thein to a 
reversible tran.st\)rniati_cuMluwaMerjiU^ ^^^^ only 
30 percent could de^l^^ HSl^MBl^tf Jl^ffMO^^^M f the ^anie 
time .<nialler than ajOmJE ^fcWUjjBS tSSiB of linguis- 

^^training. I n hal d^ ^roiEiMlffi MCoJLQ ro^'^^ ^gy\ n\vnt< that 

plinguistic strucl^ ^M^Mfg^ ^MiMi ^fflSi^^ lccordinn: to their own 
la\v<. On the contiTiry.pmoiiciiatiSma^^^ neees.^aiy before lin- 

j^ui.^tic s t r u Ctlij!j M£ali^^^ anjB^^^ 

In i^un), \v1ik B IS»^g1MOTi MIM 
the development of opcrativity is mall e^ii g^^^^^rtin ffltlgSCTiMinilogSl 
by the nature iffBlElBpment, They aiSSr^^^^^^^^^^^^^^ 
agiMraih-e childBSMlbTCpt accpure true opcf^t^^^^^^^^^^^^^g 
SfflS MTgh learnii^jfi^Sccelcrate (leveloimcM 

glMc-onditions oHiii^innlation a nflMfiJBm^^JQBni^^M^BMj^M 
MnmiarrilMt M^MMlMISllijejT 

aM>aioy ead to proiz:iviMJiiManMhcrOT!H 

gngiMl^Sn t. and teSBlin^ojgyity is M^tflmiBiMtfflBiSjB ng^ 
PHl^M_^^S^ro3lMllIlWiWMB!lTO 

ll^^^^l^SiWoggglltligirM 





^^^^^^ S ^ ^^^^ ^^rgr^ssiji^^^^^exnrame^ 




Hol\^ gjjyig piratory toiQfMM 51opim n#5^^ 

cuiivietion that learning only accelerates not 
initiate it, and is thus under the control of d^^^^^ ^^jfi^i^^g, is a 
reiteration of long-held v'wwi^. A new elenien^ i|imaTaLM ^lRKC<a"^ 
that v<artin[^ witl) a structure in one domain oiT^^ujmrjmjgim 
lead to ac(]ni^^ition^^ in r^^y^iitoTOhmK^^ 
the' process is long and MMlM3 ^Mi:er«troiLlcffl 
in the generalization oteiroatj^Mto TOngTOEm^ 
sy.^tcin (i.e., concrete operatroiigl^^CT^S ffiM 

do not generalize more easily when tl^MOf ^^PircTtStf lminMConfiMOTI^ 
properties (e.g., length or number) is pu^^^ ^giCTlMI^B^MB^ n 
emphasizes that the more difficult Wcnuiro^^ ro^CTthosmrOdg K-inlg^tJ 
Ojierations themselves. 

To the Genevans, then, trainin^g studies a reSB jlK aromnem imj^hmvj 
ing how development c^n^ ^j^Lcxamd^^MM^^MMWntfp :^^^^ 
tasks ahead for the G ci^^ff argnojKl^^roMgig^roilg 
mechanisms in conservaB ^^nMf lregMarCTTpimii^^ 
to discover more of 1 1 1 eftifn1iE^roir_ela_tiqnWaTO 



Tkaixix(; of i iQicamamCDjsg 

Most of the training stucli MiTOBblejingeonTceri^ 
Those that go beyo ridEgnwBtigi Fare^c QnMn lr^ 

aii^igiialthpughjUi^ ^BiSTi^^^^ 
Gnc^ wroldEIiuflilgtlnr M 
^ihillliMitoltigltMMar^^^ 
WiilliBal ilTiillSlm nn b^jlOTllM l^ 




RiiTSaMpxtermlTtexiMJl^ 
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^^.^^^^^^^p^^ ^^^p lMllS ^^p ^ubjects were on the brink of oiWfflSEffl^S^^ ffMfer / 
^ ^gfin^M lMni'l^tlMPiH^^ concretizinji ne.>^tiiig schema Hy^givinplfS^g 
^^ ^Il^jg ^ppir clues seemed to be of little value, whereas training in^g 
^^TiiuBiM SSlM relations '-^ is, with th e intergec iion of classes, double^^ 
tJL^K ^^MF^M iroi^ElflMMiiifflMfflRlMii E or^^ 
^roT(M^^ waW iiT<^^^^^^MIMro ^3ffl5BaB^^ spontaneous 
^^l^^rfi 3[afi]tgat hlgM tliat came at 

^fl^mlEffitjO^fflLBlifi^^T MiB^^ achievements 
rcIiHtigtBmmitlrgaonMlM Piaget inter- 

prets Morf'j^ study ( afflroOT gl^WronLClOTOnd^ro ) showing 

that in order to con^truct^f^gTOTC^M.SliM lB^ffin e, the subject nuist 
start from another, niorcTeleiflgtft reMlQTOal^^B ^^^ which he will 

differentiate and complete/ "" — 

As })reviously iiulicated; Ko})nstifm^;|l lEW3 irfliroG7 ) was not content 
with the Gcnevjui conclusion timMoo erH Wit^^ro^ ld^ not be achieved hy 
class-inclusion training. The I^lTIgtTTmiragm approach was to pro- 
vide a to tal educ ational ex perienc e, wlTich^inclimMltlig ffgiTO^ of 
^w1Si?ManByja^ M@lllff^^ answers wenrincorrcctTtlic use of 

W^Hl^feij^^Ep^aiidltl^toCTOjMi )t h verbal and nonver})al materials. 
BKaiULsr ainimm^Jffl effective learning by the use of his 

tOTHirocC(ture»^Pim!iWtMi^^B it is not possible to determine which ; 
elements in the training IcclTSflfWtsults. Kohnstamm considers this total 
attack to be a virtue because of its flexibility and becatisc it most ar^tly 
approxiuiate^j^BlMiMfflMWMiuMti^ settJiigg^Mlfagiti latin 
Piagetian ineChodpwKillPisMequalR^ flexiblSMiagttTOlMtlbecauseTofff^^ 
Genevan unwillingness to prov ide thcMH ilBKlth i)robloni solutions in 
verbal form. On inspection, I^instln fiiKsliMCli^ ^ 
\Lerbal|ruleiinltruatiotm^^ 
tigHMFhWillfilMBeeniflifi^^ 




mntami^l^ffi^fm rat i vit V arc too vai^iill^ BEfii^^^ ^MI^B fapo^i iiig 
M^RMQ SlM 'hiovenient. The respona* o f Mffll d om mti^ ffSl^ Mff flBQ^ 
■O MSl^ TOnin ^iudy \< unequivoeal. The^^^^^^^^^^^^^fl 
^MtlMgMf 1 K\v do dii^])iite the int('ipretuti()n wi BsMtoroffl raffi^ 
tivity has hvAn\ acliicved. To denionstrate th\< t he^TO&mKHfllerf 
cxperiiiR'nt in ela.^j< inchision witi; (^leven chihhetiMHI^M^J 
Kohn.^tamniV criteria for judging achievcnjcnt. nine of flie-oievcn^^S 
If tliey continue to add what they consider to be different criteria f 
opurativity, they find a })erfect (;uttman ty])e of scale reflecting the fc 
hnving asc(>nding order of criterion diffictilty: (I) .sinijile chiss inchisic 
<2i three-stage chtss inchision, and (3) valid eX])lanation- and corre 
m<pons(> t^a j)rol)l(>n] rlcinanding an answer of a different forni. With ti 
^eatgjm m ^mle rion , ^5M^g) f the eleven succeed. They thercfo 
mO^toiir^Qoflmvlfct lier anTOpmtfiP ^^iructure can Ijc acquired by ^^empii 
cal-didactive*' methods. 

Another clas^-inclusion study (lijinia 1966) employcfl labeling as W( 
as exercises in addition/subtraction andronmHie c*orre.s]roMieHt^^ fost^ 
kmnsdiMlg ejji^ujj c inclusion. There \ gggTOlffln:iiin g^\|iB rog^ 
Awiilaeitl ig ianmflfg c I , hwi ilunv was [ic^fui lLltoOTiTgn ^^^j^ 
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i MtJMfffi^Bg ythore luoiv. pot:. (MMgl^gMa^^^^MllMP 
(lesi^netl to overcoiiic the tendency (T WKfi^^^BlM^^B ' the >\\\nn-- 
ordinate vhi^<. The ^econd type of traiiuni ^jOKgi^^^^^ ro< j)roc'e.hir(' 
with correction for itjcorrect re.<i)onse.^, ^ a8aTOl^ ^^ar--olds were 
trained Tlie fcedha< k training witli correct ion ^^^lmCfPX^r fecti vc. and 
ohler chihh-en beiieiited more than yotni<ier. Tl^^^^^ji elude that 
the correction procedure does not promote inchisionteteWde novo hut 
"serves to bridi^e a ga]) between not yet stable comprehension anrl 
)erforinance.'' 

These studies of class inclusion point to the fact that training can lead 
to successful uC(|uisition of this logical ability. Tile methods of training 
that have been successful have been verbal with some kind of rule in- 
struction procedure used in most instances. 

The (piestion of operative achievement from instruction and training 
still a])pcars not iullvifaiTM. The issue as to liow operativity is to In- 
both conceptually and operationally defined remains. As long as there 
are conce])tual differences among investigators there will probably be 
diilVn^nces both in the conceptual detinitions anti in tiie criteria that are 
:M'cept(Ml for (k'termining tlu^ existence of the operations. 





^l^^^^n the po^t^^^y^rcc^ ^^^^^ ^^^hSl)^ ^ 
lM?^an^^itivity and consei'Vafi^i 
tnil Ss wore operational, hni 28 perc(S^^^p|j^^g^^^g^^ ?g 
training l)ecaine operational. With trmi^gffil^^P^iei'e ^s-as (nrn M 
^greater accjui^ition oM^nsitivity, p^fflM^^ytfiosG 
^^^crvation. Training coi^Stion alonffli!lffiM^^ffireat(>r t ^^^^ ff^^ 
^succo.s^^ however. Tlie author oonclu a^MteiaBQtttfa l aehic g^j^B 
jcoiii^ervatioa is needed f Q^tongiti\itMrira^^ operaCivi^^ 
^)n ieal demonstrations arMMiRtix^tetud-^^SniedslinKl ( [e] 'l9()3) 
^vas designed to test the efYe^TO^^i W^ CTCT vs. no empirical con- 
^^troj, and fixed vs. free proec^lures^on^tlrc^Tcqiri¥rtion of transitivity of 
^pvcight. Although about 30 percent of the subjects acquired transitivity, 
jt could not be assigned to any particuhu' experimental procedur e. H 
^ An extensive study of the eiTeets of school instruction on the ^iMttlsitM^ 
^f logical o})erations was conducted by A buy and her associatcOT^[97ff^ 
^lie intent was to determine whether instruction in the '^new'^ math ai^ 
pcience programs in kindergarten aiKl first grade had led to nun-e advanccci" 
"jevels of thinking in the second grade, comi)ared with the achj^ncifi^f 
phihlren who had not received such instruction. Tasks usecl^gi^^ 
-aeliievenient were number conservation, class inclusio n^^^fonmtranffl 
tivity. olassification^niatriees, and conservation of weipTt—n i^MlM 
which reflected on the efficacy of the special progrutns were diMpj ^i^l ^ 
although those who had early instruction of any kind were ffixTOMllig 
better than those who did not. Participation in both niathcmfi^W^ 
science programs seemed to produc><kperforinance.guf)cdQrJo^t)^^ 
in only the nuU henuitic s prognnnBltl ^MMITOrjg ^im i m^^ 

^^^i'^l oi^^^^^^^aiJtlm^^^^^^^^j^jfl^^ 
<^!k^i^ scMEnltr^E^ aroheima 
tfi£leitCTftster^lif int g 
^^im^nteMMIi^M^CTgro^ 



MClfjigteniwer^trainM 

MrfflffSfiBitioHiBHil 



MM 



inatyall^a^ 
MmiusedtwithiairetM^ 


































,1 



^tf£??Uil£MJMttrf^^ a year or two hit cr ^^^^^^^^^ ^^ ^^^ ^^^^^^^fc^ 

S:^£y. The (iomoniftrations were with Ughtcr and heavier oi)jeets. which were 
;^oatO(i and wciglied^^^^^f^ciCMilfcllliffiMfl^^ ^^^^^^ kindergarten and 
ifiStegnulc level; :<ufiM^SlBlf^cWit^^^ they were at a higher 

^^^^vith coiiservati6iMS-^ 5Mff>ffgfi gBS3l ni^g under! aken a series of 
^gMliff for t])c t r a i n i n g Rl^B^jTOMt tjau t jOi 1 at mlft o cla^^sification. 
^niW* experniiental ] )ro ce( hi re at^^^^MMlTO n alOT rofCh e components 
BTlSge.ssary to the correct solutio^BMugMiPe ffil^gli^^^ll class-rclations 
iprbblenis. The exix^rinient.s JiiMl ^ilCTjHi^^^^^Bl^Blifleim t^^^^^^^^ 
and identification of o b j ec t fM^^MBBjTOm nlaflSTO^ 
class membership, and ( 3) BMSi^BTOiifffiTO^EBiW^BlMi nGra^^^^^^^ 
cally connected classes { chllPjTOiroi^gMlS ^roMll t^tfg^P^^^^ 
Dot reported in detail, arc said ^Bh^AatirgiBi^rofte S@M^^ chil- 
dren a re able to learn these clWrfiWi pTMcoroi^^P 'h^ for Piagct's 

^tlBljJ MQCRaCTO nu?nber of yeai^l3 ^^iEjj ilMk"a%g iilg^6^^ 1 

^^^ WlwflfM^Mtud ics show the suc lMnfuM fW^ro ^TOiningg^^ 
1 ^^^^ilM R^^^ and Kabinow gOTLgBBMlWlMF^^MW^^B it 
w i!TOlBwfi^lTWtM'*Mi r ni n g efTect wasMMQi ti^ffl^ vffH^ld^r^tmin^^lTil- 
dren and not the younger. The Qld^Blii_Ul^MlSarnedJ:o^nieasi u^JjQt^ 
lengt hs juid_areM> wihcreas the vto 

n)easu31_ ^^£l^BBl_^^^M TOMe ^MtTO€ cl^^ confirmation of 

gnfj^^^ fluW l^BTll^K^ ^^CTi^^ 
Mi1iftnicLi5MM 

st angp i?rgyigjB7 TOMM:^ ^ 

ijllfliStliiMPlllliSiro 
#5ffiMtTftWionwgiarmll5sS5^^ 



WiiTF1?ST1 ^^Mq MS^^^^ 
opcrationaTiS|!ffimg^^p3ilMl0ie^ 
is again oj!PItCTin^ HlilWign^^ 




used to jiulKc tilc rc.<poii.-5C of subjects to particular cxpcriinentai- 



^^0t^'on^^'\^rmii the rrigiiificjiiicyd^g agp i^c^^ 

^^gjSefleclcd in tlic use of the i)ropo-siei6nai logic, becomes posyiglMlgnfe 
preadoleseence, it jsaurpsing liow little research is addrcssetll MM 
issu(.-. The ino<t iinjToifHnt i;eiieral properly of jjjgjjg^il of tlii.-?*Pfi#«*' 
(I'lavell 19()3) oonoerii.s understanding tiic rela tjjgbgeeiMh e real and 
the i)ossible. Duriiig thi? period stratef^ics basg fflMtlWB 'o ncd dctcr- 
iinnation of all logical |)Ossibilities are adoptcd'BM afroilllfM^fc 
Tliese strategies are then related to an assessment of lt^gili B esrona ia 
able to cany out. The final resultj^tlic^onstruction dB^^iiSlE^M 
ture to account for jhmlaJgTO iini failBnMr iiis soqueiu^rnOTtrcuiarlr 
manifest in probleii^ gifilinwcoitiljiBgMff l thinking. A study that is 
ostensibly designed to teStemflnmBllaipiierties associated with this 
period is one l)y Ennis ifmltSEiraiwnWOWiro trained first-to-third-grade 
children in "conditional logic." The training was of five logical prin- 
ciples: Hi basic understanding of the proposition. (2) contraposition, 
f3) conversion, (4) inversion, and {■)) transitivity. In addition to deter- 
iniiimg whether these |)rinciples could be taught by the instiuictiofiWlfc 
method proposed by luinis, an attempt was made to test tliMHEgtiaTj 
claim that young (jyl| iMlp not reason from premises witlioil^^nr 
in them. The e.\-i)enmcroT-i'roce(lures involved the use of a WTiousc 
with a han.lle on it. The liouse was used to represent a set of possible 
conditional relationships; for example, "If the handle is up, the bell docs 
work." Teaching the logic v vaMajSiomi^^^ instruc- 
tions in a booth containing MSi^flgparSHgrw^rolsiantliob ^ 
jccts, Fifteen weekly progi'i niawSM uMimM gilgr tcd tl ^^Ellm^ M 
resulted in no differences bet \^^g| Bi!BOTll !iipwdl!^SMM 
It was found, however, tha jm^>«Jg^p!pp lMB-Mfia5 tlg|ffIM 
basic i)rincii)les (ranging fro^J^^^^^^^^^^^^^^ 

iap «oMagtek.whicli led th MOiM rcigiiiiBimM 

ibe«mMt^«By children yoM^gmBM:eniiD^ giygv ears#MM_ 

cojUrary^ Piaget;s^s;scilionCTHg^pl^ 
p^^nMtjigm mcTOejtj^^^ 

^«y^<^^"^^Mg»tlifionalism^ 



^ ^g|l|BEj|li p^sjj5iI[t^^^ 



hjicIfiia^ mMierCTlieii^ablea 
ggSpsi^^EfflroiSlgnijlggj^^ 



iERICj 






yW 'pret I^nnis^Mlml ^MllB MnotlKU- instance in Ijjp^^^ apmO^ 
pTOrence in conceptual (lefinition makes inttiM)rctati()fitgflEli^^ult:s a 
^^per of (lisaKCTBMjjl gPi& ^iteria, these resuI tMg^^^^^ ^Hler- 
^Wdablc anl^nfen^WtaPle ^^Enni^a fenns PiiileflMlESSH^'eiik- 
W<^nQd by the data. A study ll ^OiBm^^SM apiro (1968) of children's 
Bability to deal with 'iiy])otheticl^^^^^^jonies to a conclusion (luite 

different from that of Ennis. It wm^MTOit in a sample of nint-to- 

Hseventeen-year-olds only 14 percent MMW rth-graders' responses and 
^only 45 percent of the twelfth-graders' were correct in interpreting state- 
Iments deductively arrived at from if-then propositions, a conclusion at 
J variance with the Ennis claim. Anotiier elYort to train preoperational 
children in a com])lex problem-solving skill .shows that some skills can 
be learned, but where th^ gSMeMgi^arwlcgm to the typ(» 

of task i^iaget uses ( e.pTOQin MStBl^SBWOTiBfn^^ are not 

^ ^TOr lies by Sniiffl^Ml^^^^^ ^^^^^ ffiEnxkBniock 

^jnflure.riirtTl^^ ^ro 

fcniateabyfcoiDTOtiniPWm^ 

^a gj^iB gonispiMlMMffiSla^ 

StiigtiglPtliOTiroia proyiBI J^ 
shifts b^MlHn rtWMnii^rorar:^^^ 

transfer B15jl?liMlibMifiHl ffl ^^ ——^— ^ z 






^^^n^MmWfmm nm£?^inh)is, studies i^^ to identify the mechanisms 




conservation experiments. They arc not as t^Pl^OT subjects of ^tudy 
but are set aside in favor of thc^e who fail to meet the criteria for con- 
servation Natural conservers occasionally are used as contrast or con- 
trol grou])s. In one study (Beilin [a] 1965) the generalization elT, cts of 
conservation are contrasterl between natural and trained conservers. Clen- 
eralization was found to be greater among the natural conservers than 
among the trained subjects. (That is. of the natural conservers who 
passed two of three conservation tasks. 60 percent also passed the third. 
Of the traincfl conservers who reached criterion on the two trained tasks, 
less than 30 percent could succeed in the third jtask.) A second source of 
information about natmal conservers comes from their reported ability 
to resist the extinction of conservation upon the presentation of contrary 
evidence (Smedslund [b: III] 1961). Because of tlnWMM he counter- 
suggestion extinction technicjue is widely used as Tameril giiormaQ establisi! 
operative conservation in subjects. Recent evidencroro^al^^ver. that 
even older natural conservers I college students) can ^ ^^H^Mli e extinc- 
tion procedures (Hall and Kingsley 1968). Given Sj^[MBffl circum- 
stances, then, conservers can he made to apj)ear like nonconservers even 
in those cii'cumstances when this defies knowledge of their true state. 

Another type of study has been used to detail the effects of experience^-. 
This is the quasi-naturalistic, cross-ctdtural, and subcultural comparison 
method. The technique has been used to deteimine (1) wheth^Mmi 
in different culture siKOTiMlMM PIgmtions at tlr^maj An^M^ 
whether Jthe^^ uccmi iMiCTimiffUSTOMOnmfflfiB^^ 

niechani^MOCTtlMjnimiTOll^roto^MgR^^ 
of |pg&m^iiroiTOIte?ni^^ 




gervationl nalBfougi^ ro 
cipally tpj^slTOJIiPM^^ 

^ ^MB^^ B^Btu> to .schooling) in eoiL-^ervation performanoe but does 
MlcSMM amanibinatorial thinking (Gooclnow 1962: Goodiiow and 

2. The order of aainidbon 

None of the cro<H-cuUural or .-riibcultiiral ^tudic:^ ?^ho\v.s an aecjuisi- 
lion order that i?? es^^entially difTerent from that reported in B\vis«, 
Anieriean. or European t^tudie^. 

3. Consistency in jnechcnmrns 

Some cross-cultural i^tudies focus frpecifically on the nature. of the 
mechanisms involved in logical thought (e.g., Grecnlicld J96G; Mae- 
col)y and Modiano 196(5; Voyat 1970). The Harvard studies of eon- 
sxTVation and classificjition behavior in Africa and Central America 
employ the same categories of analysis for all cultural groups, which 
suggests that the nature of the logical mechanisms is the same even 
though the data show that cultural ex])crience results in. differing em- 
phases in the use of cognitive strategies. The res ults thus sup port a 
weak WhorHian tliesis, Voyat's clat a^MOTOte homim^im^ 
children are att^iniiiiaUie same type#Bt rogffLti3Mla ll^^ M^gn ^ 
although they ireropWccord preci sely ilBtlraimg^Mf^SftMe^^ 

4. Differential effeWfWf7x})cnenc ^^SM^^Iuta^K M[m^ 

IdentificaiiMifflMtM|aranK! t^^yteiii^^^ affect 
the rat€ of acqT^ffi^ TOdilheJ[fffBffl Mffi^ 
has been appc rfiroiBpMMaf^te^eat^^ 





19i)91.^i^ri c e AX ill mn^^ ^^^^^^B^^^^p ^J^iki^^^^^^n 

J5iune .social level whosg^^Mt War^i^ roij ^^i Mi^ They pro- 

pose that .skill learning by IMMl^ro^^^^g ^MM hanisins: in 
^goOLcli nation ^^^^^j^^^^^^^^^^^^^^^^^^^^^^\nother 
^Srpmcnt frec||Jflg i^Br^^ ^^^^ ^pIlyCTi^ro iM is that 

Western i nclu ffl^Ji zecilsoxii at Mfom<MtM 1 d re n . 

whereas ruSflMlffltlMM^^ KjEi^^P j^^fflBIMum^ Tnier 

As cultural clyiTirim_ ^tMS<^nir^ jB^Ea^^ are 
embedded in beha\'io^MECT^ ^^^^EBlgcustjD^in^^gAnga n set, 
an abstract attitude, a pTOMl TOto^^ i fTeren - 

tiate urban from nonurbammltttWi^ OTtMMr^ cfuLQt?^^ 
of j)erfornuinee. How they inmaGtualj^Mffcjd affect 
differential co^^nitive acquisitions^Mnpim i^^K jil Ml^^rojM bstract 
notions act as the true paranu^terMtexpja B^gO Wtereat^ 
change is far from substantiated. \\'iroBmlM^i^^ ^BgtMt^t]ie^e 
experiential variables do not create new or mliffja:MMl^iBIRl^^^B 
nieclKunsnis.^hayi ^ggTOtriaTMtm^ 
ment. or tli^i1iflc fj||8am> anlfi^^^^ 




The eonliBcHlble nunibeilQjffiCMi^ Bj^MBffir^M 
training of logical and infj gl^Ml Eoiiero^ ^re 

(levelopnu]at|tlBpg;mj32^ 
tr^ateiyniOllnTMTTOiroC M^ 

StMralogiMljoperatiM^y^^^ 

PMi:o^alil^MmulB^IB^ 

fMhiM5jlb;^*iF€u35fiCT^ 
b^forjeitfiligMa^ ^ 
igTOlTiexll^EiHfroilTOa 
SoMEilMfi5iOTax< a™]l£^^ 
^gflop jGrafili^^^^ 
ips^aMlPEiMiniifflrt 





3|^^fToF^¥r i on .sjgSi*nj31Siygj^^^ 

attained, parti duIPJ^t ro^^^^^^ ^ j^^S^MiBl^ ^^ 
of operativity. ^™^^~^ ^ _ 

TIkm'o is ^anwidd itioimlKliiM the mca^tiroment definition of 

onei\ativityST5I5^eMfenMIl^ro of oi)erativit\L.nuikeuijLdifIi^^ 

cult to a^r ^ZonmflCTH^oT ^roiMnMsurcinent ciiteriSTa ^Higlft^^^^ 
extinct ion, trlTlTff^pvW^ roiEgTO^Hi 
nonverbal performance ^ tmsr^Mn^l^Mthutffaiin^ T^^^^ 
needed, as suggested by tlu^TO Bl^EfaEMlMroSJ^roli in which 
levels of operativity can be^onMimMmm eJ gS^ ^ strong 
criteria. Tlie Genevans insist oi^teOT CTUJMOi^gmua^lI ^^ architecture 
of the theory seems to depend on t h el^Mlft riWdJEti ^rot best, weaker 
criteria makes it easier to rlisBQiifi;] ^^Bmg atjMTd 
controversy is undoubtedly efeat@ni ^B ril^ ^gOM^ta0a ^^ 
acceptable standards of analysiM 

The extensive ex idence of perfcffifiTfi^OTC^MTMiuj^^^ 
tlie problem of conceptual and opcri M^ffllEjTffi^ ftW'grafm What 
emerges from the data is the striking fact^that a wi.le variety of methods 
—in fact, pi'ilStiTOlCTBlllMn MSft e method — lead to successful 

iniprovenunirin pWforniancgl^vBn^if not in every experiment. Here the 
Genevans a})pear on 1 1 1 e i rfcvsa kgSiEr o unci. Even if their thesis js correct 
that new stiM fin^arCTojik^aM out of the con f r onfMl offloWrif- 
jcrent mgeontc^ffi^ no cfTort to^defin atlfMHTna i- 

sions olBLxpawiCTtMMgSg 

the clinical method Wl feCoinpM coatr piltib n 
exists becausMtheialMiMBM^ 
have Ijeen atKilQKtlf fRinMCTMilMMJ^ ^ 
operative a cliims^tTTeT !t M5ii n^ 
pacities re(l55Mlia EgrflM?Ei roro^^ 
^efileBMWiWiMliM JtlnOT 

Jp!MienlcT^MTlSMna>J^^ 

j:^ltBMlSMMMtOT:gprege^^ 
aiElMtWt^lCTiWlilCTin^^^^^ 
^^^ftgEiliMtiliiSliiiWl^ 

^^^^jgjmCTWllBBIlBfllB 
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their order, the vocabiill E^^ji tent of the messages, the rule-ordereT 
properties of the organizgti giMfl inqiiiry as well as the organizatKnMre gre^ 
scnted in the materials flginisely es. I have^px(^lousl\w£iigaeItSiKBinnM 
[e] 1969) that the actu l[iCTBliormlrtiBM 

experiment, in addition to c ^^^^limmJl^roa^jS^M CTImslt^^ ^ 
also provide the relevant ifflcmnat^ Mgmal^rt 
phenomenon is embodied in tluTIIiirMl ^SroB^mtlknoi^iM^ 
trait)ing methods, i n e 1 uiMptM cgujgfe^^ 
searchers, may in fact ciiMpgl^M^^fejr^fiTOB^ 
elements of the Piagetian iMTOg 

The data demonstrating TrcquMtiQMMt &mw de varigj^M BSm^M 
methods <^ive further support tOTUOTta MEl^K he logW^M a^^^ 
system is under the control of a gengiMitieclramaii that only tpjEEm ^TO^M 
programmed development of denned^^^^mtfuctures througl mj 
action with environmental inputs. The enwrnnrronlal inputs may bwyuita 
varied in this circumstance, since the control of the developed structuH^ 
comes from internal pj'ogrammation rather than from the regularities oT 
the environment or from regulated experience with the environment. Since 
the child is an active agent in the acquisition process, he can construct a 
conceptual system out of a great many materials and techni(|ues, even 
those unintended L "^"^^^ircher. The very fact that the child is a^ 
to construct sclKMii(Mu^_^|liese diversr materials and ex])ericnces sho^M 
not only that the chllFimat jmbiaMlOLig^^ basic [)attern of organizatiorT 
is internal. The relati \^^gM[Mmi]P^MTmt^^M^ ^ to the ac- 
(juisition of conservati oj^MM^^^MTO^^fBiiitOi^Es argues, then, 
for the fact that internaiiii rografflffli^^fflCT^ to 
control t h exdMElojCT^MM mm.l^^^ ^ f 
n()nexeUisi ^proMMMB^^hmEt^^Wt training^owhese^iogical 
proces^^ ^j^pj^ffitimmtlffli^M be more relevant than 

ot h e rs ^^lfll^ro MimOWl ^ropj^^L^P l ) ec i fi e , £lEl!lMmMl^H8^ 
( 1 i ITt I sc ^^enMai^roitJMtBlf tm^^^p i^^ plejtfliW tiMtTO llBpgy 
tem in roH^tM exeajCTu me^ 
^vhich piimmtpJBlOTi^roroBiffl M^^ 
( } ui recllEl^roi^^^CTfWB Mt^EtigirailTO 
inimnti^ gfamMandEclrojif^^ 

^cMLond lMClM^roiBMS 

^ troi^ffllnMaiTWll3 Mi^^ 
ofJfllMMtnKtil ^lEM^S TmnDi^ ^ 

fiiI^^niijgp:oniattmwtr@^ 

■iwntiiifgjMigCTrgimitCT 
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one may wish an educated citizenry who merely receive and transmit the 
knowledge of the culture, or one may wisli the members of a society to be 
creatoi^ of knowledge wlio respond-constructively to their experience. If 
the latter is the case, then another alternative in education is required. 
Piaget obviously opts for and reeoniniends the latter course of action, 
with the implication that an educational approach that embodies the 
elements and principles of the clinicar method would serve this objective, 
although Piaget and the Genevans :have been loath to specify what an 
educational curriculum should be either programmatically or in detail 
(Constance Kamii is a notable exception). There are three difficulties 
withithe Piagetian thesis,^ievemif:one!Concurs in his social objective. Firsts 
it: isvHever clear in the constructi\'ist:%a^ to knowledge acquisition 

a§ tpAthe nature and extcnt^pf requi recHprior knowledge that can only be 
acquired b>^'^rote" or dida^^ much nicihorization of the 

number systenl (i.e., leamihg- tjie sequence, the symbols,; etc.) is re- 
quiredj for example, in-order that a cliiki-bc able to think constructively 
in regard to nunibjcr relations or classifica^ experiments 
these aspects arc usually taken for granted. They are not irrelevant, 
however, to a consideration of: what is required in an educational cur- 
riculum; Second, and more im|yoftant, is a required recognition of the 
statc^ of present-day educationT Education everywhere in the world, ex-- 
cept for a very privileged minority, is group education. It is becoming 
increasingly organizcd^in ternis of a niass technolog\% \vith more children 
per teacher, more materials and more inslrumentation. per class. The 
time spent by a teacher with an individual childMs constantly diminishing. 
Individualizing instruction is increasingly a myth, and instrumented 
individualization is also a myth, as has been pointed out by Piagetians 
themselves. TJie Piagetian method, on the other hand, places its primary 
emphasis on one-to-one teacher-student interaction with individualized 
teacher response. This is economically and tactically impossible in to- 
day's increasingly crowded schools. What is needed, on the other hand, 
is vigorous pursuit of how "constructive** educational appuoaehes can be 
realized with groups of children, which would require instructional 
stnttegies different from the one-to-one "clinical method." Thirdly, 
Piaget's skepticism of verbal instructional approaciies seems limiting for 
both theoretical and practical reasons. The relationship between language 
and cognition is not very well understood. Piaget^s view that language 
develops as a system for the representation of thought, although it has 
evidence to support it (e.g., Iiilielder and Sinclair 1969; Beiliii [c] 1969), 
is far from explaining the full nature of the relationship! It is, evident 
that language data are utilized in the construction of thought, even if for 
the young child they do not have the same salience as sensory and per- 
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coptiial experience. It is important that this be recogniz^d^ since many 
of the significant cojj^nitive experiences of the child arc mediated through 
hmguage, particuhirly whcVe interactions between parent and child are 
concerned. As Piaget himself makes clear, while action is the basis for 
cognitive attainmentSj the critical actions are not physical but implicit 
mental actions, that is, mental surrogates for actions such as arc repre- 
serted in mental transfonnations.- These **^actions" can occur in linguistic 
as ..ell as nonlinguistic contexts. The evidence tjmt reversibility trans- 
formations occur in the syntax of natural languages (e.g., in the 
active-passive transformation) supports this view. The question of how 
1 i 1 igu i s t ic ill format ion : 1 1 la t sche i nat i zes th e opera t ions r of t bought can be 
constnicted into Tcnowlcllge is not a<rdrcssed= b^^ 
verbal datii: arc interpreted as concentrating attention on^r 
of visual displays or on the transforniation of such display.?. Eyenrwhen 
verbal concepts are studied^ as in \\iiole-pai;t classification: experimenfe^ 
the Genevan emphasis is still on nonlinguistic^phenoineha,: althougli the 
phenomena are linguistic in significant respects. Although Kiaget is cor- 
rect in emphasizing that prescboot and early school education often 
concentrate too jmich on language learning; more information is needed 
of the extent to which language =provides^ the necessary architecture for 
the acquisition of knowledge. What; would early Piagetiah acquisitions 
be like, in fact without Uie language context in which tliay are usually 
acquired.^ A more desirable stance to take vis«a-vis language in education, 
then, Us one aimed at discovering bow it can help in the construction of 
knowledge. What the studies here reviewed suggest is that the linguistic 
interchange between experimenter and^child is a significant feature of all 
training metlr Is^including the Piagetian and behavioristie nietliods, 
even" when their focus is not on^linguisfic contents. It is unrealistic to 
believe that the linguistic connnunication systeih is completely neutral 
relative to the contents connnunicatcd. Piaget^s point that language 
teaching is not sufficient to the acquisition of logical reasoning in children, 
then, neglects the prospect that language data provide elements that are 
capable of being constructed into knowledge and that language is itself 
an activity tirat embodies operations. 

The training studies discussed here can be meaningfully interpreted in 
terms of the coiiipetence-perforinance. distinction proposed by Chomsky 
in respect to language acquisition. Many of the studies that are critical 
of Piaget *s cognitive theory are in effect proposing explanations of con- 
servation and the logical operations that are more in accord with a per- 
formance model than a coinpetenee model (Flavell and Wohlwill 1969). 
The phenomena of attention^ learning sets, analytic sets, and others 
represent psychological properties that affect the expression of basic 
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competence and do not touch on the conipetoricies themselves. The com- 
petencies are niorc appronriately represented by the equilibration 
mechanisms that Piaget i? positing as fundamental to^ the development 
of cognition. Although ?ueh factors as attention and various features of 
learning are intimately related to the child^s ability to perform and to 
the realization of basic competencies, they do not directly relate to the 
formation of the competencies. While these experience-bound parameters 
have a great deal to do with the development of strategies by which 
cognitive structures are made functional, at tliis^ point little is known as 
to how this occurs. 

Lovell (1966k in addressing himself to the implications of Piagetian 
research for mathematics education^ pointed to both the assets and the 
limitations of the Piagetian theory. By way of summary^ we might add 
to LovelPs catalogue the following: 

1. While Piagetian research has sliown how complex a process the 
growth of mathematical concepts can be, it has not demonstrated how it 
can be made easier.= Althougli l?iaget describes the processes by which 
thinking develops as a series of constructions, he dQe^ not suggest an 
educational technology by which such constructions can be made to occur. 
The direct translation of the clinical method, which is useful as a tech- 
ni(iue in the discovery of the constructive T^rocessps, to a technology of 
educational instruction is at this stage unwarranted. While the tech- 
nology for achieving change has to be related to- the mechanisms of 
change, it does not require that the constructive mechanisiiis themselves 
serve as the technological model. 

2. The idea that the child has to be active in contrived situations 
involving conflict "to acquire logical reasoning is not substantiated by the 
available research. Neither active problem-creating conditions nor con- 
flict-ere'i'ing situations are necessary for logical thinking to be acquired. 
A wide variety of techniques and contextual conditions contribute to or, 
at the least, permit concept acquisition. Nevertheless, as the data show, 
there is a limit placed on these acquisitions by the developmental level 
of the child. No logical or mathematical learning is likely to occur, at 
least without great difficulty and tenuousness, if the concepts to be 
learned are far beyond the operational level of the child's available 
cogjiitionsr 

3. While fairly clear divisions can be made between gross levels of 
mathematical abstraction, it is not clear that even gross hierarchic sys- 
tems can be easily established on ^n a priori or even empirical basis. 
Differences of opinion inevitably occur as to the nature of conceptual or 
operational hierarchies. Even^an a priori system that is empirically 
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tested will encounter differencoi? in interpretation— nevertheless, this is 
still the best method available for determining the order in which matlie- 
matical concepts should be taught- Using empirical as well as logical 
methods is the only reliable way to establish vertical hierarchies, branch- 
ing hierarchies, or other complex relationships among concepts and 
conceptual systems. ^Mathematicians who choose to teach a sequence of 
mathematical concepts and functions on purely a priori bases may en- 
counter grea^difficulty in having these concepts learned. Logical relations 
are not inevitably paralleled b}' psychological relations. Unfortunately, 
little effort has been expended in testing the relations between the con- 
ceptual systems of mathematics and the cognitive system of the child 
except in the most limited of circumstances. 

4. -While Piaget has noted that the cultural context can inhibit or 
facilitate learning, he does not define the conditions that specifically 
determine these effects. In some instances, he suggests, the teclmological 
deman(^s of a culture create pressures for the attainment of highest levels 
of operational thought. Little else is done, however, to suggest how cul- 
tural expedence creates cognitive change (Sigel 1968). 

5. Transfer of training has been a challenge to both psychology and 
education. The limits of transfer through training have been {vpparcnt.in 
a long history of studies, and the Piagetian studies are no exception. 
Piagetian theory has been interpreted by many to imply that transfer 
should be easy by the very notion of common schemes or operations 
functioning within a developmental Icveh Functions or structures con- 
taining conunon element.^ arc usually considered to transfer more easily 
than those lacking couuiion elements. While the data are equivocal, it 
seems that there is a great deal less transfer among Piagetian operations 
than one would expect. The notion of horizontal demlagef while it gives 
a label to the disparities in transfer, does not adequately explain why 
transfer is difficult when conunon operations are involved. While some 
training data show that closely related operations transfer more easily 
than less closely related operations, the issue is far from settled. 

6. Whilc^iU^jMuisition of knowledge is not accounted for solely by the 
development of oprativc thinking, it is thing to assert that Piaget 
gives little heed to other factors in deve^ Ji>cient, it is another to say he 
deprecates thern. Although Piaget does not ignore motivation, learning, 
and' language, he does subordinate them to development. Although he 
does not ^ay that learning is to be accounted for by development (i.e., 
'learning is development,*^ lis the contrary "development is learning'^, 
he does hold that these phenomena undergo change only as a function 
of'thc controls exercised by development. It is another way of saying that 
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learning, language, and possibly motivation operate under the control of 
a genetic guidance system. The evidence would seem to support this; but 
once the fact is accepted, it is still not known how the^e systems interact. 
Piaget has contributed enorntously to understanding these relationships, 
but the story is not yet told. 
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In tlie^horMketch of the inliiii stages of cognitive dcvclopiiienfyT iiien- 
^tioncd only briefly an hnpoitant complex of behavior^ that all belong to 
:vvliat:i§TalleUtC%%nioti^ #nbohc. fuiiction^^t thc-enc! of/thc 

sen.sorinidfor^l)erioH-\vc o^ 

and. in genefal, act i vitici^ that could not taka place without ^omc kind of ' 
rcprcseiUation of^absent objcc^^^^^^ are not taking place at 

the ij^recisc jnonient. One of Pinget^g Avell^known examples concerns 
.Fac(|uclhre Cl^iaget 1935) , wlio.-at tlie age of twenty months, comes info 
a jooni with aibinich of grass inreach haiuH tp open the door (which opens 
inward), shq piits do^^^^^^ the gt-ass, turns tJie handle, pushes, picks up the 
gilass agahi. and.enteis. A little later $lic wants to go outside; she puts 
nhe grass ilowu iigain in the same way as she had when she entered the 
^ room, tliat is to say, at the tlfreahold. However, she changt's her mind, 
l)icks it lip. and moves it fartlicr back into tlie room so that it is not hit 
^])y the door when it ojiens. Such behavior, of wliicli many examples have 
])e;ni observed, does not oeeur before the beginning of the second year 
aiid\-annot be jiiterpreted without supposing that some kind of repre- 
sentation Ce.g.;of the doors nioveiiieiit hi the above e.Sainpler has taken 
place. 

Post-seiisoriinotor iiitelligencc ac(|uires a new (Umensionj which frees 
tlie action from the strict hie cf uunc and—importantly, in vicAV of what 
is one of the main characteristic's of formal operations (tlie insertion of 
the actual into the full range of the possible)— U now becomes possible to 
perform one action w!nle envisaging the performance of oiliers. Repre- 
sentation enlarges the field of action immensely, both in space and in 
time; actual actions can4je'aecoiripanied by representations which illniost 
simultaneoitsly encomiiass aetions and eveiUsMn the past or the present, 
in the iiiimediate vicinity or a long way away, 
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These new representational capacities of the child in his second year 
are ex|)ressed in many different types of behavior. On the one hand, 
there is imitative behavior, not (as during the sensorimotor period) in 
the presence of the model, but in its absence. In fact, this imitative be- 
havior seems to be a common aspect of all representations: in symbolic 
play (where the child can use objects to stand for other objects), in 
intelli(,'ent acting (such as Jacqueline's pushing the grass out of the way 
of the door's trajectory) which necessitates some kind of mental image, 
and in the beginnings of language. If we say that imitation is the com- 
mon factor, this^does not mean that representational behavior is a simple 
copying of reality. On the contrar}-— and far more than is usually sup- 
posed—the subject constructs his own representations according to his 
])articular needs and capacities. Since the means of knowing is essen- 
tially through actions performed on reality, representation far more often 
reflects the way a person deals with a problem in action than a simple 
copy-image of the situation involved. 

In his well-known studies on children's drawings,, Luquet (1927) 
showed the existence of a period of what he called "intellectual realism,'* 
when the six- or so\-en-year-old draws what he knows rather than what he 
sees. In this period we observe drawings of faces seen in profile but witii 
two eyes, of a field with flowers and with potatoes visible in the soil, or 
of trucks with four complete wheels as if they were transparent. In the 
same way, whatever the children cannot yet apprehend cognitively is 
deformed; for example, there is no coordination of different points of 
view, and in one drawing one can ol)ser\-e a table top as seen from above, 
with a toy car on top of it as seen from the side, and so on. Moreover, 
it is not only the drawings that are made spontaneously without a model 
that exhibit these characteristics but also those of figures that are in 
front of the child as he draws. Before the age of four, all closed figures 
(cquares, rectangles, ellipses, circles, etc.) are copied as a curved, closed 
line, while crosses, / s, curved lines, and so forth, are copied as "open** 
figures. But with ehildren as young as three yQiivs of age, one can observe 
copies of drawings that essentially represent Topobgieal relationships 
(such as inside, next to, on the boundary of) which correctly rcrresent 
these relations (see fig. 1). 

^ In all education we rely hea\-ily on representation. Actual demonstra- 
tion with pupils manipulating is rather restricted in scope; and, even 
when applicable, its pertinent aspects are underlined verbally or through 
algebraic, geometric, or other notation. If the child himself represents 
reality in a distorted way, how does he apprehend information which the 
adult presents to him in a representational manner? An extensive series 
of experiments on memory images (observed either through drawings. 
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Fig/1 



gestures, or verbal explanation) has revealed many distortions— in fact^ 
there often was as much distortion when the memory was tested innne- 
diately after presentation as there was one hour later, one week later, and 
even several months later (Piagot and Inhelder 1968). In every case, the 
deformations were due to a diflferent Avay of interpreting the situation and 
not to simple memory factors; it is always possible to check for this 
eventuality by presenting similar situations that are cognitively "easier" 
but perceptually equivaicntr^For instance, in verbal memory **TlieJal)le 
i^ laid by Mary and Peter" gives occasion for deformations, whereas 
* Peter lays the table, and Mary makes the salad" does not. Similarly, 
to draw a Httle circle on the perinietcr of a bigger one does not seem to 
be "easier'' than to draw a rectangle, however clumsily; in fact, to jne 
the reverse would seem to be true. 

Before giving a few examples of how children distort situations that 
they have been asked to nieftiorize. it seems worthwhile to say a few 
words on the general subject of memory, another crucial factor' in edu- 
cation. 

There exi.^t two types of memory. The first one is recognition; that is 
to say. of an objeet or situation already encountered. Recognition mem- 
ory IS very ])riinitive: it exists even in nonvertebrates and, of course, in 
babies during the sensorimotor period. The second type of memory be- 
longs to a liiglier level of development and does not seem to exist before 
the beginnings of represeiifation ; in fact, it is a kind of representation 
and consists in the evocation of situations already encountered but 
absent at the iiioiiieiit^of.4-ecalL When we claim to have an excellent 
memory of faces but a bad memory for names, wo arc really saying that 
on seeing somebody, recognition mon^ory works well (we recognize the 
face) but we cannot evoke the name, in fact, as soon as we are told the 
name, we recognize it just as wMl. 

Piaget and Inliekler's book U9G8) on memory concerns evocation 
memory and ckKxh with a special aspect of it; that is, its relationship 
to diiTcreiit levels of cognitive development. ^Mental images are symbols 
of reality and can be used either liitelkctually (to solve a problem), for 
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play and fantasy, or for art. Menial images also ?^erve memory for tl:e 
reconstitiition of past events. In this sense, memory i$ a type of knowl- 
edge, not attached to the present (as is perecptioni and not hearing 
directly on the s^olving of new prohlenis (as is intelligence J. hut on the 
past. Developmcnlally. it has often been thought that fundamentally 
memory mechanisms are the same in the adult as in the child. There are 
obvious differences, because the child is not interested in certain j)rob- 
lems and he docs not understand certain =situations; therefore^he~docs 
not store them. However, if he does undei-stand them, the mechanismr 
of retention are supposed to be the same as those of the adult, the only 
differences being quantitative, pertaining to span, extinction curves, and 
so on. 

Piaget. on the other hand, maintains that there is a qualitative dif- 
ference according fo develoj)mental levels; encoding and decoding proc- 
esses depend on the code !ised by the subject, and it is precisely this 
code that changes with cognitive development. In fact, the amount of 
information tran.smitted by a certain number of signaU^ depends on the 
number of elements and the rules of the code. To give a very simple 
example: if I-ani shown a bottle held obliquely with wine running out 
of it, I do not have to ^'remember" that the bottle was not corked and 
sealed. Knowing what happens M open bottles when one turns them 
upside down makes the information of the absence of the cork redundant. 
If it is truejiiJLt intelligence changes the code according to which memory 
encodes and decodes, the same situation presented to children at different 
level? will carry a different information load and will be encoded in a 
different way. 

Tn many experiment.- on memory, striking examples were fomid in the 
schematization^f the situations presented. One example concerned nunu 
bcr. The child was shown the arrangement of counters of figure 2. A 
collection of differently colorcrl counters was used to demonstrate (after 
having asked t!ie child to anticipate the result) that the same six counters 
can exactly cover all three lines in the arrangement to be memorized. 
Finallr, the stibjecys cognitive level was determined by the nmnerical 
conservation test. A few minutes after presentation and once again a 
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week later, the eliilcl was asked to reproduec the situation by a drawing, 
by gestures, and by reconstituting what he had seen with a eolleetion of 
counters. 

Types of memory pro/hictions were closely linked to operational levels. 

A first type, observed with the youngest children (four-year-olds), was 
the following: no numerical equivalence between the three lines and no 
attempt to make tlic lines more or less the same length. Both in the 
drawings and rcconstitutions, the number of counters in the three lines 
was very different: 12. 8. and 9, or even 4. 13, and 15, and so on. But 
there was usually iat least in two lines) a division into groups. 

A second type was more involved (four years six months to five years) : 
three lines witli more or less the same mnnber of counters and coincidence 
of their extremities do, 13, and 13 or 7/6, and 6. etc.). In a way, these 
reproductions arc figuratively less '/true" to the model, since in this type 
there is absolutely no indication of the ^subgroups. However, there is 
progress in that there is/im indication of numerical equality. 

A third type repeals fuftlrer pi^gress^Once again the lines have coin- 
ciding cxtren)ities, and the numerical equality is more marked: at least 
two of the lines have the same number. Moreover, this time the sub- 
grou|)s are marked, although in a peculiar way: in the lines with exact 
numerical equality, the subgroups are also ecjual, for example, twice 1 
and 4 or twice 1 and 3. The synthesis between the spatial disposition in 
sul)groups I present, in an isolated manner in . type 1) and numerical 
equality (indicated in type 2) is not yet possible. 

Finally, at five to six years, numerical equality is correct; all three 
lines have the same number of counters. But only one child (out of 
eight) reproduced 6 counters per line and exactly the arrangement of the 
original. The other seven associated the numbers in their own personal 
way (3 -V 3, 2 + 4. and 1 + 5; or 3 + 3. 1 + 4 + 1, and 1 + 5; etcJ. 

All children who produced type 4 drawings or reconstitutions succeeded 
in the numerical eon.<ervation task (also one child of only four years and 
nine months) . 

It is interesting to see what happens to thi.'^ memory .<ome six to ten 
months later. Without any new presentation of the situation, almost all 
the children had some recollection of what they had been shown. This, 
in itself, is rather remarkable and indeed encoiu'aging for educators. At 
tlio end of this long period, the two aspects, numerical equality and spatial 
disposition, seem to have become more separated. Again, most of the 
diiidrcn tried to represent the numerical e(|uality but seemed to have 
completely forgotten the spatial disposition. However, two new types of 
drawings and reconstitutions appeared that are of particidar interest 
(see fig. 3), The first type is a seriation: we find lines of 6, o, 4,3. 2, and 1 
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Fig. 3 



counters, placed one above the other as in figure 3a. More often there 
are only three lines as in the model, but again sedation; for instance in 
figure 36 the top line has 7 counters, the next 6, and the la.st4). The second 
type (fig. 3c) is a symmetrical arrangement: 4, 1, 4; 3. 1, 3; 2 1 2. 

As might be expected, jnemoiy of the situation becomes 'inerea'^inglv 
.seheniatized as time goes bj- However, the remarkable appearance of 
scnations and synnnetries (which are a type of figurative classification) 
IS more mterestmg than a schematization. According to Piaget's analysis 
of the concept of number, this concept is attained by a synthesis of the 
two types of grouplike structures, that of seriation and that of classifi- 
cation. 

In another experiment, a problem of transRivity was involved If there 
IS more liquid in glass B than in glass A and more liquid in C than in B 
IS there more liquid in C than in A? However, it is not the logical prob- 
lem (which IS difficult to solve and to remember even after the age of 
seven) that I want to present here, but a curious phenomenon that reveaN 
how even a .simple action such as the pouring of liquid from one glass to 
another can be deformed in memory. The experiment- involved four 
glasses— one with red liquid, one with yellow, and two empty The ex- 
perimenter pours the yellow liquid into an empty glass and the red liquid 
into another empty glass. Then the yellow liquid is poured into the glas. 
that originally contained the red and vice versa, so that nt il.e end the 
contents of two differently shaped glasses arc interchanged. (See fig. 4 ) 

When the children were a.^^kcd to tell us what they had seen, the four- 
and five-year-olds maintained that we had poured the yellow liquid into 
the glass with tiic red liquid and vice versa. We wondered whether tiiis 
was a kind of abbreviated description of what had really happened and 
we showed them the four glasses with the liquids in their original pdsi- 
turns. To our surprise, the children actually took up (he two glasses that 
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into the glas. with the red hqy d ancl U c ^^^^^ .^^^^^^^ 

vellovv. Questioned as Jo ' ',f^';^ 4:,-,, clever enough." 

done, lliey maintained ^^^^ ' ' -^^ ^ ['r wa. our nest question. 

'•Won't the >:ellow and ;-<^'» « .iUl said, "Ves. n.ayhe, hut 
Manv hesitated or snnplv saul^ no. -One 

it will unmix itself in the end. aouble-cntry table and involved 

Another memory study f ,f gh,ed onto a piece of 

.vooden buttons (-""^^ T The x^^^^^^^ -""^ ^^'^^^""''^ 

iK^vy paper as shown in figure o. (The cxper 

.1. Bliss.) 
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The childrenVr— Tt:! "^r!^^^^ 
found only at four to Ave years ^ as f «»^P ^8 

sometimes only red (or o-^y}^^'^'^'^?^^^ \sec fig. 6). 
nor the dassificato.y pnnciple was repre.eme 
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A second type, more involved, sliosvcd the beginnings of a clas5?ifiea- 
tory principle^in tlie sen^e that tsvo chiSi*es were present (red and blue 
i?quares for instance), but instead of an arrangement into four group;?, 
there was a Hnc (a circle or haphazard arrangement) made up of either 
jtist two buttons? (a red jjquare.and a bhie square or a red round and a 
bhie round) or a great number of such couples (see fig. 7). 



Fig. 7 

A third type had the correct .spati.nl arrmgeiiient in four groups, but 
again only two chisscs were represented (verj' exceptionally three) as in 
figure 8. Sonietinies there were group-s of buttons and sometimes only one. 
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A fourth type revealed considerable progref^i^, since the multiplicative 
structure was j)resent: all four classes were represented (fig. 9). Hosv- 
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ever, the doiible-eiitry-table anaiigeiiiciit was absent; there was an align- 
ment either of one element of each clas?: or of small groups of three or 
four elements of each clas;*. 

Finally, both the disposition and tiio classification were remembered, 
but again there nui,^ i)e only one element per cla^s« which seems to repre- 
sent a group of several elements (see fig. 10). 




Fig. 10 

It is important to realize that although tlie situations we j)resented 
all have a cognitive structure which can facilitate memorization, these 
experiments wore not simple duplications of the corresponding tasks where 
the child himself has to classify elements, seriate sticks, and >o on. In a 
very"1)lroad sense, memory also includes the cognitive structures that 
permit the solving of new problen:s. But memory in a more limited sense 
concerns only recognition, reconstitution. or, especially, evocation of 
events located in the past by the subject himself. In a sense, in these 
memory cxperinients the relationsliip between memory in the broad and 
strict sense;^ was studied. In all cases, the results indicate that it is the 
level of cognitive development, that is to say. the particular cognitive 
structure of a certain stage or substage, that determines not so nnieii die 
amount as the organization of the information remembered. Usually, our 
younger subjects do not remember "loss" than the older ones; in certain 
cases they seem to remember more. But they remember differently. 
Remembering differently in this case does not mean that the younger 
children picked on certain details and the older children on others: it 
means that the total situation was differently organized according to 
doveJopmental level. In thi^- connection, it is useful to mention Piaget*s 
distinction between a scheme and a schema. A scheme concerns the gen- 
eiTil structure of actions and .operations (e.g., the scheme that permits 
one to arrange (Oemenfs in an ordered series). As such, Piaget^'^ schemes 
include such entities as ^'cognitive strategies/* "conceptual frames,*' and 
so on. A schema, by contrast, is merely a simplified imagined representa- 
tion the result of some organizatory activity. A model unites the two: 
it is a schema insofar as it is a simplified representation- of a particular 
situation, but it is a scheme insofar as it is a means of generalization. 

All our findings suggest that we should not suppose that the betCer 
results obtained in our experiments by the more advanced subjects can 
be explained simply by the fact that they possess both more and more 
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accurate schemata of representation. Of eourse. they have encountered 
more situations and aceunmlated more of these schemata, but more im- 
portantly, they approach the situation with different schemes, that is to 
say, with a different cognitive organizatory capacity. The active func- 
tioning of this organizatory ability makes mnemonic encoding and decod- 
ing possible and determines its form. In this sense, the mnemonic code 
itself is structured and restructured along with general cognitive devel- 
opment. 

In general, our results strengthen the educational tendency away from 
rote learning. It eould well be that with excessive emphasis placed on 
rote learning, pupils would cease to use their organizatory capacity (which 
alone permits economical encoding and <iecoding) and come to rely only 
on a figurative, copy type of memory, which does not attain the efliciency 
of eognitively organized remembering, i)n the other hand, we do not 
want to equate all memory with our particular situations, which appeal 
specifically to this organizing nmenionie capacity. In many subjects 
taught in school, a certain amount of rote learning is, in the present sys- 
tem, inevitable. But as regards mathematics and allied disciplines, it 
appears that it is the concept formation itself that should be fostered by 
all possible means and that all representation is liable to l>e deformed 
by those pupils who are as yet incapable of a cognitive grasp of the pix)b- 
leni involved. On the other hand, the deformations they introduce in 
what seemed to be a perfectly clear model can be precious indicators of 
their cognitive level. 

Some deformations found in verbal memory are similar, although they 
are often less clearly linked to cognitive level. One. of the difficulties in 
the pre.-=entation of verbal material is that a certain construction can be 
perfectly well understood in some instances and not at all in others. A\'hat 
^<lobin has called reversible sentences are a good example of this. •Molni 
kicks .lack*' is reversible in the .sense that *Mack kicks John'' is also a 
scnnintically possible expression; on the other hand, the pernmtation of 
subject and object in "John kicks the table*' rostdts in the impossible 
for at least very improbable) expression "The table kicks Jolm." This 
distinction explains many phenomena hi children's comprelieiision of = 
sentences such as 'This is the house that Jack built" and the noncom- 
prehension of sentences such as *'This is the boy that Jack kicked." In 
an experiment on passive sentences, this difference was also found be- 
tween sentences such as "The car is washed by the man" and "The car is 
followed by a truck," In an iimiiediate-meinory experiment, we. found 
that half of the four-year-olds quite correctly repeated sentences of the 
second type, but without being capable of understanding the relationship 
between "actor" and *'actcd-upon," At five, these correct repetitions 
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without uiider.staiidiug began to (lisappc.ar aiurtn their place we noted 
different expressions that correctly indicated the relationship bnt did not 
reproduce tlie passive construction. Many children simply turned tiie 

-passive into the corresponding active hut were convinced that that was 
what the experimenter had said (Sinclair and Fcrreiro. forthcoming). 

- Tn general, it scenes that representational ainlity i.s cloi^cly linked to 
cognitive leveh but with important differences as regards the inforniation 
represented. Probably because in mathematics representation is so close 
to operations, in that discipline the influence is the clearest. Moreover, 
although as yet not much is known about the development of the different 
aspects of the symbolic function, it seems that this development varies 
more from one individual to another than does that of cognitive struc- 
tures, Tliere are important individual differences in the use of language — 
and the san)c can be said about paintinir. music, and acting. In contrast 
with mathematical notational systems^ these symbolic representations 
can. up to a^|)^oint. be dissociated from what they express. The language 
of poets is noFniore beautiful than that of other people because they have 
better concepts to express. Inver.-^clyV ])ooiJanguage and. clumsy drawings 
do not ucTCssarily indicate low conceptual levels. 
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It scejus common jar fourth formers, say, to be perfectly at home 
with . . . but to be utterly terrified by a problem in simple propor- 
f/o//.— New Scientist, 7 Mny 1970. 

All experience in the classroom shows that the scheme of proportion is not 
readily available to the pupil, and since it is so inxportant a sclienie, it is 
worthy of some considerable attention. 

Proportion 

As you know, Inhelder and Piaget regard the essence of formal-opera- 
tional thought as the ability to rcvei-sc thc'direction between reality and 
possii)ility. But we can also tlnnk of it in other ways. Since the pupil now 
no longer deals with the intuitable but rather with verbal elements, a new 
kind of thinking— propositional logic— is imposed on the logic of classes 
and relations. Again, formal-operational thought may be characterized as 
second-order operations, for the subject can now structure relations be- 
tween relations as in the case of, say, metric proportion, which involves the 
recognition of the equivalence of two ratios. Indeed, the position was 
neatly expressed by Inhelder and Piaget (1958, p. 254) : 'In this sense pro- 
portion presupposes seeoiid degree operations, and the same may be said 
of propositional logic itself, since intcrpropositional operations are per- 
formed on statements wjiose intrapropositional content consists of class 
and relational operations." It is because the scheme of proportion, like a 
formal grasp of the concepts of, .say, thermal capacity or energy, depends 
on second-order operations that the scheme is a Jate acquisition. Alas, the 
teacher of mathematics and science knows of this lateness as a result of 
experience, but he has not hitherto understood why this is so. 
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Proportion i)t geometric form 

Piagct, Inheldcr, and Szcminska (19601 argue that before a child can 
think about similar figures, he can directly perceive whether figures haviiJg 
different dimensions arc similar. So the idea of proportions mus^L, in their 
view, be sought in the perception of figures. . - 

One of the many experiments that they used involved showing the child 
a horizontal rectangle 1-5 cm X 3-0 cm as a model and larger rectangles 
alj of tile same widths 4 cin^ but varying from 6 to 15 cm in leugth- The 
model ami the figures for comparison were presented in random order and 
the subject had to pick the large one that "looks like*' the Jittlc one. It is 
said that iir making a choice between the alternatives, intelligence is 
governed by perception, and the Geneva workei'j^ speak of this exercise as - 
a perceptuai estimate. - - 

The child was_ also presented with the same model 1-5 cm X 3-0 cm 
and asked to draw a box, square, rectangle (or whatever he cares to call 
it) , "the same butiarger," on another sheet of paper. One can either avoid 
suggesting any length for the base of the drawing or fix it at t\^o,ttlirce, or 
four multiples of tlie base of the model. Kow in the.^e drawings it is 
intelligence governing perception, and Piagct and Iidielder speak of this as 
an intellectual construction. They argue for the following broad stages: 

1. The child is unable to make any serious effort at the tasks. 

2. Efforts are usually confined to the attempt tprrcproduce what he looks 
- upon as the essence of a rectaiigle— that is, an elongated square. Tliiis 

his drawings tend to exaggerate the length of the rectangle. When it is 
laid alongside a correctly proportional unlargeiiRMit, he thinks tl\k 
latter too high raid wantfito-CUt it down. Therejs no desire to measure. 

3. There is now a spontaneous attempt at measurement, but the child's 
efforts fail because he still does not realize that it is a proportional 
rather thaii an absolute iiicrease in sixe tliat is required, with the re- 
sult that the leiigth of the rectangle is still exaggerated in his drawings. 
However, if he is shown larger rectangles drawn to scale, perceptual- 
estimates are \\\ advance of <h'awings and appear to guide the latter. 
The subject centres alternately on width and length and appears to be 
trying to take into a^^it both diinensions simultaneously and to 
arrive at a conscious conclusion. During the latter ])art of the stage, 
both length and heiglit are increased, by adding an equal amount to 
each:, in an effort to obtain the correct ratio. Once again he finds his 
perceptual esthnatcs and intellectual constructions at variance, and 
he n?ay alter his calculations to suit the estimates. Onlv in the case of 
simple proportions involving the ratio 1:2 are the answers correct. 
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This instance needs only concrete-operational thought, since one side 
has to be double the other. - ^ 

4. The pupil begins to undcr^^tand proportionality, thought intluences 
perception, and he can draw correct constructions when height and 
length are in the ratio of, say, % or %. 

Our experience at Leeds is that pupils' responses can. more or less be 
placed into these categories, although the ages at which stages 'are 
reached are so.ncwh.at older than Piaget proposes. However, I do not wish 
0 discuss more minor differences from the Geneva findings but rather to 
look at something of far greater importance. 

Eiaget's iiotidti of scheme 7 : 

You will notice tliat in my opening words 5 referred to^Tthe scheinc of 
proportion. By the ternv s£-/,p«e Piaget indicates, Jf^t 
correctly,, the general structure of actions of .operationsvit is the gen- 
eralisable aspect of-coordLnating actions that^canlbc applied to^iriaigouV 
^.tuations^So we can speak of a^sehenie of ordering. a scheme of classifica: 
tiop, a scheme of proportion, and a scliemcof probability, ^^'e^al•e h^re 
dealing with general knowing, and it would Je in keeping with Piaget'. 
general position to suggest that the child "■ould irave, say> substantial 
classificatorj' or ordering skills in all areas of experience once they were 
aval able ,n one. This does.not imply that there are hbn-ariations in the 
ability to use these operational schemes according to'content, context sub- 
ject area, and so forth, but we would not expect strength iti one and utter 
weakness m the other (cf. the problem pf the horizontal differential): The 
point IS that we need to know far more about the development of the 
scheme of proportion across a wide range of content areas. It is therefore 
iny intention now to outline some further wor'c of the Geneva^ehool Which' 
IS relevant to the scheme of proportion, in the hope that T shall encourage 
someone to undertake a longitudinal study involving the growth of tlii* 
operational scheme across a veij wide range of content areas. 

Some further work 

Thus I now turn to discuss some experiments taken from a more recent 
work of Piaget and others- (1968) . Although this work deals pri.narilv 
.with the move from contributory to well-formed functions and with their 
quantification, some very interesting experiments afe described that 
Illustrate the growth of the .scheme of proportionality. Their finding* arc 
suggestive, but they are in great need of confirmation. However the 
upshot of their findings will only be appreciated if we flavour thcexneri- 
nients themselves. ~ 
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- In one study, three "fish/* A, B, and G, respectively 5\ 10, and 15 cm in 
length, were shown to the child. He was told they were eels so that tlieir 
length could increase without a corresponding increase in girth. Up to 
fifty "balls of meat" were available^ and child^s task wal to give to 
each fish a suitable nuniber opballs, heanug in mind that, or on the 
assumption tliaty the strength eTlhe appetite of a fish corresponded to its 
length; In a second task the fish had to be fed with **biscuits" 'vhiclnvere 
represented by little rulers tliat^appropr^^^^ varied in length. Unec 
ag^in thc 1^^^^ of each bi^uit given Jiad to correspond to the length 
(agpctitj) of the?fish. It will be apprcciatedi of course, that the nieatbaU 
^^^^^pd^^mJ^sj^l^Spfl^^ 

;^:Sf^[p5sh:i^ip nine^ t^v v ; 

Jbai^no#inyenhp)fi^^ r^; : ^ - :^ : " ^ 

;^!^^ 

^bi^adistagcs=asrf(^ - _v > ^ ^ ^ " 

^l^^fikchildfnierelygtidges in twns^o^^^ 
-^^ej^hioie^ianjiishi^^ 
: {^r^f^in^ 

: qyaHCati ve^pr^ iFis, in^Tact, onl\^;!kiiicLbKquali^ 

f Clppndencq. ? T : \~ T ; 

2. Nmnerkaj quantification begins^i^ 

tad^-e prope^^ between the lengths of^tr 

:^e^def 61 the^quantitie^ 
yet^een relations^^^y^ to^ as A' i^ toX:and^^oi/ortli^ at tliis 
stage:to be expressible only in the sunplest ccinlihal forui of .B- = A' + 

= B[ + I. Moreover, it.appears that this stage^coihes^^a^H 
iat^r when using the rulers than when using the balLs^, which are dis- 
continuous. _ ^ 

3. True metric proportions are not yet available, but the child uses pre- 
p^gortibns that are more conTplex than tliose of the ordinal type found 
in strfge 2. In fact, the type of preproportion used is what-Stippes has 
termed %perorrfmaZ, for one is, so to speak, halfway between an 
ordinal scale and metric proportionality. The ihter\'als between -4 and 
B can becomparcd^as more of less than tliediffexence between J5 and C. 

^ If the difference between A and i? is «- and that^ehveen J5 and C is b,_ 
-then the child's preproportionality is of the form a is to a' as 6 is to 6', 
but in which the equality of cross products is missing. 
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4. Relations between relations are understood and metric proportionality 
IS realized. 

. We liave, of course, known-for a long time that some children of ten 
years of age can solve flritlnnctie progressions. They can also work many 
verbal analogic, of the form "toe is to foot as finger is to hand " The latter 
involves a preproportionality that does not clemand tlie qquality of eroded 
products, and they can be worked at stage 3. " " 

I also draw your attention to five other experiments reported in the 
work previously cited (Piagct et al. 1968) . They are very hnportanFoncs, 
for they deal with the scheme of proportion in settings that employ phys- 
ical apparatus and ai-e_ germane to the work of the mathematics and 
science teacher. T would remind you again that Piagct and his colleagues 
are here stiidymg the quantification of well-formed functions. A function 
IS considered by them as a relation between the magnitude of two quan-^ 
titles, the variation in one bringing, about a variation in the other hi the 
same proportion. While their view of a function helps us in our search for 
the developiuent of the sclioine of proportionality, i' k of course 1g<.s 
general than the present-day mathematical definition ol . function ' 

A together, 353 pupils were studied in the five experiments, the ages of 
the former varying from six to fourteen years. Uiifortiiiiatelv;tlieimiiiber 
01 pupils taking any one experiiiieiit ranged from 41 to 116. However tlie 
experiments involved the following: 

1. The dcerease in length of one side and the iiierease in length of an 
adjacent side of a rectangle that has a j)erinieter of constant length 

2. Serial regularities of diameters and positions of rings placed on rods 
of different lengths which were themselves set at fixed distances 
apart (see fig. 1) 

3. Relationship of the size of a wheel and the distance travelled by a 
point on its rim 




~© 



10 cm rf-yr^"' 



I'tg. 1 
140 



Lovell / Proportionality uud Probability 



4. Eclationsliip of the size and ircquency of rotation of wheels and the 
distances travelled by objects at the end of strings the other ends of 
which encircle the wheels 

5. Relationship of the magnitude of a weight and its distance from the 
fulcrum when the arm of the balance is in equilibrium 

The Genevan workers claim that a ehikUposses through a number of 
rather well defined j^tages in the growth of his understanding of functional 
rolationships. Once again their results^ are suggestive; they now need 
confirmation. In the first, which lasts up to seven to eight years of age, the 
child has great diirieulty in relating the successively ordered valuer: of one 
variable to those of another; that the successively ordered valuer: of 
X and // in x = f {y). For c.^iample, in experiment 1 the decrease in heiglit 
of the rectangle does not necessarily bring about any increase in its width 
In short, there is an inability to coordinate variables. 

In the second stage, which arises around eight to nine years of age, there 
is growing awareness of simple eorrespondcnees— that on returning to the- 
same state one always finds the same values. ^For example, in experiment 
1 a given height always corresponds to a given width; in 3 a certain dfs- 
tance is always em-ercd by a point on the riin of a wheel oL given size in 
rotating once; while in experiment 5 a given weight is always suspended 
from a point that is at the same distance from the fulcrum when the 
balance is in equilibrium. This, in the view of the Geneva school, is the 
starting.point for constructing all functional varhitjon . But at this stage 
two problems remain. First, there is that of comparing absolute diflfercnee. 
In experiment 2ihis involves, at this stage, placing rings in position 
entirely in terms of qualitative scriations rather than in teniis of relative 
dififereiic , which involves comparing the difference between the diameters 
of rings, say X and 1\ with that between tlie diameters of F and Z. Sec- 
ond, there remains the problem of direct or inverse compensation in ques- 
tions of quantification. 

In the next stage, said by the Geneva school to^rise bctv eeii ten and 
ife^X^'O^^?^^?^ is much later in children 

of^verage^aCuitj^^ of a-solution to these problems are seen. 

In experiment 2, the child places ring 7 nearer to ring 10 on the rods than 
he does to ring 1. That is, he places the rings along the rods at distances 
from the end that are in ai)proximate ratio to the rings' diameters. IMore- 
over, when the rods of length 100, 75, 50, 25,.and 10 cm had to be seriated 
in that cxperimelit, j^ounger pupils had placed the rods at equal intervals, 
whereas ten- to twelve-year-olds realized that the distance between the 
25-cm and 10-ciii rods is less than the difl'erencc between the 50- and 
25-cin rods. Again in experiment 5, although the distance of a weight 
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from the centre of the arm is regarded as one unit— what is taken as unity 
may change from instance to instance— all other distances in a particular 
instance must be calculated in terms of that unit. Finally, in respect of 
inverse proportion, the child in experiment 4 can connect four terms— a 
small turn for a large wheel and a large turn {or a small wheel— in order 
to give equal distances travelled by the objects. ' 

It is the search for a law of progression for the actual values of the 
variables which marks the passage to the fourth stage. In Piaget's view, 
two conditions must be fulfilled before this stage is fully reached: the 
pupil must be able both to liandle the boundary conditions of the variables 
and the ratios between the successive ordered values of the variables. If 
the ftmctional law is to be expressed only in qualitative form, it is sufficieni. 
merely to relate the variables: height decreases as width grows, the larger 
the wdieel the greater the distance a point on the rim covers, the heavier 
the weight the^ nearer the_centrc we must hang it. The ten-year-old 
understands tlitse relationships. But it is fron^ twelve years of age 
onwards for Piaget— in my view twelve Jor the brightest and fifteen for 
more ordinary pupils— that the boimdary conditions can be established 
and the intervals precisely defined. 

Thus in expeiimeht 1 the limits are -between the sides of the original 
rectangle and a height of zero and a width equal in length to half the orig- 
inal perimeter; that is, as 'W^^O, 7 saniperimeter. The child has t5 be 
able to appreciate the neccssan^^md reciprocal compensations to regulate 
for all the transformations as the rectangle undergoes; the various changes. 
As far as the ratios between the successive ordered values of the ^'ariablcs 
are concerned, it is instructive to note changes in behaviour. Earlier in 
experiment 2 the position of each ring is determined by its ra»k^ that is, 
according to qualitative sedation. It is also placed according to the 
relevant and corresponding fraction of the rod, so that ring 7 is placed %q 
of the way along the rod. Finally, the pupil can construct true proportion- 
aHtics so that the ratio of the diameters of any two rings is equal to that 
of the ratio of their distances from the end of the rod. Again, in experi- 
ments 3 and 4 the final stage is reached only when the size of wheels, or 
size of wheels and frequency of revolutionj can be put into precise pro- 
portionality with the distance travelk'd. Even so, according to the Geneva 
evidence, relations of inverse proportionality conic later than those of 
direct proportionality. 

So it sccni's that the child only slowly and laboriously grasps the rela- 
tion between the niagniiude of two quantities when the variation in one 
brings about the variation in the other in the same proportion. At the 
outset it is a mere putting into correspondence two. values— for example, a 
larger wheel and a greater distance— or it appears in the form of some' 
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causal dependency— for example, the weight of a piece of iron depends on 
its size. The final stage depends on the elaboration of formal thought, for 
then tlie ratios between successive pairs of ordered values of a variable 
can be handled. . 

Many otlicr studies have confirmed the lateness of the growth of piipils' 
ability to handle metric proportion— around twelve years of age in able 
children and fifteen or later in ordinarjT-ones. These studies have been 
carried out-in a variety of content areas: 

1. Inheldor and Piagefc a958u using the balance, also the rings and 
shadow^xperinicnt^ 

2. Lovell (1961), using the same experiments as Inhelder and Piaget 

3. Lunzer (1965), employing number series an3 riuniber analogies 

4. Lovell and Buttcrworth (1966) 

This study involved the schc'me proportion using number analo- 
gies; the balance, also the rings ami shadows experiments; delation 
between the size of the external angle of a regular polygon and the 
number of its sides; nUio of the area^ cf similar triangles given-tlic 
diinension^of a pair of corresponding sides; and so forth. A princi- 
pal-components analysis showed that a marked general factor was 
in evidence, which correlated highly-with tasks involving the scheme 
of proportion. At the same time^ however, there were variations in 
the level of perfomiance of subjects across the tasks. 

5. Steffe and Pan il968i, using problems classified as ratios or frac- 
tions and presented in pictorial or symbolic form: 

But no one has yet taken representative samples of children and traced 
their growth longitmUnally in respect of the .scliemc of proportion, across 
many content areas. My forecast is^ based on other work at Leeds, tirat 
the older the pupil the more the scheme will be available in widely sepa- 
rated contexts. Likewise, the abler the pupil the: more likely it is that the 
scheme will be in evidence across different content areas. Inhelder (1969) 
has also pointed out, although not in relation to the scheme of proportion, 
that for pupils whose performance on the tests set was above average for 
their age, the differences between their results in one- field and those in 
anotlier were less than that for pupils of average and low levels of pef- 
formancc. Inhelder stated, *Their behaviour was iiioic coherent in very 
different fields like space or time onihe one hand, and logic on the other." 
Below-average subjects showed far greater inconsistencies. We need to 
know, too, what influence progress in respect of the elaboration of the 
scheme of proportion in geometric examples has on its implementation in 
nongeometric contexts. Again, we want more information on the develop- 
mental process and the specific difficulties pupils encounter.- Most of the 
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time we have to accept cro^^-^cctioiial studie^^, but these too often fail to 
attahi tiie fleethig, transitional stages and the .subtle iuUini^tion between 
learning indifferent fields. Only longitudinal studies will answer ^onie of 
the questions we want to ask iin^spect of the scheme of proportion! Such 

^studies alone will reveal if some contents and contexts arc more facilitat- 
ing, so to speak, than others and wliether there arc large individual, differ- 

. ences between pupils with respect to content. For niatheniatics and science 
tc acliers who depend greatly on their pupils' having available the scheme 
of propoi tion. such work would be^f great value.- \ 



^?iagetjjhcp^ of 
41^ir stmlies^o^^icr^lii^^ prolml )iHty\ - 

wisli^o^nentioiip^eiy^briefly 0^ 

idraw^your aUentioii lafr^^ a recent stud\^ invQlviiig: tlie teaching or 

j)rbl)ability. V /; V * ^ ^ 7 ^ V > ^^^^ 

: ^C)ne aci)<y:iiii(^iqyoly^ mm ot w£idh: :liad\ a zCtoss^on-their 

.Hic^^Mnlc^lje QthepL<!u|;.i^ ^tellp3#n4w:o;^ixfui^^ot^^^ 
couJitei% \vith flic cm f'pl. _ 

lo^'ing this the cpunt^f^werci^prned^d ^ere^i^le; 

^acli of tiiq^bvo gmups 0^^ ^he tast 

for the subject wa^^ 

ing coiinler with: a ci'oss> The easier cxaniples involved coifiparing 
groups containing./say, t\\^o^crosscs:oilt of fqur counters with 7X*r0f crosses 
out of ^foiir counters. Later tasks jrivorved groTip^^^^^^ 
_ortwo_couiUcr^ lnid two crosses ouF^ five counters. 'iMftni])shot waVtliat - 
cliildrenlin iniddic childhood inadc ^gine atteiiipt to quantify prolm 
buttlieir predictions Avcre always inade^on tr 

ber of counters with crosses in the gr6u])s and notion tnc basis of the ratio 
of the number of counters with crosses to the total number of counters. 
That is to say .Jtlieichikr at tliiji sta^e .seems to be able to compare ratiosf ^ 
lie cannot reason in terms of *t he propoHfons of counters with crosses to 
total counters. ImimMn^PiagctVview the quantification of probability 
demands the onset^otrorinaUopernrional though 

But jii order to tackle quantitative pivFability the child has to be ai)le 
to handle, in addition to quantitative proportion, the permutations and 
combinations according to which a set of elements are grou|)cd. For 
example, in one study k Avas made ck^ar to4lic child tl at a bag contained 
twenty red and twenty blue jnarbk?s. He had to preteiuUo draw marbles 
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from the bag two at a time and predict how many pairs would be all blue/ 
how many all red, and how many would contain one red and one blue. 
Pupils at the preoperational stage of thought tended to neglect the ran- 
donmess of the situation and tliink ohl\' in terms of blues and reds. At 
the eonerete-operational stage of thought they realized that more of niixed 
colour are likely to be drawn, but they could not give accurate estimates 
of probabilities since conU)inatorial operations were not available to them. 
But the older pupil does give accurate estimates of probability as this 
protocol provided by the Geneva school shows tPiaget and Inlielder 1951, 
p. 223)4- ; ' ^ ^ ^ 

''^lore likely the niixed: ones'\— 117*?/?— 5* Becau?^ voir put Jn:40 marbles. 
So there are more chinices of taking- mixed oneif: half, the chances''. — Could 
we have all mixed o}ic^-!^"lbh:it \\'oiM^^^ draw 
from the bag many times 'I — "Ten n i ixed pai rs, 5 red ones, 5 blue ones". 

*4 recent study involving the teaching of probability : 

All interesting study has, recefitly beeir reported by Shepler 11969 1, He 
set ojit with two objectives: -to test the possibility of teacJii^^^^ in 
probability and statistics to .a class-orsixth-grade pupihf and to coii- 
struct a set of instrii^ionaisiiiaterials and procedures in probabilitv: and 
statistics for such students. ^ - " ^ ^ = 

Twenty-five pupils were'cliosen froiii a population of six ty r^even sixtji- 
grade pu|)ils by the school staff All those w lio underwent tlie expcriinental 
feaehifig jn ograniiiie agreed_-to do sorTJie incaii scores of these pupils on 
the Lorge Tliorndike IntelligencaTest, Level 3, Form A^ and on the Iowa 
Tests of Basic Skills were aboye average: ii) the cgse of the former test 
the mean I.Q. was 117.7. In other words, the pupils involved were average 
to above average in measured ability and they had ho reading difficulties. 
It will, course, be realized that the ablest of these pupils must have 
bc<fn bordering on* or perhaps at, the earlier stage of formal-operational 
thought fPiagct's stage IIIA). r ^ 

Slicpler s J eport outlines earlier experiments in the teaching of proba- 
bility to sixth-grade pupils and gives details of his own teaching pro- 
gramme. Topics included reading and constructing a bar graphj subjective 
notions and vocabnlary of probability; graphing data: probability of an 
event f one dinieiisional and two diniciisional I ; performing experiments 
(verifying dccisi^oiis made in terms of probability) : and estimated proba- 
bility^ ^ ^ ^ ^ 

A protest was given, an excellent teaching programme lasting nineteen 
days instituted, and then a |)0Sttest~\vas given. There is no doubt from 
the results of this study that, given first-class teaching/ jjelected sixth- 
grade pupils can be introduced to notions of probability. In the posttest 
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almost all the questions were answered very well indeed. For e?caiuple, 
there was a 100 percent correct response to tlie^ following problem: 

Spin the spinner ffig. 2» /uutinics. What is the probability of getting 

a *'2" on the fir^tspin and a "i'' on the second?* 
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^ Fig. 2 ^ 

jAgain there was a high percentage of correct relponses to. the following 
question: \J 

Two dice are thrown, (inc red ^ind one white. The sum of the faces 
^ turning up 5> recorded. Whatis the iiiobabilitv of getting jvsuin of 
2br3? - * -- ^ ^ 

All questions of this typeJijvoLving small numbers, fohn intuitive (lata, 
and they can he solved^by multiplicative classifieation. They can, tliere- 
. fore: ba successfully tackled by pupils with very flexible cQucrete-opera- 
tional thought or at the earliest stages of ionnal thoughtr 

But there were just two questions in the posttcst to which the correet- 
icsponse rate was low. It was possible for only thirteen pupils out of the 
twenty-five to give the correct response to the following question involving 
estimated probability; - - - .- 

In 6,000 spinsj>f_ the spinner I fig. 3l . Bob gets 2,053 reds. What 'is 
the estimated probability of getting a red on the next spin? 
In this instance, although we are dealing with a finite number of spins, the 
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iiuniber \^ not small and tlu^ data arc no longer inUiitable. Fonnal-opera- 
tional thought is now required. Of these thirteen pupils, some may have 
learned to respond in rote fashion, knowing the probability was < 1. In 
the other question, which involved an estimate of a probability using 
large numbers, only seven pupils obtained tlie right answer. Piage't's 
(Icvelopnie ntal !>s ydiology hereJielpgjjs^to under can, and what 

is not likely to, be~!^glJPprofitlibK* _\vitli sixth graders depending on 
their general level of ability: 

Probability and statistics 

It is trite to !?ay that an understanding of probability underpins stu- 
dents* capacity to make jirogress in statistics. But the point must be 
made. Indeed, it is worth looking at the evidence provided by Inlielder 
and Piaget (19581 on the growth of pupils' uiTderstanding of correlation. 
This work was repeated hy us some ten years ago (Lovell 19611. 

In the task set, the subject was presented with sets ot cards on which 
were pictures of girls with fair hair and blue eye^. fair hair and brown- 
eyes, brown hair and blue eyes, and brown hair and brown eyes. Foi^ 
example, he could be presented with a set of cards for which a =^ IL 
/; = 3. c ~ 2, d ^ 8 {sec fig. 4i and then be questioned abjout the relation- 
ship between hair colour and eye colour on the cards. 
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The Geneva .school Unhelder and Piaget 1958. pp. 232 ff.l laid down no 
stages below IIIA— the earliest s^agc of formal thought— although in our 
own work we did lay down criteria forearlicr stages; However, atstagelllA 
the pupil can estimate probabilities as rclationshij)s between positive con- 
firming ca.-ies and those cases that ar^ possibly reJated to the characteristic 
in question. For example, he knows how to judge the chance that a given 
girl has fair hair if she has blue eyes by comparing a to b or to a 6. 
But the subject is unable to sum the positive and negative confirniings 
{(/ + d) and relate these to the sum of the noiiconfirming cases t6 -f- c) 
or to the sum of the possible instances, « + 6 + c + rf. 

At stage IIIB. however, Geneva claims a spontaneous relating of con- 
firming to nonconfinning cases and to the sum of all possible cases. Tins 
adding of a and ri. also 6 and c, marks the appearance of correlation in the 
strict sense of the word. The protocols given f Inlielder and Phiget 1958, 
p. 240| clearly illustrate the stage,. In our w. rk we found pupils needed 



147 



Piagetian Research and Mathematical Educatioit 



more prodding at this stage than the Geneva school^uggests, but this 
might well have been due to our sfample. 

Once again Piaget*^ dqyelopniental system helps us to judge better what 
aspects of statistics can profitably be introduced into the elementary 
school, such as the graphical representation of data, simple measures of 
central tendency, and elementary notions of probability— the last topic 
with the abler sixth-^rade pupils. But it will be junior high school or later, 
depending on the ability of the pupil, before he will be able to understand 
probability in a niore formal .sense, thus laying the foundations for statis- 
tical inferenH'. Moreover, from the point of view of investigating the 
student'^ growing undei^tjinding in mathematics, the fmmdations and 
applications of statistical inference constitute a researcb area that remains 
wide open. _ = . * 
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Number and Measurement 



j^\vo basic^concepfsf 0^^^^^ arc number and ineasiifein^^^ 

iiral=iYiiinlJers3ver^ 

trasfe 3?i ageK^inaintgifis Itl^ ^allr^niirtli^inMH^^ in€ 
con^tructedSby inan f4ttc^ 

jUniib^^is^^lS^ ^ ^ / V 

©•ideritly,-tliese^cg^^^ shouldinbtr }3e 

confused ^\vith^t\vo?^diH^^^^^^ 
tiring.:: Qntlre^otirer^l i^^^ ^ 
nuijlber--in4l)e sense lof^an 

the notion: of :con?ervation^^ althougli :tirey: are. n^^ 

equivalent or contempprm tfie Unie Ava>% tliere is a^ jink 

between inejisufcinent^ and;^c^^^^^^ iVgam^ those 

are iicitlier equivalent : i^^^^^ coiftpletcly contenipdrancous. :T!ihalh*, 
altbpugh the concepts "of^number andvu 

simihir, there is a very close relationship between them a^ regards tbeir 
niodeof construction in development. ^ " „ 

Number 

According to Waget, the concept of nuiubc^i' i^ derived irom the syn- 
thesis of the ifystem ofi operations pertaiuihg to classes (with reversi- 
bility by annulnient) and that concerning rclationsr (witlLrcversibility by 

The fescardi oft wliidi this paper is based, a.* well as asj?istanco from 
Mr.^. Sus:nrWc{(g\voo(l, was aided by iho Ford Fouiidalton Grant no. - 
680^10.^ - = - - . _ - ^ 
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reciprocLty). To handle a finito collection of objects from the point of 
view of their number, one has firi?t to eliminate all qualities of the indi- 
vidual elements so that they become identical and thus interchangeable, 
whereupon it is still possible to arrange them into classes that arc in- 
cluded one in the other (serially inclusive) sucli that 

(1) <(1 -I- 1) < (1 + I + I). ^" 
nn(t_so on. The individual elements nmst still remain distinguishable; 
otherwise the same element might ether be counted twice or forgotten. 
Sincaall individual qiiahties have been eliminatedj the only way to keep" 
the elements apart is by their order (their position in space or their suc- 
cessive appearance in time: 1 -^4 1 -> , etc.). Using both clas.s in- 
clusion and .serial order, we arrive at 

((((IX^ !) !)-> I)/ __ : - 

and SO on. = 

Many re^jpoiVses of children to problem situations concerning this de- 
velopment exemplify this theoretical analysis of the construction of 
number. The difficuky of divesting individual elements of all their qual- 
ities, and thus of totafly eliminating class charaeteristies except for their 
numerical value, is demonstrated in tlic following experiment. Starting 
from two collection.^ of counters, red ones and blue ones^ with the^jlue 
collection far more numerous tfian the rcd^ the experimenter and the child 
take counters from tlie two collections* the child from the red and the 
experimenter from the blue. They take one counter at a time, always 
at the same moment. Having repeated this action of taking a counter 
four or five times, the experimenter will stop the proceedings and ask tbe 
child: *^Do we both have just as many counters? We each took our 
counters at the same time, you a red one, and I a blue one, remember?" 
Very curiously, the cliikl may answer: 'TtTou've got more counters than 
I have. Look, you took them from that big lieap; I got them from tlie 
small heap.** The child s argument seems to be l)ased on the following 
thought: All counters from the red collection arc red: all counters from 
the numerous collection arc numerous (Greco et ah 1G63, p. 82). 

The difiiculty of understanding the serial inclusion character of number 
is also illustrated l)y an experiment designed by A. Morf (Greco and 
Morf 1962. pp. 71 IT.). For the cightrycar-old, it is quite clear that 9 
includes 8 and that to gel to 9 one has to pass through 8. To five-year- 
olds, however, this does not seem to be clear at all. In this experiment, 
there is a collection of little cubes. 7 or 9. on the talde. In front of the 
expeiimenter there is only one cube, and one by one he adds cubes to his 
collection until he has a good deal more than 9. One first makes sure 
that the child knows that in the beginning be had more than the experi- 
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menter (9 as against 1) ami also that after the adding of cubes the 
experimenter has more. The question now becomes whether there is a 
point in the proceedings when both had the same number of cubes. The 
five- and sometimes the six-year-olds are not at all sure. Some typical 
responses are: **You can't be sure; it could be fii-st one too few and then 
one too many'* or, quite explicitly, 'There can be more and then loss and 
never the same at all" These children seem to admit that it is possible 
to jump straight from not enough to too many. 

Other peculiar behaviors have been found in different experiments, all 
showing the complexity of the construction of the number concej>t. In 
the numerical conservation experiment a preconservation stage has system- 
atically been found (Greco and Morf 1962) where the following phe- 
nomenon appears. There are two collections of red and blue counters^ 
fir-sl arranged so that one ir underneath the other in an optical one-to-one 
correspondence atid then one is spread out to make a longer line. Before 
the age of five or six, children will affirm that there are oioXv more blue 
counters (in the longer line) than rcdrones, or (hat there are no longer 
enough *red counters to cover every blue one, or that there will be blue 
ones left over, and so on. If they are then a.'?ked to count the elements 
in the undisturbed collection, they find that there arc 7— they may ^ or 
may n ot- Ira ve counted correctly, but we accept their answer. If then the' 
experimenter covers .up the second collectioii with a piece of paper and 
asks iiow many counters there are underneath the^ paper, children at this^ 
particular stage will say, *7 too.*' For them, there seems to be no con- 
tradiction between the two statements: "Thcnv are more blue counters" 
and 'There are 7 red and 7 blue." Greco (Greco and :\rorf 1962) has 
called this phenomenon the concept of quotity. which precedes that of 
nunierieal quantity. ^ 

A similar behavior has been found in a quantification of inclusion 
learning ex|)eriment. Here we have two dolls, a boy aiid a girl, and the 
experimenter gives one of them a coljection of fruit—fpr instance, 2 
apples and 4 peache.^. The child is then asked to give the other doll "just 
as many fruits, just as much tq. eat, so that it's fair, b\it give your doll 
more apples because he's very fond of apples." At a certain stage, chil- 
dren are capable of doing this and will give their dolls 4 apples and 2 
peaches, keeping the total number of items constant. TIoweve*% when they 
have assured us tliat "now the dolls have just as much to eat, nobody's 
jealous, it's {juite fair." we cover the collection where they themselves 
have given more apples but the same number of items and. ask them to 
count the^sample collection. They say. correctly, that the ^first doll has 
>ix items {fruUs] to eat. When asked if they can teJl us. wfthout uncov- 
ering the other collection/ how many fruits the other doll has. they say. 
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'•Eight, because I gave two more apples.'* Tiiis is not a simple lap^e of 
iiieiiiory, because wiien we ask how this is possible, since they themselves 
made sure that everything was quite /air, they explain: "Yes, ifc^s fair; 
they have the same to eat,^but one has 8— he's got 2.applos more— and 
the other has e.^ Once again, what to us is a contradiction between two 
statements to them is no more .than a linking of two compatible affirma- 
tions. It is only during the transition stage that children become con- 
fused and perplexed by their own answer, a factor that is particularly 
clear in our learning experiments. At that point it is often possible to 
invent a slightly easier situation where the solution ^suddenly becomes 
clear to the child. For instance, in the quantification: oT^nclusion prob^ 
1cm, one can then suggest^thal the child give only apple.? to his doll; in 
tliis situatjonjie docs not need to adjusts the-nuniBers^ of the two su^ ^ 
classes, and the numerical problem snll beconie clcar-^2 apple! and 4^ 
peaches are 6 fruits, and, of course, the other doll has also 6. 6 apples. ' 

Other curious^ answers have been observed by Greco in an experinient on 
the acquisition of the concept of ccnnnutativify of addition. To an adult, 
or even to an eight-year-old it is quite clear that 7 4-^3-== 3 + 7, and 
iris difficult to imagine that this may be an insoluble problem to a five- 
year-old. TJie following experiment was effect cd by 1^: Greco fGrcco^ 
^lorf 19621. Seven yeHow ears (not all the^same length) and three red 
cars are parked bumper to binnpe^along UiE sidewalk C a wooden ruler). 
A parking sign is then placed level with the back bumper of the last car. 
Now the cai-s ai-e tak^?n away_ and the child is asked to park them again, 
but this time the red ones first and the yellow ones afterwards. The three 
red cars are -parked and one of the j^ellow ones when the experimenter 
stops the proceedings and asks the chjld whether the line of parked cars 
will exactly reach Jhe parking sign or go further or less fai% The a^^^^ 
may be^'Oli less fai-this time; theres a lot of room.** Even if the experi- 
menter says, "But weVe going to park all of tbeni.-the'Yed ones and the 
yellow ones, just as before," they answer, "There aren!t^ nuiny red one/ 
ill the street; the yellow ones won^t go too far . . . there is more room 
than before!" For .such childreiK 7 + 3 is not the same as 3 + 7. 

These few examples will liave to suffice to illustrate the complexity of 
the^onstruction of the number concept. Several other experiments show 
the same kind of paradoxical answers and the same confusioii.^i/ The 
well-known numerical conservation tasks doliot secnijo impl>- an imme- 
diate and complete understanding of the nature of nrtcgcr.'j/The curious 
n^sponses to several number probleins seem to confirni Piagct s interpre- 
tation I resulting from his theoretical analysis) that the concept of number 
is derived from a synthesis of class inclusion and seriation. 
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During tlie concrete-operational period, the child not onlyjearns to 
^ handle, in a logically '^oherent way. relationships between discontinuous 
objects, but he also begins to be able to deal with spatial concepts. Ac- 
cording to Piaget. this type of operational structuralization is exaotiy^ 
parallel to Jthat of classes, relation.^, and numbers. The difference lies in 
the fact that in spatial operations one has to act on continuous objects 
into which units have to be introduced before they can be quantified. 
Measurement of length, foY instance, Implies several steps: first, a unit 
■ has to be partitioned off and then this unit? has to ba displaced without 
overlaps or empty intervals, which corresponds to a seriation; second, 
. these continuous units form inclusion.*s — the first bit one has measured 
is included in the bit that comprises two units, and so on. Thus, measure- 
ment i:5 construct<?d from a synthesis of displacement and additive par- 
titioning, parallel to that of seriation and inclusion, which constitutes 
the number concept. ^ \ 

However, this first measurement concept (length) is achieved rather 
later than that of number : the time lag is between six months and a yeap. 
There is an evgn-greater time lag— two to three \'ears — between acquisi- 
tion of the corresponding conservation of length concept and the simple 
numerical conservations. Although the psj'chological construction is 
parallel, dealing with continuous elements is very much more difficult 
than dealing with discontinuous units. ^lorcover, there is no easy way 
to lead the child from one to the other, as has_ been amply demonstrated 
in a learning experin\ent designed by Mugali Bovet (Inhelder and Sin- 
clair 19691. Several different situations were set up with the aim of 
making children, who easily succeeded in the numerical consen'ation 
task, realize that they could apply the same reasoning to lengths, or roads 
as they were called in the experiment. Matches were glued onto \\m 
toy houses so that roads could ha constructed (with different contoursf 
whose Icngtlis could be evaluated by the number of houses along them. 
We wondered whether childrcii, who in a pretest had no trouble under- 
standing that a change in the dis|>nsition_of one of two lines of houses 
originally set up in^i one-to-one correspondence did not alter the number 
of houses (or the numerical extension of the two collections!, would im- 
mediately understand that the two roads, (that is. the nnitclies which had 
been glued to the housesi would also remain the same length. In this 
situation it is easy to ask questions alternajtely on the number of houses 
and the length of the roads. For oxample: *Tf you walk along here, do 
you go j)ast as many houses as on the other road?" "Are There more 
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Jioubcs oil this rctcd than on the other?" you walk along here, do you 
have further to go than if you walk there? Will you be just as tired, or 
more, or maybe less tired?" For some children, there is no connection at 
all between the two types of questions: the number of Houses is the same, 
but the roads? ''The roads are different, one is much longer, because it 
goes further (the straight road, compared to a zigzag road) ; you'd be 
more tired, because you have further to go. . . Other children seemed 
to catch on and argued, "Same number of houses meaius^ same nuinber_of 
matches; same number of matches means same length of road." 

However, in a second j)art of the experiment, cliildrennverc asked to 
.lu(i^e comparative lengths of road, which the experihientcr had con- 
structed either using equal-leiigUi or unequaUlength inatche:?; in addition, 
they were asked to construct roads of the same length as the experi- 
menter's, but this time using shorter matched and following different 
contours or starting from a different point. In fact., using only matches 
of equal length means Jliat the experiiiienter has ah'cady solved part, ot 
nhe problem for the child, who can iiow simply uUcard his intuitive solu- 
tion, whereby iie judges distiiiice by points of departure and of arrival, 
in favor ui a counting procedure where he judges by number of elements. 

Having *1earned'^ in the first scries of ju'oblenis that the length of a 
road can be judged by counting the number of matches, and having cor- 
rectly solved a number of problems dealing with matches of equal length, 
one of our subjects was faced with the following situation: seven shorter 
matches making a road of length equal to one of six longer matches, the 
two roads being in a straight line, one dircctlv underneath the other (see 
fig.l). " ._- 

^.O^ZL^-^ O-r r^ r,==X^=:=a (6 matches) 



^=~=:xj =-r } t3 ^:^nr== C i x y= ::i :- a — =0 (7 matches) " 

r\A. 1 

This situation poses no {problem even for children wjio do not have any 
conservation of length; they correctly judge the roads to be equal. After 
the learning procedure, however,' one child announces that A has less far 
to go than B. since there are six matches as against seven. She explicitly 
refers to A as being le.^s tired and to /^Woad as being longer. When dis- 
cussing the situation wkli the experimenter, she changes her mird several 
times: *%Saiiie length, because I can see ju Uicy goTust as far; not the 
same length. Fve counted the matches, there are six here and seven there.'' 
At no point in the discussion docs she refer to what would conciliate these 
two differ at answers, that is, the unequal length of the matches. 
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The following ^Mtuation (sec fig. 2i was also presented: four matches 
in the top road in a ^traight^line; six matches in the bottom road in a 
zigzag pattern; departure and arrival coinciding; and all matches of equal 
length. One subject answered: *'The roads arc exactly the same . . . except 
that you've put a bit more in the bottom one so that they're the same 
length.^' An involved bit of reasoning, which left the child himself rather 
perplexed; after a minute's hesitation, he said: "But then, why are they 
the same? -.That's what I'm wondering about — that's what's funny." 




Fill. 2 



The following is another example from the same learning experiment. 
In the situation where there arc fourinatches in a straight lino as against 
five in a zigzag^nc of-our-subjccts_counts correctly: four at thc.bottom, 
five on top. But when wjc^rsk him about the roads: he is convinced that 
they are the saii? length: **Yoif(hbe just as tiredj they go just as far; . . . 
Counting once again = has no effect on his judgment of length. After the 
same subject^has correctly solved a number of construction problems, we 
come back to this situation of four as against five matches. This time 
light^has dawned and the answer is correct. But the child remembers his 
wrong answers and. when we ask him to explain, says. "Because I didn't 
count properly, because that (j)ointing to the extremities) came^to the 
same jilace." This answer also takes some working oiit; in fact he had 
counted correctly*- -five as against four— but he had not been able to 
make the correct use of \v'' counting, discartiing it in favor of a judgment 
based on the ordinal jiroperties of the configuration. 
The situations where the child himself Had to construct a road equal 
in length to a model, using matches of difterent length than those^ised 
by tlu» expcriimntej (seven small matches ecjual five Jong matches) were 
those tJiown in figures 3-5. The only situj{tion ofWese three which can 
be solved innnediately by a child and whose solution gives the correct 
answer is the problem shown in figure 5, five long matches equal seven 
short ones. 

The primitive way of judging lengtlPis ordinal. It is therefore notisur- 
prising that children who do not conserve length construct their road in 
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figure 3 so that its extremities coincide with those of the expeninenter*§ 
road— in fact they need only four of their matches to do thft. 

In figure 4, however, the ordinal judgment docs not come into play 
j'incc the roads are too far removed from each other— the road to be built 
i;? not directly underneath the model. Here we ^ee tlic other primitive 
way of judging length, that is to say, simply by counting the elements 
without paying attention to the fact that the matches are not of the same 
lengths arid cannot therefore serve as units. 
Figure o would again be easy for a child who doc^J not yet have length 
-conservation, since here the right solution is innnediately obvious when 
one uses the ordhial criterion. But after the other situations, the cliildren 
in tliis experiment often have trouble with this i^roblem. They count the 
matches in the experinienter^s road, five; they take five of their own 
matches* put them end to end, and then decide that the problem is in- 
soluble. 'It can't be done; my matches are not right, 1 need matches like 
yours." After a while, however, they will realize that the difference in 
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the lengths of the matches can be con pen .^a ted for by using more of them. 

By virtue of having solved the third problem (fig. 5), the children are 
now ready to do better on the first and second problems. For the first 
I fi^^*-35Tone" might have expected that now the correct solution would be 
given innnediately: seven MiuiHer mutches will make the same length as 
fiva long ones. Thi.s- type of reasoning implies a grasp of transitivity^ 
which, according to tiic theoretical analysis, is achieved only with the full 
structuralization^of the system of transformations. And indeed, the chil- 
dren who progressed this fur in their reasoning were capable of solving 
all the.,problems of eonservution of lengths in our posttesf (in which we 
used wire that was twisted and no units were involved). But many others 
came up with interesting compromise solutions to the first problem, Son)e 
-children^ broke one of their matches into two pieces — thus^ constructing 
a road^that did not go beyond that of the experimenter but which had 
the same number of "pieces"— with Total disregard for the fact that not 
o nly we re the pieces in their road difTercnt from the experimenters units, 
but the pieces themselves~were not all tlie same length.= Xumber is cer- 
tainly beginning to have something to do with length, but in a rather 
queer way. ' ^ 

The following is an example of another type of solution Hmt sxml'IUI^ 
slightly niore advanced. Again wanting to enualizc numbers iu the two 
.oads, the children used one extra match, but they put it vertically, so as 
not to disturb the coincidence and so that, in their opinion, "the roads go 
ju>t as farrbur you need more of the smaller matches than of the long 
ones." 

,\ third type of compromise solution goes even further in the right 
direction. These children comply with the instruction that their road 
should be straight; they also apply the principle of ^'more smaller 
matches'' and put one more match on their road, thus **going beyond" the 
experimentor s. However, when they look at the configuration, they may 
break off a ])iece — their road **gocs too far." ■ ^ 

The compromise solutions illustrate very clearly the difficulty of co- 
ordinating several patterns of reasoning in the problem of evaluating 
lengths. Judging by the points of departure and arrival is one, and in 
c(alain situations this mH^4>e sufficient. Grasping the importance of the 
number of units is another, which, in the case of two lengths already 
partitioned into the same units, is sufficient. Grasping the fact that the 
number of units only applies if the units are all the same and that if this 
i*^ not the case then compensations have to be made is another step in 
the right-d irect ioiVFinally, in the most difficult situation, only a coordi- 
nation of these. differenl principles coupled with an understanding of the 
transitivity principle will lead to the right solution. 
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This long analysis of the problem of length seems to provide another 
illustration of the eoinplexity of the concept and to confirm Piaget's view 
that measuremejjt results from a synthesis of serial displacement and 
additive partition, just as number results from seriation and inclusion. 
It also illustrates the danger of presenting children with tasks that can 
be solved by simple application of an, in itself, insufficient type of rea- 
soning. 

^im-cvcr, in the general fiamewoik of cognitive development, these 
findings concerning number and length give rise to some questions. As 
we have said, during the beginning of concrete opcriUioiis the one-way 
mappings of the preoperational period and the. functional dependencies 
which lack quantification and reversibility change to operations in the 
Piagetian sense of the-tenn; that is, inteiiorized actions that are re- 
veisiljltf, form a system with invariants, and allow new modes of com- 
position through transitive reasoning. Although this giouplike structure 
and the different types of operational structuralizations that derive from 
It are characteristic of this whole period, certain tasks prov e much easier 
and are therefore solved jnuch earlier than others. In a general wav, this 
IS understandable. IGoiieretc operations arc c.lled concre/e because they 
are based on real, actually possible actions. Thus the content of a prob- 
lem, quite apart from its structure, can make it easier or more difficult. 

The very first conservation is that of numerical quantity— numerosity, 
to avoid the word number. The nature of the series of whole numbers 
Itself become? understood only gradually; in our examples we did not 
even touch upon what hapj)cn.=! when number problems concern hirgc 
numbers or even infinity. Another basic conservation is that of matter— 
a peculiar. seTciningly abstract concept that i-} nevertheless grasped before 
the more precise conservations of length and weight. Now, it is under- 
standable that conservation of the numerical quantity of a collection of 
discontinuous elen.ents is achieved earlier than that of a continuous 
quantity. But why should the conservation of a continuous quantity fas 
illustrated by the problem of two balls of Plast;cine,,one of which is 
changed into a"^atv?agc^_ a pancake, etc.) bc-achievcdHTarlieLthan the ^ 
.■orrespoiiding probrem of length? The latter problem obviously does not 
demand a capacity to understand the abstract concept of length as a line 
with no widtli at all; the children are presented with bit* of wire or very 
thin sticks and their width does not create any additional difficulties. In 
the Plasticine problem they have to deal with a thiec-diniensional ol)- 
ject— why should that be easier? 

There is another 'point. In all conservation problems one of the factors 
that accounts for nonconservation is the tendency to make ordinal judg- 
ments based on the ideas of going beyoml. ovcrtakinq,i\m\ so on. This i.'^. 
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of course, linked to the one-directional way of preoperational tlioiiglit- 
without reversibility. However, this same factor i? at work in all con- 
servation prohlenis; why :?hould it.^ influence be so powerful in the case 
of length? 

It does not seem inappropriate to finish a paper on the development of 
concepts of number and measurement with a catalogue of questions. In 
fact, it illustrates rather well what Piaget means by equilibration — the 
solution of one problem inmiediately leads to a new series of questions, 
which had not been envisaged before. The achievement of one stage in 
cognitive development implies ajL the same time that a new stage is in 
preparation. Or, as Piaget once said in answer to a question on how he 
felt about the future of ps^ycliology. "I am very optimistic indeed, every 
day I see new problems.'* 
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The Development 
of Some Mathematical ideas 
in Elementary School Pupils 




This paper deals with three issues: (1j properties of the .set of natural 
mnnhers.- i2j equalisation of dilTerenccs leading to averages, and «3) 
adjustments and eonihining of odds and ovens. ' 

PUORKHTIK^ OF TlIK SkT OK NATtllAL. NUMBEIl?^ 

A brief deseription will he given here of tlu^ experimental findings of 
P. G. Brown {1969). 

Sample ^ 

Pupils were'drawn from the top class of a British^ infant selrool and 
from each of t^ie four classes of a junior school. The ages of the chihlren 
tested thus ranged from 6+ to 7-f years in the infant school to 10+ to 
11+ yx^ars at the top ot the junior school. However, each school had a 
two-class entry, unstreamed for ability, but with classes arranged accord- 
ing to age, each class having an a^e range of appro.xiniately six months, 
riiere^vere roughly thirty pupils in each class. The pupil- were said to 
form a representative sample from an urban area. Both schools used what 
are described as "traditional mixed" methods, tlii.^ designation indicating 
that there was a greater degree of inquiry and self-critieisnTwith respect 
to the methods employed than with the "traditional ihroughout" method. 
However, both schools math* little use of structural materials. 

From each of tlu- two classes at each age level, nine boys and nine girls 
were ranrlondy selected, making 180 pupils in all. At eacli age level, nine 
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stnmling of ihv following: 

IdcMitity |)ro|)LMly — luklition 

Onninutative property — nddition 

A^'^'Ocintive properly — addition 

Identity propertj' — multiplication 

Connnutative property^ — ^multiplication 

.■U'?ocintive property^ — iniiltiplication 

Di^'tril)utive property— multiplication and addition 
Each .section of the test began with practice examplej?, and there then 
followed a number of e>:aniple.«: to work. All instructions were given orally, 
with practice examples written on tlie blackboard where ncces.*ary. 

We are not priniarily concerned with the written tests. However, it is 
necessary to indicate the general form of the written tests, ^ince the indi- 
vidually administered tests paralleled them. Examples for testing a child's 
knowledge of just two of tbe properties are given. 

Identity property — addition. Put the correct numbers in the empty 
boxes and underline the one example that is diflferent £i*oni the others: 

5+ 0 = D 

Comnintative property — addition. Put the correct numbers in the empty 
boxes and underline the oiie example that is different from the other--: , 

4+ 2^ 2 + 0 
2+ 5 = a+ 4 

o + n= 1+ 6 

□ + 3= 3+ 3 
7+ !=□+ 7 

The individually administered tests 

There were nineteen tests, all individually administered, that covered 
the areas indicated below. Sometimes there was more than one test used 
to examine a law. 
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(Marbles were only added or removed if tbe child he*iitated7i 
Tbe following lists the possibilities for otber questions: 

I. Odd + 1 2. Even +1 

3. Odd - 1 - 4. Even - 1 

fy. Odd + 2 _ 6. Odd + 3 

7. Even +2 8. Even + 3 

9. Odd - 2 ^ 10. Even - 2 ' - 

11. Even -3 12 (Kid -2 

Stki» int. Tbe experimenter asked : 

"If you p it an unknowiH^cdd number of marbles into the marble 
cimtc : nd then add tbe imyj^to from another odd-number chute, 
woubt t!ie whole row of mai"lMes bo odii or even?" 
If there was hesitation on the part\f the child, the marbles from suit- 
lible tuoes were combined-ij) the marlle ehute but tbo >liding cover was 
used to prevent direct verificntioa. IiKthis way a test was made Un". 
1. Odd +Od(l " 2, EveiiVOfid 

3. Even + Even 4. Odd +NCven 

Stki* 6b. Here a test was made for tbe efl'cct of combining the sr ne odd 
or even unknown number iliree or mure times. The procedure was the 
^ame as in ija. If sneres.<ful in the case of 'Hhree times," n free range 
of supplementary (piestions was asked: for example. 

"ff u^- iint thr^;nuT-Tidd lunnbrrHnFf^rnnbli^into^the-clnite five ti 



Closiiirc' |)ro|)orty— imtltiplk-atiou 
Conmiutativf propei-ty—nniltiplifatioii 
Associative propt-rty— multiplication 
Distributive |)ropt'.-ty— multiplication over addition 

It is impossible to discuss all nineteen tests; indcvd, onlv tinve will-l,.> 
.loa t UMth m detail. But tins will give an idea of the kinds of tasks set and 
(.1 ho form of analysis. It will be appreciated, of course, that the first two 
tes s arc based on Piaget's stu.ly of unprovoked correspondence and of 
additivo cou)|>osition respectively. 

Connnntative mverlu-addilion. The materials used were ten rod and 
on blue Unfix cube... together with two sections of the Stern number 
ex-Sir- "'"^^'^ '"t" ^""'■t'''"' cui)es fitted 

The following method was used: 

Stkp 1.- The- child put eight red cubes, joined together, into the track 
leaving a space at one cad only. 

Question 1. -How many blue cubes are ncedwl to fdl thJ space 
exactly. Can you find out by putting the cubes in?" 
if the rcsiJonse was correct, the .subject took all the cubes from the 
track and !)laccd ihem in the other track. 
Question 2. "Does this track hold the same number of cubes?" 

Stk,. 2. The child put cighrLlue cube.« at the end opposite to which the 
red ones had been placed, leaving a space at one end only. 

Question 3, "How many red cubes are needed to fill the sn ice 
exactly.'" " ' 

If the correct resi)onse was given, further questions were asked. 
Question 4. "Would^five cubes be enough?" 

Question 0. -'Could you squeeze^eVen in?" (The child must not 

verify his resi)onse by putting cubes in the track.) 
Question 6. "How did you work out how many \\'ere needed?" 
Stop 3. Since there wfire three other possible positions at the end of the 
two tracks at which spaces could be left, the experimenter varied the 
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till? afljiisunont of iinkiiosvii odd or even niimborj?. by mnount^ of from 
one to threes and were niore aecurate than at level 2. Bui none dealt 
aflecjuately with unnljining isvo unknown odd or even nunihers. 

Stacjh lUh The adjustment of known and unknown ninnher^^ wn^ very 
aeeuratc eonipared with J>tago Tllti. The eonibining of unknown-odd 
and even nunihorrJ wa^ attempted; hut the replie^' .<u,uuest tliat pupils 
believed that the sum of two even nundxM^- wa^ even Inil lhat the sum 
of any odd nnmoer and any other number, odd or even, was o(hl. 

.Staoe IV. Helevant number substitutes were now niaile when eo!nb{niu<i 
miknown oild or even numbers. Pupils wei*e rery aecui'ale when eon- 
.-iderini^ the ailjusiments of both knoulTmid utiknown quantities by . 
amounts from one to three marbles^ When asked for the sum of two 
unknown odd or-even quantities, they aehieved the result by substi- 
tuting relevant numbers for ejudi unknown quatitity. If asked if their 
result was true for all unknown nmnbers of that type, they often :.ug- 
gesteil using diFerent numbers. 

STA(;^: \\ Tlu* !rec|ueney of odd numbeis wu?? .>een as significatit. Pupils 
answertMl all ciuesiions relating to the sum of three or more odd lunubers 
and \wjre able to Meneralixe that the sum of any number of even quan- 
tities is itself fven. whereas the sum of a number of odd mnuliei's vaiies. 

The ivsults are shown in table O.^whiHi eontanis the n , rubers of pupils 

— ata^rtrlr^rrnnHrrrwelrrhiT^^ 



- mutative relationship for addition in this situation. 

br.uiK lla. The pupil may give the correct number of cubes, but he can be 

dissuaded and considers that another number will also satisfy the con- 
ditions, thus indicating a transitional stage. 
"Sta(;k lib. This is a further transitional or semi-operational stage when 

pupils make an intuitive discovery without operational compositions. 

They are unable to express verbally the commutative principle. 
Stack III. There is an immediate and scciu'e discovery of the correct 

solution. This lasting equivalence's blised on the cardinal value of sets. 

The subject can ex|)lain the eonnnutative prjnci|)le as it pertains to the 

particular situation. 

The results are shown in table 1, which contains the number of pupils 
at each stage in each class. - - 

TABLE 1 ^ , 

.Frpc|uoucy: Class by StiiKe 
(Commutative Property) i-- 



Staye 



iir 



lib 



Ila 



Total 



J4 
.13 
.12 

.11 ' 
Infsints 



Associative pro pert y-^nmltiplica Hon. The niaterials used were a num- 
ber of one-inch cubes placed together to form two similar blocks Ai and 
/lo each 2" X '3" XT'. The layers or sections of the blocks were each of 
-Tdiffercnt color. Blocks B, C\ and D were 2'' X 4" X V% T X 4^' X 
i\iuh2" X 3" X l"\ that is, each was a layer or section of blocks .4i and 
A '2- ^ - ' _ 
The following nicthod was used: 

Step 1. Block Ai was placed on the table with its base 2" X 3". 
Question 1. "How many layers are there?" 
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numbers are larger. I'p to eight or eight-and-a-half years of age there 
is limitetl operational tise of number. Thereafter, children slowly accpiire 
greater understanding of luiknown numbers, but they may be ten years 
of age before situations presented in an arithmetic eontext will be solved 
by generally applicable techniques. In other 'T\orils. it is two to tiu'ee 
yeai's after number is conserved before average pupils can handle situa- 
tions in an arithnietie context whieli call for a generally applicable metiiod 
of calculation. He also points out that, as we have often found, althotigh 
educationrdly special-school pupils sometimes achieve the slffiTe fevels of 
understjinding as their norniaF counterparts by mental age. in many other 
instances they lag far behin .^_JIowever, in the practiejil use of money 
th(«ir perforniaiiee is much doscnao^^that of normal chihlren. 
" When the performances of tlie nornuii children in the five imlividually 
udministf'rcfl tests were intereorrelated, the intereorrelalion eoeflicients 
Varied from 0.77 to 0.91. These are high, but their sir,e still pernfiL-' soine 
children to be preoperative on one task but operational on another, as 
Brown sttggests and as all otiier experience shows. However, the pei forin- 
nnee on the four individual ta.-^ks i the odds-aud-eveus t,\sk was Jiot given I 
ad'uini.'-tered to educationally subnormal speeial-sehool pupils yieldeil 
c{ienicicnts varving in sixc from 0.52 to 0.()9. This. too. confirms our 
findings at Leeds ihal-llie less al)Ie pupils are. the greater is {\w irregu- 
huity in their level of |)erforinunce across tasks. ObvcrLudy, the abler 
-pnpils-anv tlu'-uivaler-lhe-regulai ity in tlseiiUiwel ()f 
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After the child responded, the oxporiiiieiiter instructed thu child to 
count them if necessary. 
Stj-i>2. 

Question 2. "How many layers like this (pointing to block Hi would 
you need to make (have) the same number of cubes u.>< in that 
block (pointing to block .4i)?" . 

Stkp 3. Bltck A. was placed on the table by the experimenter with its 
base 3" X 4", together with block D. 

Question 3. "How many layers like this (pointing to block *D) would 
you need to have the same number of cubes as in that block fnoint- 
ingto.ls)?" • 

Stkp 4. The experimenter placed block .4) 5n tlie table witli its base 
2" X 4", together with block C. 

Question 4. "How many layers like this \vouLd you need to have the 

same number of cubes us in that block (Iwinting to .4i )?" 
Question 5. "How did you work out these answers?" - — 

The following cHteri.-i were u.sed to assess the level of pupils' responses: 
St.v:k I. The Jaw of associativity embodied, .^o to .speak, in this concrete 
situation demands a certain capacity f6r'sp:>tial orientation. At this 
stage i)upils are unable to rci-ognize a layer or section' when it is con- 
tained within a larger block. 

St.\ck II. There is limited use of mathematical umltiplication.or a restric- 
tion to counting in single units. This is a transitional stage. 

ST.wiK in. There may or may not be .some kind of= physical inanipiTlation 
of the -blocks. hiU in all eases there is mathematical multiplication 
followed by an explanation that relates' a section or laver to a corre- 
.<ppndiiig part of the block. 

The results arc shown in tabic 2. which contains the luiinbi-rs of pupih. 
at each stage in each class. ' 

T.AHI.E 2 ^ 

' Frequency : Cl.nss b.v St .ige 

(.\ssoeiative Prop'ert.v) 



Clam 



III ^ 



Total 



J2 



.11 1 - 7 
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DUtvibutive property. The nuUcrials for tlic first tc:it include sheet 1 
of papor ui wliicli there arc ^cetiont^ .4 and B, jScetion .4 contains two 
arrays of crosses, 3X4 anO X 3. Seetion B contains five such arrays, 
nunicly, 8 X 4, 4 X 4. 3 X 7, 3 X 9, and 3 X 8. Sheet 2 is also divided 
into two sections -4 and /i. Section 14 contains two arrays of eros:|cs. 4 X 4 
and 2 X C Section B con^tains five such arrays, namely, 4 X 6, 0 X 3, 
2 X 9, 10 X 2. and 6X4. 

.The following method was used: 

- /* ^ _ 

. Stki> 1. The experimenter showed sheet 1 to the pupil juid said, "Look 
carefully at the crosses herc^^jK)inting to the patterns in Bk 

Question 1. **\Vhich of these five patterns (still pointing to the pat- 
terns in B) has the same nuniherof crosses as these two patterns 
put together I pointing to .41 

Stki> 2. V 

Question 2. \a) ''How did you work that out?'' (6) **Do you have to 
count each cross separately?" ic] "Have any more patterns (in B) 
the same number of crosses'?" 

StKr 3. The child was shown sheet 2 with one of the two patterns in ,4 
covered up. The experimenter pointed to one of the patterns in /?. 
Question 3. *'How niany rows for cohmmsi of crosses would you neeii 

(in -4) to make the same number there iB)T* ^ 
Question 4. "How did you work this out?^' 

For the second test a pegboard with two arrays of pcgs^ one 8 X 6 and 
one G X 3," was used. 

The following method was Aiscd: ~ ^- 

STKr 1. The pupil wa^^ shown the ])egboard with the two arrays of pegs. 
Question L "How many more pegs like this (pointing to 6 in 6 X 3) 
would you need to make the same number of pegs as there are in 
this pattern (pointing to 8 X 6)?'' 
Question 2. "How did ydu.work that out?'' 

The followini^criteria were used to assess the level of pupils* re^:ponses 
in hoth tests: 

4- ■ 

Staok I. Pu])ikare unable to make et^rrect responses for various reasons, 
i)Ut mainly because (hey are unable to see a eonuno*n rehitionship— that 
is, a connnon factor — followed by additive composition. Global assess- 
ment involving incomplete visual perception is typical of the intuitive 
judgments made; for example,T(J\Vs with difi'erent numbers of elements 
are perceived as equal. 

Sta(1k n. .•Although accurate use of number is made, full use of mathe- 
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inatical multiplication is not. Th\$ liinitcd'appioach usually involves 
counting singly^ latlicr than applying the connnon factor (rows and 
coknnns with the same number of elements) or cunibersonie trial-and- 
error methods. 

Stage III. Recognition of the connnon factor is necessary for full use to 
he made of mathematical multiplication, and stating this in terms of 
rows 01- columns is tlie natural consequence. The ability to apply the 
necessary addition or subtraction is indicative of tJie pupil's apprecia- 
tion of distrihutivity. 

-The results are shown in table 3. which includes the numbers of pupils 
at cAch stage in each class. 

TABLK3 _ 

Ficqueiu-y; Cla>s by Stngo 
( Distiibiilivc Pi opoi ty ) 



Class — 



III 



II 



Total 



.14 

J3 
.12 
Jl 

h)fant.< 



Brown concludes, after "considering all his^-e\'idence-and not just tlic 
small amount reported here, tliat an understanding of thc-propertics of 
the natural numbers develops gradually for most pupils up jto eleven years 
of age. The papcr-and-pencil tests are. so to speak, a more rigorous device 
than the indivithial woilcwith concrete materials for testing understanding 
with regard to exanipFes and closely related nonexamples. Using specifi 
examples (e.g., U X 3l X 2^4 X^3 X 2)) with concrete nuiterials, 
Brown considers that understanding is reachcil at tlie following ages: 
closure at seven, identity at seven to eight, eonnnutativity at eight to nine, 
associativity at eight to nine, and distributivity at ten to eleven years. 

However, tliere are points to watch. In B.own s view, chil(hcn*s per-^ 
fonnance can be advanced or retarded Uf) to four years compared witlhthc 
norm, depeiiding on the child; pupils can he at a preoperational stage in 
some tasks and operational in others; also the child achieves the opera- 
tional stage with regard to all the properties tested at the earliest at about 
nine years of agr. :Moreover, an unltlei-standing of the nonexamples of the 
[iroperties may be delayed for one to two years compared with uiukr- 
standing examples— at least for mo.st pupils. While the relatiU' difficulty 
of the items may be the same for other samples, the actual level of per- 
formance may be better or worse at any age level. 
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Eqvaljxation of Dikfkrkncks: 

COMBINMNO OK OdDS AND EvKN.S 

I-now tiim to (liscui?s a little of the work of G. A. Willingtoii (1967). 
Sample ^ 

Five boys and five girls were drawn from each of the year groups 0, 7, 8, 
9, and 10 of a British primary seliooL The I.Q/i? of the pupils ranged from 
95 to 106. so that one can ??ay that as far as measured intelligence is 
concerned thej' could be described as of average ability. The parents of 
the jlupils were Jnainly skilled and semiskilled artisans who were, on the 
whole, interested iu^ their children's well-behig. although teaching at home 
was unusual. ^ 

The tests - __ \ - " 

In Williugtou s* work a large number of tests were given, sonic of whicli 
were paper-and-peneil testis and do not egiieci'ii us. But five tasks were 
administered individually on Piagctian lines. Of these 1 would likt- to 
mention one and (le.scribe tss'o in detail. Incidentally, the battery of te.^ts 
was also administered to a .sample of educationally subnormal. sf)eci:il^ 
school isclipiiNocUicable retardedj pupils of elironological age twelve to 
sixteen years and mental age six years five months to eleven years seven 

lUOlltllS. 

As in all experimental work of the kind in which we are interested, the 
re.»*poiises to each test have to be placed in categories according to the type 
of solution offered. The information so derived is then used to establish 
criteria relevant to the pattern of answers. In order to check for rclia- 
i)ility» scripts marked by one asses^^or should be remarked hy a second. 

DMribiitive property. I wish to s*ay a very little about flie experiment 
to test children's understanding of the distributive property before dis- 
cussing the other two experiiiieiits in more detail. It wiinjc interesting to 
compare \Villington*s work witli that of Brown. 

In Willington's study twelve boy dolls and twelve girl dolls were used. 
Each doll wore a garment such as a blazer, cardigan, or blouse. Each 
type of garment was of a distinctive design and colour and different only 
in the number of buttons that could be removed from the garments as 
required. 

Tasks were set for the cliild which involved comparing, say, five boys 
each wearing three buttons \vith three girls each wearing three buttons 
and two giHs each-wekring two buttons. Some tasks involved inequality. 
But the general character of the tasks can, no doubt, be inferred from this 
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-briof (lf.cnption and from tlx- criteria for as.<cssii,j; the '.cvel of re.«pon--o 
1 lie following criteria were used to a.<se.<s the k-vel of pupils' responses: 
Stagi- I. No concludons are reached other than those based on intuitive 

judgments- regarding the nuiiibers of huttoiis-glohal eomparisons. 
Stagk II. Xuiiiher is seen as relevant. The number of dolkor garments, 
a^- well as the number of buttona^on each, is .<eeii as relevant, and the 
totals, ealcniatcd are for Hiiall numbers. But in the case of hii-or 
numbers involving,, say, four dJIs aird ten buttons. t!ie subject- reveT-ts 
to global comparisons. 

..•>TUiE IIIu. :\ ..tin greater reliance i.^ plaeefl on number, and larger iium. 
.bers can be liancllcd. Tlie ci.ild does not revert to dobal comparisr.,s 
altliough iie may say that he did not know. 

Si-ACiK IIIbT Number is applied in a relevant wav in all situations al- 
tliough counting rather tliun multii)lication may pcr.-ist. 

Stack \X. There i.< accurate use of imiltiplication tlirouglioiit. 

Stagk ^•. Biflerences are now tt.lculated as variations in the conditions^ 
producing cq-'Hv Fo, cxanii)le. the girl dolls ajt seen a single class 
and equahly iniplieit providing that (1) the total number of girl 
dolls i.< the same as the -.otai number of boy dolls, and (2) all the gar- 
11)'. .its have th.e same number of buttoi.-. DinVrenee.^ are seen as a result 
01 one or tlic other of the.<e conditions not being iiict. and anv dilTer- 
eiiee.-^ produced are Iciihued directly without referciiee to totals of 
buttons. 

The resulf.-ri..5 shown in table 4. which contains the numbers of pupib 
at each stage in each class. 

T.MJI.K 1 

■ ''i"'|iiciii-.v: Cl;i><t; by ;;i:igo 

(Distribiih'v'i Piopci'ly) 



^iaije ' ' \_ 



l±i:ii > ^ - • . . 1 

. a o 10 



The iMipijs hi tile study, especially the older ones, did rather better thin 
those in JSrown's audy if one dares to compare sueii siiiali groufis at each 
age level. The childreii were, of eoursa. drawn from flifforeiit although 
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comparahic areas fat on the Mirfaec): the luatoriai:^ were difTeroiit: 
aiul (itfl'ercnt criteria were ll^e(l to a^.se^^< the level of re.<j)i)iise. Kveii so. 
the jrenenil treiul of the reMilt^i is rh^ir in both studies, aiul the results are 
eonsistent with one another. Tlu'se stmlies are useful in that they involve 
irivinir a large number of tests to a liniiteil number of studeuts. and one 
pA> sonie iilea of rlie stability of the level of response aeross tests: how- 
ever, they do intlicate a need for this tyi)e of stuily to be undertaken with 
larue represeiUutive groups. 

Equalxzaiion of diffemivca (avcrauCit). Tho nuUerials used were 
t.wenty-four wrappeil sweets (these increaseil the interest of the gjuno-for 
younger pupils* and sixty iilenlieal wooden brieks (or eubes or eouutersi. 

The following method was used: 

Stki' 1. This iuvblved two ^uroups of une(|ual ^i/.o with a ;?mall mnnerieal 
- difiorenec; for example, group A might be eompo>e(l of ;?ix sweets and 
group B of four. The ebild wn-: then shown the two discrete arrange- 
ments of sweets. 

= Qut'^'^tion 1. ".*.re there as many sweet.s here (Ai as here iBi?" 
After the ebihl was sure t_hat the numbers of .-weets in tlie groups' were 
mJe(jual. he was^i.<ked ipiestion 2. 

Question 2. "Can you make thefn the same >ize?'* 
Whether tlu' >ubjeerwas >iTe(Wsfnl or not. (|UestionJ wa.-^ rcpwiUnl. 

After the groups had been matje (Kjual in tuTiuber.^:. usin^^uny method, 
tliej^xperimenter arranged the members of one grotip in a large eirele 
and the members of the other group in a small eirele. 

Question 3. "If 1 take these ^weet^ (large eirelel and you take these 
sweets (.^mall eirele). who will have more sweet>. you or I?" 
If the subject bcjieved that one group wa^^ numeriealiy greater than the 
other, then be was encouraged to take the "larger" group. 

Sti:i» 2. 'riii> hivolved two gruu[)s of unecfual size but -with a ^larger 
numerical difierence: for example, grou[> A might be compo.<ed of six 
brieks and group B of eighteen brieks. The general procedure was the 

- same as it was for-Step 1. and the xfUe^tiouing was sifuilar. Bnt the Cwo 
equal groiij)s were now arranged, one in 'a well-.<paeed line and one in a 
tightly packed grou[). The ([uestion relating to conservation, in spatially 
dilTcreni but numerically ecjual arraugemenls was le^'t on* 

Stki' 3. This involved three group^ of uncfjual j^ize: the number of metn- 
^ hers in ea<'h might be. s^y. 3. 12. and 0. As before, life child con Id use 
any tecbni(|ue for ei|ualizing the groups. 

V.*^Ykp 4. Four groups of unecjual siz«; were used^^jtjie number of jnember> 

169 



Pianetian Research and Mathematical Education 

n.igl.t bo, «ay. 9, 3. 6, and 20. Any n.etl.od could be usod for equalizing 
tlie groups except that of aligning the members in rows. 

Step 5. Here five group, of bric^of uuequfil size were used, the nun.ber 
of n,en.bers l)eing, say, 20, 1. 11, 7, and 21. The procedure was the san.e 
as for btep 4. When the pupil had solved this problem, the experi- 
menter ren.oved five of the bricks and rearranged the rcn.aining'fiftv- 
live bricks into five unequal g"5ups. 

Question 4. -Could you do.it^(thi.. second problem j in anv other 
way? f ^ ' 

Regardless of the method of solution adopted bv the subject the c.x- 
pcrimenter rearranged the i)rickg andjiiadc another .set of fivaunequal 
groups comprising fifty bricks in all. 

Question 5. "Could you tell me how many I,ricks vou would put into 
ciich groui) if you wanted to make thorn all the same-"' 
The pupil was not permitted to manipulaf^e the bricks plnvsicallv i,ut 
he could count them if he wished. " " ' 

The following criteria were used toassess the level of pupils' responses: 
Stack I. Trial-and-crror forniTof behavior are used to arrive at a solu- 
tion t^-the problem. Intuitive correspondence is made by triaf-and- 
error movement followed by counting. Or the child may make two 
grou|)s each numerically equal to the smaller group and then distribute 
ti>e sur|)lus members. O^unierically e(|ua! groups are sometime., mis- 
takenlx^adju-stedv and groups that are approximatelv equal, numeri- 
eally, are accepted as equal. The numerieaU.quivalcnce of equal groups- 
fon°r ^''""l'' '-earranged in spatially Vontrasting 

ST.it:F^ II. A more analytic approach is ir. evidence. One-to-one cor- 
respondence can be established with lasting e(|uiv.-ilence. Another 
technique used ks that of accumulating all the membei-s of the "roups 
and then redistributing them. " i - 

Staoe Ilia. There is a progressive ability to equalize by counting or bv 
^the use of groups of arbitrary size to begin- with. The general approacii 
IS to equalize the two smallest groups by counting, then ro take the 
group next in size and equalize all three,' and so on to four groups 
Another approach is to adjust up to four groups so that they have the 
same^nuiuberof members and then redistribute the surplus bricks, one 
• fo eacli group in turn. - 

Stage Illb. There is |)rogressive equalization of gioups bv counting or 
by the use of groups of arbitrary size up to five groups. Pupils' at this 
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stage Jiro marked by tlieir increased fc-elf-assuraiice' and speed of work- 
ing, coupled witli the ability to solve all the problems presented. 
HtaueTV. a nonenipirie.J approach can !)c suggested by tlie pupils, 
through totalling and divisrdn.^ — 

Tlie results arc shown in ta!)lc 5. which contains the nuni!)ers of pupils 
at each stage hi each class. 



Ficqucn*-y: Cla^^s by Stnge 
(Hquulizrition of DiftVicnccs) 



Cluss' — — — — ™ — — Total 

IV lUb tllii // / 



.13 10 '0 

.i2 6 4 10 

.11 7 3 10 

Iiifnnt 3 3 7 10 

Infant 2 " _ -4__ 3 3 10 



Adjustment and combi natio n of odd (utd even nKuibers. For the siike 
of clarity this task will be divided into two parts. It is an example of an 
involved task necc^^ary to get at the fact5^. I hope you will not^iml the 
details tedious. 

The materials for tjie first part consisted of' 

1. 120niarblcs' T 

2. 18 small cardboard boxes^without lids 

3. An odds-and-evens board that had two rows of 10 hollows aligned 
in pairs along its length and a single-bollow^ct apail in the center 
of the board at one end (see fig. 1) . - 
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Fig. 1 

The method u.<ed for the first part began with eighteen boxes laid out 
on the table in front of the child. They contained one to eighteen marbles 
respectively. By examining the boxes the child was encouraged to find 
out how manv marbles were in the first, second, and liiird boxes and was 
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asked to predict how many jiiarble.^ would bo in the fifth, .^^ixth, seventh, 
and eighth boxe^. and then how many in the ei<rliteeiith box. When cor- 
rect, he was asked how many marbles would be in boxe^' seventeen, .six- 
teen, and fifteen; when the^ie questioin? were answered satisfactorily, he 
was asked how many there would be in boxes thirteen, eleven, and nine. 

The child waKthen shown the odds-and-e\ ens boardrTbe marbles from 
box six were divided equally by fhe i)Uj>il by using the board and aligning 
the i;)arbles in the two ro;'< of hollows. The experimenter asked. 

"Are the two rows of maj bles tlit same?'' 
When this was agreed to by the child, the exi)eriinenter said. 

"The rows are e\'en so we say that six is an even nund;er/' 
The marbles from the second and fifth boxes were dealt with siinilarly. 
In the latter instance the odd marble had to be i)laced by the chihl in the 
single hollow at the entl of the board. Tlic experimenter added. "Five (or 
whatever odd funnber was being discussedj is^^an o(id number because 
there is an odd inarbl*- left over.'" Wheiitxld and even numbers could 1k» 
discriminated by the inii)ib the first steps were introduced: 

Step 1 . The child was a>ked about 9. 9 - K 9 + I ; also 6. 6 - 1. 6 + I . 
The subject was asked to locate t'le box holding 9 marbles and to 
show the number to be odd or even. After doing so the child returned 
the box to iti-proi)er position but left it i)rotruding by an inch or so 
in order that be ditl not h)se sight of it. The experimenter tlien indi- 
cated the adjacent box a i>Iace lower in the rov and asked, "Are the 
marldes in this box odd or even?'* The board was used by the i)upil if 
he needed it. or if be wished to confirm his prec'irtion. and the hoy was 
retu.'ned to its i)osition in the row. This procedure was followed again 
after the experimenter chose the other number, adjacent to the .<pcs tfied 
numbcmt place above- in the row. .\fter repeating die procedure 
for (5, 0;- J, 6 «h h it was continued for 8. 8 - 2, 8 + 2 and 13. 
13 -^^2713 -T 2. 

bTKp 2. This step was inteytXed to ascertain if a child could judge related 
numbers odd. or even, once a specified number was so classified. ¥ov 
example: ' = 

5. 5-2. 5-1-1 

12. l?-r2, 12 1 

7. 7-h2. 7 --2 

10. 10- i. 10 4- 2 

The i)upil was askcfl to locate a specified nundjer and decide if it was 
odd or even ihe was eneotiragcd to use the odds-ancUevens board), and 
the box was then returned to the line of boxes and left protruding. After 
the board bad been removed, the experimenter indicated anotliei^ box 
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out' or twu places to the left or ri^lit of the fonner one ami a^^kcd: 

"h the iiuniber of marbles in ihii? box odd or even?'* 
This forced the pupii to make a prediction that he could not verify. 
After the box had bec" rephu od in tlic row, a s^econd "related box was 
hidicaied for the child's eonsitieiatioii. 

The malerial> for the second part con>t>ttul of: 

L Ten wooden tubes of varied length, each hold ing a single row of 
marbles. But tiicy were accurately cut iu leugfh so that each hehb 
an exact number of marbles — half held an odd nibcr and half an 
even nuuibcr, with a minimum value of 5 aud a niax'ii luni of 16. 

'2r_.\ funnel stand with which to fill the wooden tubc:^ with marbles. 

3. .\ marble chute into which the contents of the \vooden tubes could 
be transferred witliout levealing the number of marbles involved 
Isee fig. 2). The marbles formed a single row along a channel of 
square cross section,, the shoulders of which were accurately marked 
with a!i internal .<cale double' the dianicter j)t^4uarble. A remov- 
able sliding top allowed the subject to see if the extremity of a row 
of marbles coincided with a graduation on the scale yet prc\^cnted 
him from counting the number of marbles. A sliort length of wood 
that slid into the chute facilitated the reading of jthe scale. 

4. Four opaque tumblers with lids. ^ 

Wood lo fufiUtanT^ ^"^^ 

residing ofscnU* - 

\ I Sliding top 

Fiji. 2 __ _ - - - 

The method for the second part of the task began with the experimenter 
a.^king the child-to fill a tube with marble.*^ using^tlie^fuuuei» to tost that 
the tube was JulL and to empty the marbles into a tuinUler. The j>rocc- 
(lurc was rep(:iLt_cd using a second tiunbler but the ."jame tube. 

"Which of^the.<e tumblers ba$ more marbles?" 
If the tunnber of marbles was coiiseived, the subj^ shown the 

marbh* chute with the cover removed and the expcrii - -deitH-nstrated 
Its use. The clnld was asked to place any number of marbles in the (i : tc 

J 73 
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either from the board or from *a box, the block of wood being in^'ertc(l to 
show more clearly whether or not the end of a row of niaibles coincided 
with a graduation on the .scale. When a judgment had been made, other 
odd and even luiniber^ of marbles werc^ similarly coni^ideicii. On each 
occasion the pupil was asked: 

"Is the end of the row opposite one of these marks?" 
Providing the subject could differcntiati^ odd and even iiumbors in this 
way, he was ready for the next step. 

Stkp U. This dealt with odd - 1 and odd 4- 1. The cover was slid into 
the closed position and thu child assisted in filling a tube delivering odd^ 
numbers of marbles, using a funnel, and then in transferring thJIe to 
the marble chute; the cover v.-as ieft so that the last two marbles were 
visible. 

''Although we do not know the number of these inarbles. is it an odd 
or even number?'' 

If Mie childs answer was correct, the marbles were released into au 
opaque tumbler which was innuediately i-ovcMcd. The subject \va? 
asked: 

*'Is this :i. uiber odd or even?'' 

After one marble was taken from the tumbler, this {(uestion was^e- 
peated. If the pupil wished to return the marbles to the marble chute 
to verily his reply, it wa.< (ione by the experimenter >o that the former 
could not discover the precise munbei of marbles. 

^^TY.v^K Using tubes delivering eveii mnnber.s the child was tested io»- 
even — 1 and even -f 1. 

Stki» 4. The procedures of Step :i were UK'd to te.H odd + 2. othl ^ 2 
even -f- 2. and even — 2. _ _ ^ 

Stki» 5. Wooden tubes were filled wiMi marble.s. the latter delivered (o 
the niarble chute, and the former thus classified a> hohling an odd or 
even number. Two tumblers were given unknown odd mnnheis. two 
others unknown even numbers, and they were placed to the left and right 
of tiio table respectively. The marbles in i\w tubes were transferretfto 
the appropiiate tundders. always ensuring that n tinnbler was tnnpty 
befoK 'n:nl>le.^ were again placed in it. The experimentei- selected u 
tumbler and asked: 

"Is the number (jf marbles in this tumbler o«hl or even?" 
If the corn-t an>wer was given another (|Ue>t ju was asked: 
'if yon added one more marble, what kind of number would it be- 
come— odd or even?'' 
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FETEr DODWELL 



Children's Perception 
and Their Understanding 
of GeonietricaJ Jdeas 



Soim- vear.s ago I atti..M|,te.l to fnul out liow firn, tlu- cnipirical l.asc was 
for tl.o >taUMi.,-nt.< Piagct makes al)o.it .-liil.lrcir.s un.lcrstan.ling of 
gccMotiy aiu!s|.atial relation. (Dodwdl 1963: Piaget a.ul I„|,el,ler 19n6). 
I I.e results „f ,„y ..,„,„i,.v wore not too enc > -iginj;. and it was not pur- 
sued in.tl.er. Indeed, very little attj-ntion :,as been |,ai.| to children'^ 
Inception and their geometrical notions hy p.^vchoiogists eaugl.t up in 
tiic iKfgetian revokition of the past deca.le. This neglect is. the u. ore 
surprising wh.-u one eonsirlers. beyond Piagets own interest in the field 
i«l that perception is one of tlu major fichU of general psychological 
research, m which important advances have occurred in r<;cent vears 
Un that und.-r.<tan.hng of geonietrieal and other .<patial concepts is seem- 
nigly intimately hound uj) with both perceptual and intellectual develop- 
ment, and in that this ' interface" between pe'ception and cognition is 
a major field of epistemological eu(|uiry and has recent Iv re-engaged the 
interest of certain expciimental p.-vclioloiiists (see. for example. Xei.><er 
19(571. 

leather than reviewing re.-earch on geometrical concept.-^ from the 
Piagetian point of view. I shall indicate i)rie(ly some of my findings which 
tend to cast doubt on the traditional Piagetian theory, then consider that 
theory in relation to •.oine of the recent advances in the psvchology of 
perreptTon. In particular f shall be concerned with di.<coveries 'and 
tiieories to do with perceptual coding, and al.so with a gcncjal trend in the 
held which may be termed the New Nativi.<m. W.'iariTearing might the,<e 
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new idcus have on the understandinp; of geonietrieul concepts? Can the 
Viagetian rontrilnition^ add anything to the recent major developments 
in the field of perception? A cai^e ean be .^lade for saying that those 
developments have been very one-sided, and that the Piajictian point of 
view might supply some much-needed balance, Juxtaposing the two 
diflfereht conception^' of perception can perhaps lead to sonic fruitful ave- 
nues of exploration into the, development of perception in children, and 
especially into the ways in which this , development intor-rolatcs^ with the 
growth of geometrical intuition and understanding. " 

Thus, rather rhan beat once again the Tiagetian drum, I shall try to 
build some bridges between the (Jenevan schools point of view and other 
positions in cognitive psychology. In doing' this, I shall argue that there 
is a valid distinction to be drawn between the apprehension, or discrimina- 
tion, of forms and objects, and the understanding of their natu»'e — or the 
couception of s:)ace and spatial relations. The weaknesses in mocfern 
perceptual theory conic about largely through failure to observe this 
distinction. A noteworthy characteristic of the Piagetian mo.vement is its 
heavy empbasi.^ on the operational, or con.^nietive, :i>pect of cognitive 
and perceptual functioning: hence the possibility of fruitf'il eojifluenee 
of the two ^trcanl^ of thought. . ' - ^ 

KvioKNCK von Pi.\(;kt!.\\ Bkiiaviok 

WITJI KksPKCT to (JKOMKTKir.M. OPERATIONS 

PiagetV notion that the development of geometrical concepts in cl.il- 
dren follows an anti-hi-siorlca^ order is probably familiar to most readers. 
The notion i.s that, wlwreas historically the earliest geonietiieal operations 
were developed to deal with practicaU^j^oblems of terrestrial mensuration 
and hence had a Knclidean character, the child only arrives at tlie con- 
cepts of similarity, congruence, and proportion after a long process of 
(h»veloping the.se refined concepts from more global, or general, ideas 
^d)ont >patjal relations. Historically, the development has been from the 
|)artieular, measMrement-bound, practical **rcal worhl" geometry to the 
niore general, ab.^tr.ict, iion-metrieal relationships found in projective 
geometry and ultim.Ucdy in topology. For the child, according to Piaget, 
the earliest and easiest spatial relations to grasp (in a very intuitive way) 
are those concerned with general features .such as contiguity. neighi)our- 
hood. eh)sed contour, and so on — that is, topological features. Suisse- 
(piently ideas of peivpective and ' point of vie\v"-contingent relations 
appeal. And finally the highly specific and elaborate set of .spafiaP opera- 
tions that define ICuclidean space 'Htart to emerge. As is usual in the 
Piugetian scheme of things, thesr* develofinients arc held to occur through 
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the agency of the cliild':^ own active exploration of, niid interaction with. 
it.< environment (Piaget and Inlield^r 19oG). 

What evidence is there that the emergence of spatial coneepts? is as 
regular, or follows as rigid a eoursy. as tins sort of theory requires? My 
own investigation.- led nie to conelijde that Piaget gives. an over.Mniplified 
account of this aspect of eognitlY(r(le<elopinent. The shorts of behavior 
de.<cribeu in his hook (Fiageraiid Inhelder 1956) certainly can he ob- 
served in children of roughly the appropriate age, hut there seems to be 
littio coherent pattern of emergence. Thus, it is not^unconinion to find 
children in the early school years who will give adequate ^'Euclidean" 
ansv.ors to soipe questions about similarity and proportion yet in other 
respects be still at the global, or topological, stage. I shall not atteni|)t«to 
document the matter liere, a^. this has been done quite'thoiouglily else- 
where. The point is not so niudi that Piaget is necessarily wrong in his 
theoretical pi-onounccments as that the child's cognitive growth is more 
complex than he might lead one' to believe. There is something quite sat- 
isfying-^-in an intuitive way— about Piaget s theories, but there is more 
noise innlnrrotl world than in the ivory tower. I have sugge:?tcd else- 
where (e.g.. DocLwell 1960. 1963) what some of the sources of perturbation 
might be: special intere.-ts. tuition on particular spntial relation.sliips, and 
>o forth, scenrto he obvious candidatesr^I^eseareh on tlie.<e aspects oi the 
matter is complMcly lacking. - ' 

Oim:k.\tions .\su ^\\\ri.\h Rki.ations 

An example of the sorts of situation used by Piaget to study the child's 
understanding of spatial notions in a manner that goes beyond the mere 
discriinination of Minilatities and diflerences is this: the child is shown 
a line drawn on a sheet of paper and asked toTdemonstrate what will hap-, 
pen if the line is his'-cted. one of the halves again bi:;ectcd, and so Ion 
without limit. A distinction is made between tho.^^c who think the opera- 
tion can be pei'formed at most a veiy few times, those who see that it can 
be continued down to the physeal limit dictated by the size of their pencil 
point juul drawing .<kill. and those who can conceive of the operation as 
being rin principle pos.sible without any limit. These are identified as 
three .^lage> in the understanding of "continuity", the last being the 
operational, correct, -fage at least at the concrete level. ()ne might of 
e()ur.M' argue whether this constitutes an adcipiate definition .of **con- 
tinuity"' from the mathematician s point of view. Rather obviously it 
doe> not. I)iit the |)oint in not especially relevant: as a denmnstration of 
progre.ss in understanding the nature of hues as spatial entities who-'" 
piopertles extend beyond the i,ierely perceptible, the example is illunii- 
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nating. In a clear s^cnsc tlic child who understands: the pos^eibility of 
sub(hvision without limit has a better grasp of the nature of this aspect 
-of spatial relations than the child \vlio,does not. 

Another exanipkuof a way in which (he.nnaiginative, constructive aspect 
of understanding geoinetrical ideas can be explored is the investigation of 
children s predictions of the shapes tnat are generated by cutting a solid 
\^''»y^ (conic sections). There is a great variety in the 
sorts of prediction children will make, and again Piaget distinguishes 
several stages of understanding.'^The p6int I want to make is that ex- 
traoi-dinarily little is known about how children devc-lo}i the ability to 
make these preclictions, the extent to which formal instruction— or in- 
formal kperience— facilit-.es tlP* pj-ocess, what role imagery and 
language play, and so .on^ Ahnost-cortainly these tojiics merit closer 
investigation, and i t_n ] 'ii}:::^^;^)oMii^o}\t^ t h at close ^^Ifercince to "the 
Piagetian categories of rele\-ant responses niight not be tirH)est strat<?gy 
for such work. For instance, in a more detailed analysis of children's 
ideas about "continuity" sonje attention to, the (probably) related no- 
tions of compressibility and elasticity might be relevant : and similarly 
the study of prediction of conic sections would require ancillary invcsti- 
gation^of ideas about solidity, invariance of shape under various trans- 
- formations (translation, rotation, reflection), and so on. ^ 

I am suggesting that there is here a wealth of interesting topics for 
debate and empirical research which i)sychologists have not as yet taken 
up. Mathematicians interested in better methods of teaching 'geometr>' 
tend to ignore them too. althouglnmany fine suggestions for improving 
the gc^omctry syllabus liave hppeai;e(l in recent years (e.g., Elliott, 
MacLean, and Jorden 1968). Dienes is an outstanding exponent of the 
ih-.aginative introduction of advanced geometrical concepts in a sinipfe, 
practical way and at an early age (Dienes and Golding 1967) ; but again, 
there is little to .show thai research has denionstnfted the cfTectiveness of 
th'*se method.- in developing >patial comprehension. In a related field wc 
have found almo.t no evidence that carefully constructed programs of 
instruction in arithmetic raise the level of comprehension or competence 
above thai attained by the traditional methods of iiistruction (Spears and 
Dodwell 1970). 8o there is plenty ot scope here for more research at both 
a theoretical and a more practicaf level. 

SoMK Reck.vt Finoincs IN Pekception 

Potential contributions from the Piagetian point of view to the im- 
j)rovement (if geometiy teachin- aj-e so far (piite meagret I turn now to 
consider how recent evidence froin the experimental investigation -of 



Piagetian Research and Mathematical Education 

perception may be relevant to our general concern with the * derstanding 
of spatial concepts, and geometrical ideas In |)articidar. Thei-e has been, 
in the hist decade or .^o, a ^agnlficant resiugence of interest in the topics 
jofn'isual pattern recognition, the |)eree|)tion of objects and s|)acc, and in 
the nature of perceptual learning and develo|)ment. Several new sources^ 
of knowledge aiid some newJy stated theoreticalJ)ositions contributed to 
this development, not least of which was the i)erfection of methods for 
recording the activity of individual neural cells in the intact visual sys- 
.tem. From the ti.eorotical side, a number of new ideas on sensory coding, 
and especially contonr and pattern coding, added impetus to the new 
interest in visual space. These develo|)ments have bWivTCviewed m detail 
elsewheie (DodwelldftZOJ ;Jiere I shall justrmention some of the salient 
features. / - ' ^ — — 

Tlie most spectacular findings from individual cell recording in the 
visual system come from investigations of the res|)onses of cells inllie 
visual areas of the mannnaHan brain cortex. Electrical responses can lie" 
evoked from such eell^- l^y stimulating a particular i)art of the sensory 
surface (the retina of the eye) with patterned light. Each cell responds 
only to stimulation of a circumscribed part of the retina, called its recep- 
tive field, and to a i)articular:pattei:ii. of stinudation. This in itself is 
.surprising, since the neural connections at various leveU of the system, 
and particularly within the brain, arr so intricate and coniplieatcd that 
ono-nnght well suppose that no simple mapping fixnn, retinal stimidation 
to cortical response conld be found. But in fact single coiiical cells do 
respond quite selectively to well-defined features, and the features are 
always straight line segments in a particular orientation. Thus some cells 
respond to horizontal lines, some to vertical, and othc./ to lines in other 
orientations. There is a hicM'archy of cell t3':pes. -some resi)on(ling to lines 
in a fixed position and orientation, some to lines in a_ fixed orientation but 
over a range of positions; some, the so-called hypercoini)lex units, respond 
best to lines of a particular length and moving in a particular direction. 
The main point is that we have here an elaborate and refined system for 
coding contour elements which is present in its main essentials at birth 
and must therefore be ''built in'' a.< a major feature of the visual system 
(Hubel and \Vie:?el 1902, 1963). The main evidence for such a coding 
system comes from studies of cats and monkeys, but there is good reason, 
to suppose that veiy similar systems operate in all mammals, including 
man. 

A rather difTerent line of enquiry stems from the age-ohl problem of 
stimulut^e<|uivalencc; how can it Ix-tliafea pattern is categorized, rec- 
ognized in a particular way despite the fact that on dilTerent occasion.s 
it a|)i)ears in difTerent .<patial orientations and locations, and excites 
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(iifforcnt sets of rcccptorifV Various attempts to solve this problem have 
been made, perhaps the most rigorous inoilelS bciug thofc'c stennuing from 
the ideas of Deutseh tl955). Literestingly enough^ these models sliow 
remarkable convergence with the neurophysiological findings mentioned 
above, and are also e!osely related to some of the more suecessful seliemes 
for pattern recognition by machine (see, e.g., Uhr 1966). 

Although there is wide agreenient about the faet that in highly devel- 
oped visual systemf tJierc is an elaborate, innate, primary deteetor 
.system for contour elemcnt^^ (also undoubtedly for other sensory attri- 
butes such as color, but these are not our present concern), there has been 
considerable disagreement about the nature and scope of perceptual 
learning. On the one haiid there is a mass of evidence, inspired initially 
by the work of K. S. Lash ley and D. 0. Hebb, demonstrating that experi- 
ence plays a major role in the development of n'ornial perceptual abilities 
in the Iiigher mannnals and man je.g., Hebb 1949; Riesen and Aarons 
1959; Held and Hein 1963). On thcrpther hand there are theorists, particu- 
larly J. J._ Gib.^on (1966), who argue ihH the nature of perceptual 
learning is always analytic, never synthetic, and that perception can be 
fully understood in terms of the global and complex analysis of sensoiy 
inputs. On this view, perceptual learning is simply a pro&ss of refining 
the discrimination and- labelling of already existing categories. E. J. 
nib.s-on (19691 has.recently extended these idea^and interpreted a great 
rieal of the existing experimental literature in term.*? of them. - ^ 

Thk Nkw Nativism 

It is the Gibsonian viev.-, reinforced by the inei easing knowledge about 
sensory analyzers at the neurophysiological level, which J would term the, 
!^ew Nativism. The neurophysiological findings do not force one to a 
Xativisfic position, since the sorts of coding and analysi.* so far discovered 
Iiave been basically simple, and far removed from what we un<lersfand 
as object and space perceptfon.- The detection of pattern elements does 
not itself constitute a system for the recognition of whole palterns, or 
Gestalten, and there is still scope here for the operation of a mechanism 
of synthetic, or constructive, perceptual learning. Yet, according to the 
New Nativism. every sort of perceptual learning is concerned only with' 
liner discrimination, more exact detection of the * Unctions between 
different stimulus patterns: as J. J. Gibson put< it, the role of perceptual 
learning is to bring perception more and more into correspondence with 
stinnilation. not to build new perceptual and cognitive categories. 

This is a highly ^ stimulus bound" view of perception, and seems not to 
accord wi^ what \yv know about tlie perceptual foundations of cognition. 
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For example, learning to read (loc.< not consist nn learning to discrinTiiiate 
between all the different typefaces that might be u>cd to print a boofc, 
let alone all the varieties of handwriting that are po^:?ible! Yet it is 
difficult to se9 what other position the GibSonian view, strictly interpreted, 
eould IcafL^to. So we can say that oiKLproblem for the New Nativism is 
that it tends to dismpt that intimate connection between perception^and 
cognitive-intellectual activities which has been a major cornerstoiiQ pf 
empiricist thcoiies of factual knowledge among both philosophers and* 
psychologists. J?learly, on such a view it would be difficult to discover a 
fruitful link between perception and formal or' abstract geometr}^ 

One hnporcant-aspect of the New Nativism is the extensive research on 
pattern perception in neonates and ver}^ young infants which it has en- 
gendered, nmch pf it sunnnariscd by Gibson (1969). According to the 
eonunon interpretation of such findings, evidence that a very young child 
can discriminate between patterns is evidence for ah innate processing 
mechanism. Apart frohi some severe reservations about the quality of 
such evidence— difficulty in replication, contradictor}' findings, use oi in- 
fants several months oldXin which case there would fiavic been extensive 
opportunities for porccptual learnir^)— one may point out that it proves" 
far less than the proponents of Nativism may claim. Take, for example, 
experiinents on 'looming^*. In sudf experiments the observer is faced, 
typically, with a screen on which a shadow is cast. .By one means or 
another the shadow is jnade to grow rapidly in size and evokes a '^startle" 
response from the observer; Obviously the situation is analogous to one 
in wjiich-a solid, object rapidly approachcFthe observer, in which case 
startle and/or avoidance would be appropriate and adaptive. Very young - 
infants have !)een shown to make such responses-to looming shadows 
leg., Bower 1969). and tliis is correctly interpreted as demonstrating 
their ability to respond to a complex optical array and its changes over 
time. However, the temptation is strong to attribute to this situation 
more than is warranted.' A more-or-less reflexive response to an optical 
array tells us what the organism is capable of responding to, not what it 
understands. The point is made clearly by pointing out that the young 
of ground-nesting birds will make an appropriate "startle and freeze'* 
response to a crude cardboard model of a hawk (short neck, long tail) . 
passed over their heads. If the direction of movement is reversed, so that 
the model is more like a goose (long neck, shoit tail), no startle response 
is evoked. The interpretation is that in one direction of motion the model, 
shares certain critical (-sign stimulus'' according to Tinbergen 1951 ) fea- 
tures with a moving hawk, mid the response to these features is innate. 
It can well be argued that usponses of infants to looming. shadows are 
evidence that th(»y.too demonstrate the sorts of '•elicited'* response studied 
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by etliologists in lower form? of life, rather than that thuy have an innate 
gra!?j) of object perception and spatial relation^. 

Gkomktry AXD FEKCEI'TION, 

Just as learning to read is more than merely learning to discriminate 
between different letters, so too leaming to perceivels more than learning 
to discern particular features in the visual world. Leaming to read in- 
volves learning how words.jentcnces, and paragraphs convey information 
at a high level of aiistraction. Just so, perception ean involve forms of 
cognition which transcend the simple analysis oP'stimulus information". 
Were this not so. geomletrj' as a mathematical discipline would be entirely 
divorced from the geometry-, of perceived objects. It is true that, at a 
certaui level, the treatment of geometrical operations bears little obvious 
relationship to the spatial ideas and intuitions on which those operations 
were originally based. At the same time, however, I think that most 
mathematicians and cognitive psychologists would agree that the per- 
ceptual substrate of geomctiy is real enough. At least so far as children's 
understanding of geometry is conccmedjtue first steps certainly are taken 
within the context of concrete, perceptible objects and drawings. It is 
ver>' much to Piaget s credit that he has attempted to explore in a variety 
of ways this bonlerland between perception and cognition, a task that 
rather fevr other psychologists have essayeilr 

To show clearly how closely percgptual (juestions are tied in with the 
<ievelopment of geometrical ideas and operations, we may consider the 
questibn of synnuetry. In one sense symmetry can be a simple perceptual 
phencmcnon; yet can it be purely perceptual? Perhaps there is no sensi^- 
ble answer to that question, but at lea.<t we can say-that the detection of 
synnuetry in a visUid-pattern cainJe accomplished without any elaborate 
linguistic or conceptual tools. For example, children might be taught the 
idea by ostensive definition, sorting patterns into different categories ac- 
cording to synnnetry. and so^or.. But how are questions io do with the 
detection of synnnetry vvlixiQil io~{\ur concept of symmetry? Obviously 
tletection doe^ not exhaust the topic: we might, for instance, want to 
know under which types of tnmsformation synnnetry is preserved; there 
are abstract inijtantes of synnnetry (in logical or arithmetical relations, 
for example) whielr have no perceptual referent. So. the initial appre- 
hension of the notion of symmetry may be through perceptual iiistanees. 
through learning to detect particular features in visual plttternj?, but few 
of us would argue that this is (til it is. How doe^ the general notion 
develop? What linguistic and manipuhitive skills are necessary mul sufR- 
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cicnt condition.^ for its acquisition? \Vl,rcrones are even it;lcvanl' We 
do not know. 

We niiglit guess that the ghiij)lest foriiis of j)cicc*ivcd svuimctrv (let 
us say, about horizontal or vertical axes) arc inbuilt and "a ftn.ction of 
sou,e coduig ojwrations; in this couHectiou it is interesting to note that 
nurror-unagc confusions arc common among cliildreu and also can be- 
obsci ved in discruni nation learning in animals at nianv phvletic levels 
lo grasj) the ftdl possibilities, however,, mciuircs more than coaling or^ 
analytic discrniiiiiatioi. learning. What .forms of sviithesis are needed? 
What IS thc-relcvant bordci~bctwecn j)cicq)tion and operation or 
'cognition? ' ■ 

-=From what was said earlier about the Nc-w Nativisin. it should Ix; clear 
that this tyj)e of j)Qrceptual theorj- is unlikely to supplv answers to the 
j)roblen. dimply j.oiiiting to that fact might do something to:rcdrc.*s the 
i=uggcstcd unbalance in recent l)ercej)tual theorj-, but hdlps us not at all 
to answer the cpiestions j,osbd at the end: of the previotis paragraph 
l iagct s own more strictly j)crceptual Voik (Piaget 1968) is perhaps- 
closer to the mark, but again fails to sliow convincingly how the di«- 
crimiiiatioii of pattern and sj)atial attributes is connected with "cogni- 
tive space or with geometrical concej)ts. The treatment of geometrical 
Ideas (Piaget and rntielder 1956;, is , really an exploration of tlii. 
cognitive space, and gives fascinating gliinjises of the sorts of difficultv 
children have in elaborating it; but again i^ilocs not a.lequatelv relate 
the |.erccj.tMar basis to the sj,ace which develops from it. Nor'doc it 
•leal speciPcally with the constraints that j,crceptual coding might place 
on this development. The s,«cial roles of language and .symbolism, the 
antecedent condition., ncccssarj- for the development of sj.atial undcr- 
staudiiig an.l imagination, and so forth, are similarly not .Icalt with It is 
a remarkable fact that, whereas a good deal of work has been done on 
tnc nature of conservation and the training conditions that affect it (see 
Beihns rc^.ow above, j.. a5 ffj. nothing .similar has been ,|one for the 
c(|ually acute and interesting topics of geomctrv ami s|)atial relatioiw 



C0XCLUS10X.S 

There is no extensive literature in the Piaget ian 'tradition on geomctrv 
an,l spatnd concept^' to review, no hotly debated issues at ciUicf the 
tiK-oretiriTl (Tr the cNperimciital level on which to make judgements To 
-A reinaikahic <legrec this field lias been neglected in the flood of experi- 
mental aiialy.ses on cognitive development of recent vcars. So my en- 
deavour has been to show how unjustified such neglect is, to see where 
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researclL might yield a valuable harvest rapidly, and to point out^how 
relevant such worlc wouUrSe, bodi in throwing -'further light on the intel- 
lectual functions that concern us here and- in redressing a certain ini- 
brtlance currently to be observed in the field of perceptual theory. 

Thc^je poleniies may not be of immediate use to the inatheinatics 
educator, but one hoi)es they may provide tlie stimulus to further thought 
and research on the important question of geolnetrical imagination ami 
luulerstanding. ' ^* 
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KEIVNETH ;COVEIX 



Some Studies Involving Spatial 



TIusJs the oiih- talk Tairrgiv 
^^li;Ulattenipt tlire(E tiling^/ First^i 
ta^ks reccTOtyjgrvcn to pupils of^^^^ 

rcstilt^ iii/sonic^dctaijs of the rei^|K)iiicf Jna*cle hy 

pupi|siaiul tlicy?tagc^ J ^n^nbnc oT irn^^ ollicrTtalk^ <lo I 

ghe inucli Jiir tliecivay o^^^^ 
ex|jK;riiiieiit reportctl b\' Pijiget 
to lielji yotr^ct-up your own u}icr_vic\\' ted!n!f|Ui»s And 
you obtain.^ SccouH.l waiit Co ufcntioii a ta^^^^^ 
t;ilk«, whirl} Was u?ed by Lunzer, in orcici' to l>rjn<^:ot!t"(iifc 
couerete- and fonnal^o])eratioual tliought in tlie JspaXhil :fit»ld and to throw 
liglit on an is^^jiic wcll-rccoghised by eienientary .'^cliool teachers, that 
^pujnls tonfusccpcriiiicter ;ind area. Tliird* I want to ilhistratc. by taking 
an example from the spatial field, tliat nmthcmatical ideas are dejienclent* 
unjhe growth of .^chen!e.<, wbich^thciu?elve$ evolve bccait^e of their own 
inherent funetioning throngTi the spontaneous experiences and actions of 
the child. 



; = Akea 

The task involved the use and nianijuilation of measuring inetrnments, 
leading to the eoniparison of the areas of two shape- that differed mark- 
edly iiTappcarance;* 

^Iatcrj(^l:s, TJiese consisted of a bhie square of side 8 inches, and an 
orange rectnngk^lO inches by -1 inclies. The measuring instruments wcfe 



l« The >nidy raniwl oxii hy yUs. M. Cahicii 
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_ " - - " _- " - - ^ " , 

eight-small, green, right-angled triangles, each being one half of a rec- 
tangle, 4 inches by 2 inchos, cut diagonally. (See fig. I-.i Thefe were 
obviously insufficient of these to cover, entirely, one of the larger figure^ 




_ piece?';' 

- "Why do you say that?" ■* ^ 

If the subject says that half is covered and that he will need eight more 
small green tiles, say: 

"How do you know you have covered half?" 
: "Is there any way in which you can pkvc it?" 

190 



Jiv(^^sevenj^iglit^nine;;aiid=t^ 
wus=»iadcssniisto]giy^^ 
V«achj^agc«lcvc^^j^,cliopkVlr(^^ 
^^noimc ;areg.,Ahoiitone-quafta 
"scmii«:ofes^iqnaI^K)mes./witlf^ 
tlie fathei^ange(!>froinfhiglfly:^ki||^ ^ y 

^^/<^%</,^fiie„iaii,.f|,iestig^ 

beniadc cI«ar,tliiit^iiileinema%queMion^xfea^ 

somc45pinfc;Ofito"elutidate/iurfh^^^^^ ; ^ ' = 

••Here i^aiiothpr gan^foj-^^^ 

this blue oiie. A)niiclKof tl>e:^^^ y 
;*lf-both were fields, which wotild have inorc gra.ss?'' 
-Will these small green tiles help you to find out?" 

If thachild get^'so far with the tiling-aiid t#ri points out that tlieix? arc 
not enough files, say: ^ 

••How jnany tiles have you put pn f here?" 

••Gan yotl file the rest of if?" ' ' * 

^^fhe nuestioning then take^;r:uher different foriiis according to the answer 
given. If 4l^e child is nnabje to make any suggestion^ say ; • 

' Hmv many tiles do you think you need to cover tljeiwhole of the 
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If/lrowever. the child replies to the question "Can yoif tile the re^t of 
it?*M)y-sayiiig that he can do so^ thcn <?ay: 

'•Ho\\^ can you do that when you have no niore ti 
If he simply pushes tiic wJiole of the tiles across* en masse, without at- 
tempting to mark the b^Mary ofTlTa part that; w-as orig say: 

VHow do you know that^the^e are covering tliespace that was cniptv 
. .before?** _ : /: : C ' : - 

There niust^hc^nie definite stratcg\: emj>loyed by the ,sul>ject^to show 
that he is full}' aware that ^tlie Cil^^^^^ of either 

^a^feg^jT^iiipftb^ 
/eQp^djg^cfh;^ 
;5n(^uUfe4^o^^^ 
^^ulfflig^^g^ljai^? 

-^al^^digcy l^ys^uiq^ - 
eavcT^th^^li^fe^^ 



Jli^uiiy-^n 

: tlnsistago^migfi 

ST^GfCfTrA^-JAfdgnient^^^*^^^^^^ 
jfctijing^is^ycni|)ted,vt^ 
^sueees.tfull>^^or they vtile- \^^^^^ 
Those uiio do file are^^^ 
-tilesUo^m\er tha^^^^^ 
significance to^he^iu^t^f tilinig n^h^a^^ 
^.are not-enough tijesrJUid wJien askedfa^^^^^ 
repeat thc#;originar intuitive jud^^^ : : 

S;H, r5.2j : -JJecausejt^ 
. B\a 15.4} : inorfcsqujVrey*^^ ; 
. J;C; (5^ r**Be(^iise it^ johger'v r . \ , \ : ^ 

K.lAo^ '^Bceanse it'lbig^like a door*' f pointing to the rectangle). 
Je^: C6.(^: -^Becaiisel^ - - - - : 

^ None of the sul)jects at this sUige volunteered to use the smalUgrenu 
tiles. AVhen prompted to do so they obligmglyJried^ but most spread 
them out haphazardly over the large sh 

K:i: to.O): ''They all go on different shap^^^^^^^^ _ . . 
AtN. (5.1 1 1 : ^T.can't put theui on7 they don't/it togejjicr'*.^ 
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J.F. 17.2) : -Thc^e are hard oiie^ to put on. tlicy all have different 

X^o^cchildreii who atteiiipted to tile did ^o until thcvjiad n^od all eight 
lije^ jnd then .-saul, typically: * f - : ^ 

J.C. 15.4): "Hiaven't enough tiles. I can't do iP- 
JC.e. (6.U):^^NoPod,:nojnore-^^ - _^ 

:^^OrcG. (7.8) : -There ai-e;only:eighttiW Yoit ean^t do anything 



When askedr'-Do you kim\v hbu^^ 

you, when there are only eight. .Anyway that orange i>'- too big for 

:^^^?pSph(h^r^^ 

error method.^, hut laek <,f .uenerali.sation. When a^^ked to j?ay which of 

^ ^oiifigen^thg^ 

realised eight tile.< were in^^ulfieient, they were baffled. The conflict that 



u!nsi^iy^idtedaifui^ 
equahty of the number of tile.< re<|uired by trial and error, and stating 
^fet!^^pilmtlm@he^twoihlr^ 
luofc kno\\- wjiv/ ^ v -^r ^^ ^^\^y 



V ^^^Vitjfttll^Jittlfegre^ \^ ^^^U^?'^:^ ^^r^^y^ : 

: . J.C. (7.1 II : "They Ve both the same, at lea:?t I think so. I know how 

CI^ (8.0) ^^^&-how^iahy^n^ 
- ^o^t^len^, cairtT?^^ V^^j^ 

:^ (^-Or: **^w ^dm^t^kn()w whhtacf do/ crdy^got cng^ 

- : ^lotigujifl^vered^ienKbotlr:^ 

^ the ^ani|iiunibei'^on^theittnc^#tf^ ; 

GB. (8.2) :V'Tlujre7u™^^enm 

The experinieflte/thbn asked^ Jf;hc^^ 

would be needed to cover an7)r the blimipacei^.6:l-cpliecf: - 
"No, becmi^e there aren't eiiougU''. ^ ^ - ' ' 

Stage lII.4jJA-hen the t\l0 were all uged;,:pupiU/at this stage declared 
that they would need anoihcr cighrto fim^li ti^^^ 
taiigle^'hey weiv all ?^tire ^f^hi^jflrid eqtmlly sit 
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; the spacer in the tVvo^liapcs^ butjliey werc' iinable to prove that the 
part to be coverc<i was Tirfacronc-half of the whole ^hape. 

C.C. f6.II): rThey both have the sanic^V 
_J Experimenter: ••Did tho^ green tiles help you?" 

G.G.: •*Ye5* *co$ J put: eight here .and I wanted another eight* and 

I put eight liercSnd I wanted another eigh^^^^^ . - 
Expcrjnienter^-i*Ho\v cio yo^ know you^^nted anotlicr^eight?*' 
e.G.:^*Beeause^UfS5^^^^ : ^ 

Experinienter: "K there any way you^eanV^liow me itfs thesanie a^ 
the othe r ha lf;and that eight wilbfg on?" ^ ~ =^1 J 

^ zS$^-M^*^¥e^^>:o^^ 

Stage Jilgv;j3rnl^ 
_ :si3d<^n4ile^^^"o^^ 

rrjnzi^irs. while o t hcrsTi noycdg^ rijeighfgtogetherr rgfi i nafkiiigtf 1 feTuid^ , 
way^Hhain sonie way. 3^^^^ 



-- " The rc.<ult^ arc 8hown= in4ablc-l:.T 
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A fiirtlief task ^ _ \ _ .:^7T^.^ 

^ Aiiother of tlicnuany tasks^given to the^CT^^ now briefly inen- 

tioncdr^The re-sults suggest ^onie onn^^ in tire tc;aehingi ; ---- 

In thi$ ta^k thc=eight-/mfic-^ran(l4eH were-intcrviewc»d'indi-J' 
viciujllly ii^jbHore but af^er eacli h^^^^ 

Eaeli pupil Avas prcisentwi wi the 8-incH blue square, the orange rc^^ 
tangle measuring IB^inches by 4 1nchc$^ a foot ruler. and> later, a sinall 
piece of card measuring 4 inches by % inch. Tlie= teachers concerned- 
elaimetrthat all tliesajpupil^ "had met tlie j)roccdure of finding the area 
of a MpJareior rectangle u^ing airuler and.iiuiltiplying the nunibcrW units 
of lengthen* the numbcT of the sahie knid of units of brcadtlr^ 
There was at first a dif^ussion with each subject to ensure that he knew 
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he meaning of the word area. Tlio experimenter then 5;nd."If-I give vou 
the orange pieee. the blue pieee. and this niler: can you tell me wl'it i/the^ 
area of this p.eee?" Nothing further wa. said to the subicct it be i ^ 
expeeted that tho.se wbo could do so .vould measure the llgth of o 
sKles a.Kl:expres^ the area of each figure as 64 square inches : 

lo rach child, whether or not he could accomplish the task using the 
ruler, the oxperiinenter tl%i put these questions: ^ ' \ : = 

"^lust area always be ineasured in square inches?-*: 
"Would you ineasurc the area of a football ficld in square inches'?" 
. . \\ hat would be a better-miit for measunng the area of a field'-' 

- 3'ouaisetogives^ie:area.olaii6^ 
:^ :'^^o«' suj'JJQscj^Uiliadl^ii^ 

mchl.^Goidfh^oiijfinflstlieLarea^g^ 
rectangle just using this as a measure?" 

-llie^rinfeva^ ^vitlldiaA^ IfimShildS^ he^ did^ otSnmv ^ 

how long the piece of can! was. the experimenter replied: V 4 : ^ \ 

: - "©oes^liafriiiattei^ £;ah^(y^^ / 
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_ J: le rcsiilts.suggest:Uiiit:the;pupils^lUl;less^vcl 
J)fvthc fig«i:es^hanvhi:;coinpiiiJngvtlieii..areas.Mii^^ 
^oUieiulool^at^tha teaching these^piipiis:^ 
of the e.ghE.yea|>oldsrseyeg or^fhe fifteen.c6uld=fi^ 
using a ruler: :©rthcS., loiirwcrc .a ^geOHg Jtf con^^^^^ 
was ai a vciy;good.stagcM.a..d idnibs^at stjip^Oaj, A^hilr^lia othcu 
two reached stage Ilk in the fi rst task - (lesci ir)ed--buX- bof li were aged 
^ghtyeai-s^uKMeveiHuoiillis mulJw-erfrtl^ 

\\.lien-ifc=canie to.nicasuringr:arcas with the siiiall car^^^ the 
se\-cn were successfulrand Jjotlr were at stage n 

areas and in other tasks gi^n. -Both, pupiKs invcix- fegaixU-d by theh- 
teaclu..-^^s abkchildren. ^l„-cc,pupils at^tagemB in cdni^aiin^ 
wciT unable to inake any attenipt at calculating: areas; ^ ^ 

Ii. the rnextage group, nine of tlic fifteer^^^^^^ 
o the shapesMn :s(|uaie inclies-using the ruler. Alhof these were at Mage 
llIBnicompiu-iiii^area.^andatX 

these subjects, and no ctherduld atthis age level were able to exprcs. the' 
areas in tenii.^ of the unconventionar inea^uring ihslriunent: Their onl^ 
difTiculty wa.. in knowing what to call; the units. Again in the feh-veii;- 
olds..eight of the .fifteen pupils, all at stage IITB in tli5 comparison of 
areas, calculated the^areas of tlic . shapes in; square inches :u..ing the ruler. 
..Moreover, all eight, and no one clsc at tliis ag^- levol. calculated the areas' 
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in terms of the unconventional jimits. 'Dhe other seven- of the ten-yrur- 
o\ik, all at stage IIIB in coniparing areasv \\'erc unable; to the 
areas of the shapes using cither inler or small card. 

When we examine the ninnher of pupils at stagCTIlB in the task in- 
volving the conipari8on;of areas and tha-nnmber able to use a conven- 
tional ruler and an unconventional card .to ^measure the area of a figurcj 
it does jippear that there has^^been loo niuclreinphasis bn^a rote procedure 
involving measuring tlie lengths of the sides of^a squaTe\or= r^|a^^ (in 
the same units) jind^fihding the p}oductJan;cr insufficim^^^ 

-iteration. It will be apprecjatcdr that teaclrera \ean-hejp;-their in^ 
unclerstamjjthat thejapea^ofi_ajs^]a^o_i£^^ i^:gi>iyiyj:^Uy5^B^^^^ 
ofrth&lengths€o]f;it lisi^ t he succMsiveyaiy Jic}^^^ 

'a:-Uuit?%eaiwiThijiVa^L^^ this is the way tojp^o^e3t^ith^ 

dijltltdii^fltlmfai^^ 
tioiialrtlJought tdwalfeiivdiT'e^^ 
aujSinthin^ie^cal^^^ 

ai-ciis^iwjig^^^ of inijMfclXtipnlZ^^^ 

_ealc_uhrtidnTof£a ^- f ^ -: 

7 Vlflie^ca 1 ciilat^^ 
-usjng_jiii*a_rifl_nne>^ 
=i n fni i tei^set s;;qT^ 1 i nes^vi t h^^^ 
i^ldiiiiieinKjS 0^ tli%otli^i^ 
^ tesinlallyiefet^=^ W 
. orix»ctimgle^i^ equajstoflh^^^^^ 

intelHgible: if the aiiea fereBuc^^^ : 
there-isj:^prinia facie;^ e^N-idence^^foitfsugge 
: at stage IHB in the tas^^:im^i)lving^tl^e 
to calculate ithe arSs^qfU 
units :as^ too little experience hjid l^^^ 
iteration. " - "1: V. / 

OK ARE^A AXD V-ICK; )^^^^^ - " _ 

Xunzer (19681 has describe^. l\\Vc^^^^^ 
the diffjGsrenee between c^ 
spatial neid. In essencCj subjects Were/presejit^^ 

1 . A wooden board fitted; M^tli naUii arranged^ in suitab^^^^^ 

:th(fy could form= the corners of^'a squarCof Tectan^ square 
. of side 25 cin being^iimrl^edv^ -- - -- 

Tlie pupil was shown this squareHvithV'a clos^djLlengfh of string 
around it ; the string^ was Uien inoveli t d: f orm^ in^ series of 

=^ :i95 - 



pERJC] 



Piagetiatt Retearch and Mdth^ - 1 i_ 

rectangles. Square a-b^caine transforinedniUo rectangle with tlie 
periintJter reniainjVg^constant but the arca^.e^ tlie sfrhig 

changed. (Seo fig.:2^; " > - _ ; t c 



25 cm 
(a) 



gff5^^"^;^ "^^^^^^^S^^^ ^tf^fflJvPf^^^ taken from tlie 




I^B^^^pJSK^^^^^^^^^^^^^ottom riglit cori^^ ^^^^ g M^ ^R top right-hand corner 

^^^^^^^^^^^Q^S^^^^^jn^hcii^ new shapes increa^^ed in 
^^Ml!^^^^E^Mi^ MM "g t^^^k, area h con^^ervcd bukW 




flnxH^ hypotheses were j)roposed by Lunzer. First, subjects "a t^t he 
stagerof coiicrete-ipperational ifeuglit woUl(l e6n§e^^^^^^ l)oth^peri meter and 
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1^ 




ji^Cii in.^qtli^asks«5^Sn5^ accompanied ^ : 

'^i4%,^^i#^^ to j^pcak, r ^ 

-in tasjc 2>:,clj^ 

^: :di:enfajylrc^^^^^ 

^i5>ci:cje])tu{U|e^^ — 



\\\\\ t a 1^0 1 1 a ve c 1 1 a ngoTl X jJjjgn^tliMfa even TfUf^ ^gzzi^^ _ ^ 

LunztT presented thcso t as^ffiMMt^ll^ ^b^C S) groups ^f^ful>ject^. j^^^ — ^ 

^^^ ^^^ ^^^B One group of eighty •c-hildrcn n ^^gjg^' MrWi^ lBBB^ from fo^^^ito^^3g^^^^_- - - 

^^^^r ^^^^^^ a^^^^^ft years. The ojljMg^^M^^^^t^'^!^^^^^^^^ _ - 

divided into ifi^gfeffl^Kfini^p^gIii>' , months to ten vgQ^^iTOno>n| ^ - 
ten year;>, ><iM^^tl Mt^El^^^^p rs. :fix mondi.^; and fourteen years t^fe^ „L__ ^ , 

ifiXtMn yoars:*IlirotjTOiIi(^KWiin botigt^gjcgltH^gi^ ^ . 

Ix^jSi the hypotheses. In task 1 1 1 1 er e ^^^ gj^gj ^^n Jdro^Kl^^fg^ - 
^g^-Hjg ^^^^^ ^ g^^g^^ g^^^ ffi2y te-oj)crational tliought (age eighSM|M!liiIiiT^^ rSri 
^^^ ^^ !^^^^^ g^ fegd 5]iamtoicons and Tire a in sjlJ^^^lf^^^pti^f^J^J^- 



^^^^^^S^^^^^ ^ldM EStWtJ^^n t^^iroi^pa pf area. Lui TMM lJtiifftf IglCe^^ 
Br^^^^^^^^^ MT TdifliMflTOFty li Hanl Hinfc'onscMySBgi^ 



^S^sj^^^S^^^^^MCftller fig foruTallpjM'ational tlicitlglj^p fe ri^^i 



^^■^^^fe^^^^^g^ ^^^M ^^gg^f^g^^^^^^ ^y^ years offigg^I^{^^^ibje{*ts reeognised Uie d ecn^ea segiiigrirgfe^ 



^m^^ ^^s^^^^^^^s^^s^'^ ^^^^^^^ ^^^^^^^^^^ss^^'^^^^ I re 1 1 en 1 1 re H'a nsf or n la t i d i ft was < onsidcra blcga !!dH^cncr4t Hgeda^>j 



^^^ g^^^^^^;^g^g(l ii^d ccrease , spo n t a ncoujJ\5ig^g)^4li&^ ^ 
l^i^^J|^^mc|^i^o u se r \' e(l^ ^^J^ 



^Tggjigglltrigl^l^ 



M9f7 



mm 





^ tlie concrete staga.ofjtIiougfecarisccFtIiaptlie - 
zcroin^h^.Ijinitiijg.case^yBriglie^ 

li^as^gone^pUjcon^^^ 
: ^pwatjpals^yig^^^^^ 

Lunzcr also dia\v.< attention to aijotlicr development in geometric .situ- 
ations at tlie .stage of foiinaI-o|»crationaI tliouglit-naiiielv. an allilp 

^^JgjQgiutijtjgap^^ 

aiEQjjagdMitiijgaK^ c overed tlic i m^jm^SMMmM M 

^^^rro^sTlie top of^J^^ to (•o\ c ifflM!aa a7irai o^ it.y " 
^^JoI)vioiisIy I)rotriide^^^^i^jg^^Bfi|^^!gpf|^^» 
^^'at the .stage of forniaiMMirMlBlTO llItMi:ea sonc(l that the area 
f of-fhe ^hape had (lecrcat:ed In -JlHemmTOtHg nTall area x-. But the 
^il)ils at tlie level of conerete-dpMiOTlWllBnflTTOTd not know how the 
-^^rd, after having been placed over the arca.r/.r. could help in mea.suring 
^ f area of the rectangle. But when i-onie of the.sc i)upiLs_and more par- 
^ tgg^ terii]iaiig|3aMtv\(ieti concrete- and fornial- 
My|g||!i|!|"S''t~^-QMlj SMEram exaetiv covered t!ie area 
^^^ P Mm ^'^' undcr.sMmimaiM^!iaffmallLM^thanjh(! area of the 
M^MlManfflteaiMgM though^ 

^yjiMM BMII lm aiMgayiiga^ 

" * ''"'^<' P^t pKigmtagfflliay^ ^ ^ESE^ jS^y™ 

PiapprnireidKiyMtg^^^^^^^, give Iffl^iai;;,^^ 

^aaiaM%iiMijy^^ provirled figure. They 

^M^fflffM?i^P ^iS i^ift'^ other measuring J 






^gPOTdiffation diffcra^f^ng^^^JnB. but it dofs^^^S^^^ffltr^^^ 
^loin from what i^^ peg^^Ml^M^tnd, a.-? Kuch. <^hes evidoncc of the 
early , stages of fonnal-opcrafioiial thought. 



a 




Fig, 5 



Mkmouv^ 

^^.^JiU thjaJllbLp^^ of uiy talk I want to <ay a little about one of a 
jHmlteltfMroip wc' have r(>('ohtly t;iven to children which were based on 

Tlrc^^^^^Piaget. JpSliSMiroiSiffilWi MlM^ 
andwrailipiice. 1 iiTi pmffiSiicj^'niJ 
^lier^e, butj waiitaxjfflnggMMt^^ 
^^ptU^pacawasgiTOlM^ 

;3Hgjloyyiil^ 





on Ik. tal.'.o was . toy auton.ol,ilo with a lH.rizontaimm! WfM« 

* ^''^^ «^ff™rai««'aa»^ans^ ^ It will I.q „>..a|lo,| 

.ystcn of rcfcrencTOlKliareanMtalit iffliliim^Mx„,„isi. 
tion, al lunigh -om- ,xmmmm^^, is tlifMrn^gaaa. 
acc,u.ix-(i giaduaily. th«-y conliMrn.l uitl,-.n^^^ ,Mr- 
<'nceSNn respect of age and siC^^lin tlK. Oenc^^M^cst. 





After the d.iMren were shown the .naterials-an<l thi. wa^avith 

the hot le.< an,l their contents. This was eon.plete.i in late Noven.ber 

^^^^mjelowmpWiTPb, noticed that we devised stages for the 
^Sln^S'' <^"-t^"t''^vl'em.s Piagot. Inhelder. and 

a^S''^rt"'' '"''^ «f 'mottles 





St:?<:e 3: BMllMj^^jM|WftlS S\'^^ k^K b^t licjuid'still ad- 

^ Static 4a: yretWffiOT Et^^Mffi jtM^ shown correctly 
Sta<^e 4/>: Bottle aiMi^IiB^J^M'^'ct 1 y drawn 

The ntunhers of cluldr^^ ^El^MQ j<^'-=<^* ^^tages are <j^iven in tables 2. 

TABLK 2 
i ' - l^iono Hot fin 





/> ///■•<. ^ 








29 


11 


t2 


Slafir 1 


19 


12 


12 


Sta^o 2 


2 


7 


5 




1 


■1 


S 


Total 


51 


31 


37 




TABLIC 3 








['p>i(ie-(lown Hotilo 












Sja^o 0 


25 


4 


5 




23 


20 


15 


Stagr 2 


1 


I 


(} 


Stage 3 


I 


2 


3 




0 


- 4- 


() 




1 


'0 


8 


Total 


51 


31 


37 



The teachers in the seli oolo vt'r^, of courr^e. aware of tho amumi 5M| 
exp.eriinehts we were carMfiCTSnt. They were asked to 9CT?itj loJ5tll 
nothinir tai^olRMifMog^^ 
in an>uRroBnMltMi roiat^^ 

inojllBIf^^W^^WTfBll^ teaclfgFs 

fcMtjMgnciMlM^ 
liiiSMtjl5l5i^ifiTOM 



^tfllitlrim£XiMi:i!n^ 
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TABI Jv 4 



AiH' 



7 yraf.^ 




10 

C 



50 
53 
46 



43 
37 
■}8 



y^^y r want to i-ut thing. l!B5^Vl,at I want to .av is timt h(.rc.i.^an 

- .npleot a n>ati.emati.ai i<iea-tf.e Eudidean fra„. of d^J « 
; S,!nr?; '"7 '••r' ------l action and not 0.^^^ 

> I. n . X 1, ; ari-'. tlnou-d, the evolution of 

- unc... .Note too that the upside-down bottle was an easier ta<k tlrui 
l>o prone hottle. I an. in no .en,e belittlin. the value of ^,0' nti^ 

teaehing-nulecd. no one would stre-^. the Vil.i. of „ 1 """" / 

I. But it y .dutary to pc^u^: et h nt^ij 'i::: 

.a hen.atu.al learning i. dependent, in part, on general x 0 " d 
. t.on I a,hn. to the evolution of .chen.es. or a. the Geneva cho I vo 
^^ay, .ueh leannns dependent on the law. of devdopn,ent 



KKFEKKXCES 

^^>>si^^^^^^^^^ Pr..e.U„ive.i.a!.;aSgS£- 
t i u,. ^^g^P" '-'-''"O- vol. 2, edi,c<l 

""**c , 





Piaget's Theory 




It may seem rather contraclictory Tl^M5jnmgerfg{ ^^]gI^ pt should ho 
interested in tlie acquij^ition of 1 a ii ^igri^^ Birosfl i li mse 1 f has- always 

gteMeOBhe fact that languagejs structWcfMTf^mu^ht rather tlian being 
td^ojms^ancl .since it is in the development of thought that he k inter- 

riMffSlil CTlras p aid very little attention to language. Even if one of his fir.st^ 
e Language and Thought of the Child ( Pi a;^B|l]l^CT 
nW^^ WMmmMSlM ^^"^ ^1^^' title, this doe- not mean that^gflBMSH 
limTiSeordgga^^^ .status to language. He was then JOTmIB 



tJ^roM BmrglfltmBB i'ha 1 interchange that takc$ plaecl plgff^ lljlM 
Sfflttffit mMOLi mlfriro n (1 an adult. In his later work, hFlflMMlMhpllg 
Mtt^M[jjMB!)Jiis purpose, although ftialogue l)ct\veen ch i kljlMlExiMrg 
1 n Wt^glfe^ gpJgy s a part. 

It WOTJfiiHgetBvho dethroned language from the central position it ha|lj 
QccupiedJnMthe minds of those whojwanted to .study thought, and it wasi 
IMa geKilB milt language in itsjlllaillll sho wing th at i t i^MtgdtewTOrcJ^^B^^g^^ 

^ffiylaSlti ggirelfMinm ^^^^ 

iiwntllfimMilE gMMH^ 
Ci5H^oulBltlf^i5?ai5l]l^ 
SOTmfMMilQnMQWiCTi^ 
BlMitrtlhTO^jgMtRroiMtTO 

EtHigljnlciEitlBtiiroBjig^ 

LQror elgbherilmrra 



ma 



Fiagetian Rwarch ami Mathematical Hilucation 



languafie mild not i)05?il,ly l)o iicr,uiie(l in an :u<sociationi.sL Mianner. it 
was concluded that the fiindaniontal linguistic stitictine.-, nuist tliercfoic 
■!'e innate. It may smn paradoxical in the light of these theoretical difiVr- 
ence.s to t:ay that it i.s Chomsky V ugrk that i.s making possible the study 
"I language ac(|uisition within a Fiagetian framework. - 

However. <lcsi)ite the important dift'erence.s. (.'homskv'i an<l PiagctV 
theories have several ])oints in common. Both men are nonempiridsts. 
both are interested in underlying stiiieturc.-^ thafcan be formalized, both 
are dealing with competence rather than with performance. Also, it is 
through Chomsky's studies that the difiVrence between langtiage and the 
other manifestations of tlie symbolic function has become much clearer 
In symbolic play and images, symbols may be linked in a common frame- 
work, but they do not form a sy.stem. Language, by contrast, is structuicfl 
into a system, and althoiigli it is. on the one hand, a wav of representing 
what IS known, it i.s. on the other hand. it.-elf an ol)ject to be known. The 
child has to infer regularities and rules and arrive at an wtmnrizcd 
grammar that will enable him to construe^ and understand an unlimited 
lunnber ot sentences in his mother tongue. It is in this sense that the study 
of l.inguage ac(|uisition cannot be tin.lertaken in the same manner iis th.-it 
of other mode-; 01 re|u-eseiitation: i,ut it is also in this sense that lan.'ua"e 
IS an object of- knowledge and that its acquisition can be studied in the 
constructivist manner in which Piaget studies the .levelopment of other 
types of knowledge. 





T!u' abo^^^pill^^ffiiTTOi]^^^^ from i^^^^gpisteinological ap- 
proach, of CT^ro^Bn^m^OT ^g^ i i^B ^^^P 

TluuijSI BSSgMl^ roiMM i^CT^ro but that of 

2^rh(i ^tru g^^^MlliroT^^]^prffl^^pg too(l only through the 
^^^^^ hIv of iWornmtix)tmQ ^^M^^l[^ ^o^ (leveloj)iiK'iit in 

However, our guiding princii)kB[ ^^^^ pllit we have a rcduetionist 
attitude toward hinguage. We ceiMm^^g not think that language 
riccjuisition ean l)e exphtined l)y the hnvWTOi^nitiv^ development ahme; 
the .-^^trueture of hmguage it.^elf is a nece.-^j^ary part of an aecpiisition model. 

Thi.^ catalogue of basic convictions is no more than an explanation of 
our experi'mentaj methods. We are very far fronj having any colu^rent 
theories on acquisition, and our experimental studies are only just begin- 
ning. The juost complete study to come out of the Geneva school is a 
doctoral thesis by Emilia Ferreiro { fortliconungi on the temporal relation- 
ships in children's language, b^everal projects are still })cing carried out, 
and it is not possible to give more than an indication of the implications 
we see in our results. However, before giving some examples, something 
more lias to be said about our methods. 

We try to investigate coinprc^luuision as well as production. We study 
^MfftKrihrn ilimiMinBthe following way: the experimenter pro notjng^a 
WrlMl iTattern Tsiich as 'The l)oy is ptished by the girF'K amfW^^fflr 
is asked U) act it out using a number of toys. In many \va^tlthi gjlalM 
ni(]ue i? ^imiQj - to the one in which the subject is asked t oicj iwsm tuTOi g™ 
picturcs.^h ilSGveniL of om- experiments the c h i 1 d r c] ilumlMTOgi lMn 
ance in an igior^ i way tha\ we could not have rcf SMritx^iipi^tWfllTll y 
Some exinnples aie giv(^n })elow. 

In the production tasks \ \Sacmg^rtni«aTOmffl^ 
jiskinu^th e^chikkto^ de^enbe^ 

BjMilmMgimnM^^ 

Bfflj^pMlWMifgDiuMiaa^ 
MiiaijEicMiiw^aa^^ 
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^Sinciair^/ri^iag ejU^^ Lttnguaf^e Acquisition 



^M^^y^^^^fl^Effilli^^^roj^B BK 1 } hyr the 

gcxDMi^ay nr^ffUlMinBTOiffl ^^ n efTort to 

^ ^&^^A^^^^^m^^^mmmm^^ ^^M' to tmw during a coin- 
|^I^^Mrei^!^ffil^ai!ffi^ol^^t^^CT ^ have <aid bofoie he 
^^MgJTOHSfl^^^^^^g^^^cTO Be i^cm in the exmSi il^ 
lIMdj^ ljgCTrcftmlf^^E^^^ffiS wo obtain itij^Ml^H 

^^pWagklPO'lroynitsomm 

^^ur during the (unnprclrcojgtonmmii^TOco of reacl^^^TO^ 

Mg^^g tasks is tlu'n^fore ofl^MM CTlMrn cidentallv. the rejjotition task 

^vidci? a kind of eheck on nioreB^aBor.-'. 
_^5oforc giving some exajniilj^ ^farm gn research in language, f shouhi 

to bring up a (fuest^^^l-^^^^ked : How is it possibk* to ho])(* - 
to find a parallel between IlngiD^^^pis of cognitive development (as 
they have been interpreted i CT^^^W id those of language ae(|uisition 
if the hitter seem to take plaecyrm^ptinuous. direct luanner without 
any discernibh' stages and, espeeially. if the main linguistie structures are 
all present at about the age of five, as is often maintai?ied? 

There is no language in the j)roper sense before the cubnination of the 
sensorimotor period. Comnmnicatidn. however, starts right from birth 
(cries of distress and simple signaUing by the baby of itaiBMSnee in n 
certain place), Connnunication soon becomes bipolar: dUfTJSs is sig- 
nalle<| by generally high, nasalized sounds, produced with tense nuiscles; * 
contentment is signalled by low, nomiasal sounds, produced with a relaxed 
nntsculatuiiy.^ ^^^^ 

LittlflJ^ptle, vocalisations take on some of the pImnMiaiil an(l 
prosodieal characteristics of the mother ttuigue, umler the iMUuin^QW 
many iiiflerent factors (such as the clcn-doijuiciiffiolirfflm 
adoption of a sitting posit iony^vhich allclWlHlffin^ 
another p erso n s face, IIMOggmnings of imitation in tlu* presence of a 
1 1 l Oilel^iBMDjJOmjaaEocX uln aiulllilfflTiaiWEelDp- 
niMTOTOlMJTMigil^nato^^^^ y 

baioinu^|}|l|igmMlM 
«lQyelo|jjpnjBr ^ 



^^iVpFesenTafiSfm 

One cliaractoiisti^t^llyMB® 

to some event or gy^^^^f in an as yet very global but 
eonventional nianiieiyii^ ^gfolmtjL li^^ack as a wofiM^S 

combination of several worHOTf^MljiMI^^Sa^ 

Evidently, tiie very first numil^M ^MB^^ ge. the famous I^B 
words, are difficult to place exaffl^^^ ^IlTOll^^j^;^ . behaviors. iW 
have to be reeognij^ed as sueii by the ob^^g^ojicxurrrpjuy f I had not 
^een a seventeen-niontli-old girl look i^ p^^^ mwflg boating its 
wings against a window, 1 would not hj^ffinterpretecHferirehavior. on a 
visit a week later, when she went straight to that window and flapi)ed her 
anus, as a delayed inutation of a past event. Also.jhem is a great danger 
of interpreting t lugi ^^^ lgjiii-'iiii'u ln ^ intcrpretl^h 

them as nouns, or ^l^^ ^^ ^MmhimmrMECTfifflir them forcH^ 
into the word c I tj^^^a^ ^EfflMa^^^^^W^ro uo i n^^ into^^B 
controversy of t lie llMa^^^^^^lM roiOTtoastl ^^ 
to allude to PiagTOI195 ^^^^^E Sl^M^iM^^^MM^TO^S 
^J^^^ action possible I " pg^i^^^^Ma^^ ^^ ^^ jugcmeuim 
^^^i ( -action judgn^ ^^^^jl^^^^^^^p ^^their ])ved- ^ 
aiMiye function^ that is?^lf!f^fa^EMffi^n^^^^^^^s^3^^^ 
A second characteri.stic of the fii'st verbal produe ^M ^^Q ^M ngS 
of the principle of syntaetij ^j^|i|gi|i pn. First. sc iBMi^^^ ^^Moi'm 
of a shnple jii^ffli^^ ^^^ ^^piWte elg^^^^^^^^^plH^Si 
of genuine ielj ^^^^p^ TO^^>i]t£xJg 
1 1 1 i;ee- wo r£j)l^^^^^^^^|j|p^^^^^^^ 



I? 






^^^33^^^^^ no reason to b('liove tli a^p i and sMuflM^^S 

^^}^!fflS'^Sffi®^®?ilM81MlU^^"^'^ early aP 1 a n gi^^c 1 o e s not Tr^unre^ 
^gg^U^^njfjek^IMlvffiS^W the part of t Imtslj QH^BQu ie ec 1 / 1 ho rece nt 
^^jwjQr^l ^hi<^et et ah (19138) on tUv i ) r e o p elfSMffil EHoj 1 Avith itllgMi i^S; 
^i^Sf3Uffuli_i ; tgtjMa^^ ha?^ nroj^l. MBlM venient:^ of this 

^^^^^^IRrTclfFoi^^rert'over, many of Thc ^^^^^E )n(|Uests of the 
ygoM iLatMgi >er a t ion a 1 period are ah'eady present^^^^^nl thou<!;ht pat- 
EtgniCTUiMh earlier. The four-year-old knoirs. amT^}]! <ay ^^o if asked. 
StJTOECTJS - li(}uid-pouring experiment nothing lias l)een added or taken 
stOvgAMlM^ e r i \' es that the glasses have different (rnnensions: he knows 
gt^PJM^pe that if you })oin" the li(|uid back into the ori<iinal glass, it will 
gfCtlTifTl tW ori^inltlll ^ciE^^^^roMt^MBiqM^ do is to 

rogi^ fron) ayifjTiffil^ ffihwcflia^^^^ be the 

^^nie. This CTrero^^PiJJBtepm J^^il^ ^ with the 

Sli BgmSttojCTl tinj^vt ions aifmj[aTOnUCTroi ^roM 

^tTef^l^^M^i?ll^^^t^^^^^^^^^^^^^^^^^^^^J 
^^Our 1 ly p g|H^^^tf jgrglmMM i^^mTO IB t^TOMffiuMtj) J 

: J ^:e^}H?ii^gcnSi^ iaMltmt ngMinrSti oml ('harain^i ml^iiMJP IteQlnit^^ 
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^^^gphavcd as lollo||;?yiicn fhe exi^j^^^po\Vn tliom a tnu-k pu^lT- 

gflng^^|y,jg^l|£j^^ to (lesnTbTnfi?^V(Mr3f«rttinssto aboufO 

JMMmg'Tn)u=>liin.; the truck-. Siinilail^aMTOMeriincnt. on ^ 
gsninora lifiilationsl.ins when fivc-\-oar-ol(l,''WS^Ml^^^^^^ 

Kii'l cloll going u|, a mm^mmmmmmimm 
^do Nntci-nig a garage, tl.oy rigidly adhered to thi.^^^^^^ 
m ti,eir de=^crii,tion. They either ref uaalltaM art. uitli "fTTaS ^PiffillM 
tried to do ^0, they were ineai)ablo (tBiOTilieing ten.,,o!fjlind.e]TtorPtW 
rcestabiish the eorreet order. Tliey finished by admitting tliat when one 
l,mi^.^ynh the .eeond event, '•If. the wrong way round", or,1traight- 
foru'ardly "Its wrong" and elain.ing tliat it coAiid«iiotMbM|oiie. Younger 
Jdnldrcn (four-year:ohls) did not expre.., the qam^ iov .j,,,,,],. 
^jpbed with our in..truetion>- and inverted agWanTPpriM! ("The ea'r 
^hes tile tniek" instead of -The ear i^. pushed Imt^^^^lg^.o 
-^cr-sed the order of th^wo event^withnnr i BBiy^^B!P cv 
•expected reality to be ;tdjMtffllMEligifflles('iipfi»in~" — --- ' 
For the moment, we ^imaavgjiggi^ond a d^Mkn of .^ueh new 
aequi^itions that take place during the eoncrete-.. Piri8fp |,ei.iodaHovv^ 
^v, from our few experiment, we are eonvineed^^^^^^ 





^^^^^^ ^-^ - y^:- v^^^^ : 

^Sg^tyigput of wlm^^Jjg^caU 

^^"6Pinp^bbabl(\ Girl? can wash I jg^l lfflglMs can wa^ir girls. In tlf^^ 
other ('X^jiiJiiaonhaoncM-cMsion isT>X)MHl ^^^ ^e car?^ (ion't wash boys! 

Compgl ^^i^^roiM indicatcd tlMBj^Bix ycar^ and six months to , 
seven ycMi-snTTOFt^Ptliesc sentences W^nTTlerstood. Before tlien, the 
H)ain tendency is to take th.e first noun as the agent and the second as 
the patient. The five-year-olds h(^ite(l a great deal, and there were 
some interesting eonipronii ^ElMj^MEyr instance, some of them intro- 
duced a kind o fg i^j | )X: OTireEi^ ^^roo r the sentence *^The boy is 
washed by tiie gill MEI^^ ^fflMlMl^M^ish the girl and the girl wasii__ 
the boy. Interestingly, a])ar ^^^^^M betw{>en rcnersible anf^ 
irrevers ibl^^ litences. thMiTOfiMjMro^CignMPXq^^ (or tbo^gj^M 
chosen) jipaQmyxLtli thMlMmgmg<a^EM^^@i>^ i^^ achieve^^^g 
the typ p^Etep5Mi5pliB l^^^Eirofti\e verb such as lavcr ("to 

M^W ^^^^^^^^^^^^C '^ witljK^ .s-?//rr(^^^CTfoiTgSBr^^M 
^^^ Tim^^ lffit^^^ ^ filfi^iTOTOlL^ rog^ ^ beyond tlniBSg^^^ 



^Tir^f^gi^^TOl^l^ ^^^^^^^^ ^oars of age cliildKf^^^P 
perfect ly^cTfjTable of repeafi^WS-CTMraFs eorrcTtly, but their ^^^S 
prehension is incorrect. As mentioned aI)ove. they act as if the subject 
of the passive sentence was tiie agent. Tiiey also introduce eertain modi- -3 
fications in the model that are <lifricult to interpret. These niodifieatl^^^^ 
however, concei n cither ttie V(>rb form ( a jgj^f^^^has \\-a!^(^^^^^M^g 
cd la ^'ifM^Mg^^^0omi\M]n^^^ 
instead of^7H»-^'4lg^gJ51^pg^l)u 

At the age of ^^^^y^^^ioii_get>i^^^^^jJig^ 
deteriorate. In O^^^^^l^g^d^^^^^^g^i^^^^^^^^: 
g^ot-like ^'^HMx'd^^i^^ip^^^lg^^^^^^^^^^^r/ 
S^oduccd. TheJigs^W^t^j^ 




Pi_agetiahRe$earchi^^ 




T^jhgqf^^t^a^^ i.< clean and the girl waslMlf^^ 

^Hi^^fe aiTMiltlfi^gS^ Vi x7t h e first passive eoiMjmtions are regularly 
^^^Ml tlffi^lWrojTOch ) oin-^childncnTpTcfeffii^ s est fair 

^iK^ ^^^^MfiUS^M 1 1 can b MtMigSl_SCT imjiigl7l himself 

In this Wn^rinf?iTtp!iie r j^uLt^ ^^oTOiWal^Mm , and 

repetition tasks converge, ffl^^llo reveal a l ilpjMimc^ ^ decentra- 
tion, which is one of the ch ^^^gfo s of the co iWStjgo pilrjrfr&na 1 period. 
^^Eljemother expmiHGTOL gnuci iin rrogdiffigll ob- 
i^gerjgcl" that \\ p^gTO^d^Ji_aaimir 5^^tTO^giiW^ youn^ 
children, we gQbcp :cMI ^M M^MJlBBfft:ciM^^^ ^ three 

^fhWcgd^iiW^niOi flU^ jsonie in- 

^^^^^^^Mr i n t er) > i:^^^g ^^^^^Qs<L J lu^c;cugQpfiroig ns : 

L Two noiin^rffcr^^^^^ff ^^^ qg^ ^^^^J Igiggi or 
boy-hox-open (reversible " a ml^m ^^iBj ^^^^^^i inffil^^^ 
possible orders (boy-^^irl-wash ; g^^g>g^\!ffir^Pgirl-\vaSPb^^^ 
l)oy-wash-girl; wash- boy-girl j^'jisj^irJlljoy ) 

2. Two nouns and one intj-an|it^ M&_ l ^^^p s horse-j)ig-run 

3. Two verbs and one n()Uii, lTi5h^T3f^i^jmni)-grunt .^m^_ 

iz- -^4_i^Un|3.c\\l]ci^ were t hi:e_e3V ca rg j blcl^ygS^ 



^ i^pin^inft-ancj^oj^u© 

f^gp|^ed^Jik^m^^^^^nd did not seem tolfes 

5 taWe^o^^ in the combintition, wing^^ 

nised^^aiRo^itt^ 

k^^e and tlur.pi^^^^ 
ni^ch^nismj^ junip and^gr^^ in §lncli3yeH^rfi|i^^^^^ 





they were presented. Ho\v(*v(m\ a f^Mfi^BlcaigolB^inmlm^^^ 
order car-\va::^li-l)oy, put our littMsiSjn gMQnito TMKlR^"(^^^^ undTnadt Ml^^ 
car wash the boy. Tliir^ very st roTToffiroMSfij TOtln^^ he fir.st noun is^l^B 
j>ubject" also utte.^ted to by the fi^MjM§iBBJ^^grsil)le eonibinatil li^g 
(^nd\ aj> boy-wash-girl) a 1 Iffl^Rl i i HI ucnWfKI iBr^^ took the fuv-t worTr 
as the agent. However, the ^^^^ffii ffercji cjM^^ i i e n the order was 

not noun-verb-noun but ei th er ninoliigycrbToj ' verb-noun-noun. 

The youngest Mibjeets s h o w (h nTiW@^Mffi5lMe>' in the case of verb- H ^^i* _ 
noun-noun to jiUjpll^^Plng cnttfrauTO when wo B t^E. 

said 'Svash-b o^gg[^BI^^l^gijjg jl^MR both _ 

dolL*^ or took OTtffMlBM tomi^roiffll nies , in 

^B^ffl roSJCT^^^ble ^g jTOiiTOWfo^ro^^ 

T 1 1 c^jgl ffl ^^k 1 ' J? t i • > j t * e tWf f otfirSmt 1 Ifi^^^M^lWi ffSr enffMl STftnM^^^J^^pi 
this i MCTCT K SSjm? t i n 1 es . we again observed the reciprocal solutions, as 
in the jfassivt^semenees. For *1)oy-girl-wasir'. tiie children made the bo^ ijyS ^^g z= 
and girl wash each other. Two other solutions seem to become p^^Tg^^i ^Kl ^ 
ponderant aroun{i the age of Tive. The first is^ to considei' the nSMiS^£ ^K^_ 
^a[p3diately following t^^;^b as it.s object. For exa nullg^RMrilgj^?^^ ,;^^^ , 

^g|jj^^fflug^^glg^^nj^fliu^ 
ffgj|LW £^ir#ljg y^^ufiQnM^^g^^ 

-il^rghrtionsj^^^ >" !l - ^ - 5 " C^ - ;- " ^^^ -^ - r^-^Bh 

- ^cxppriinej^^^ ff^v^^vfr ^j^^ 



^^^tionBis-far-fVm 

{>erfornicd in (luncva a ffl^yiimaEM nj^^ 

^0 *^ comprollcn^iv(• tlieoiAmf ^^iIiti^^B ^OT^ ^^^TOji^igM 
^ he tested against n^^ ^t^^ ^^^i ^Mg^^p lOT^^^^^ff^ 
account the laws oTrCojE^^ffi ELQBMni^cpM to get some 

idea of- the kind of i n fSB^Slff iBrcnrntTct M^^^^^ Bo f development 
arc capahlo o f ^M^ f ro^f I^WlfflTOt cran^ ^ r. No theory 

of ac(iiiisition caiWaftofd to ignore tJMji iijroct g ^^^^ ^nc in lingui.stie 
theory; but neither can such tiieori in cogniti ve devel- 

opment, \v ^^yinioin ^j)iniQ n^:illg ^ff|^^ 
^ of tlie linguigCl^tWtui^-llildlTprvr^^^^ 



Bcilni, H. "Active-!';issive Connrniation und Openttion:il Hcversihility." PnJ^^^ 
presented at ;t meeting: of tlie Society for Child Developniont, H)r»9, at SmSfJ 
Monic:t, Calif. ' 

Ferreiro, K. Lvs rvlatinns icmjwrclkti dans h lamiuage dv {'enfant, _CiVii_e\:;i : Xk^^- 
fortlicomin^j. ■ -^^^^^^^^^""1; 

Furth, H. Pianct an(l'K),air!c(l(i(\ [ jiglew ood Cii^g^^^ ^^ ^MIp^ffi^y 
-^.^J'^rct, Oi). U UuKjnagv vi la pcnscc chcz iWfWff7^^^t\0^S^^^i 
:^r^5l>ljH'li;iux A: Xiestle, 1023. ^P^f^:^^h^r 






igitudinal Studies 
Related to the Classroom 




The .decade ju^^t ended, marked at its beginning in the United States by 
J. Brunei-s book The Process of Education and J. MeV. Hunt'i? Experi- 
ence and Educai^^^^^^^id by K^jgygUk gafeM^^ ^ 
Mathematical al ^^^ ^^ ^^^ yj^ in WMB ^^^^^^^^ ^^^^ up- 
i^wing in intercj^t in the^ ^^^^^ pTi Pia^^^ ^^^^CT iri^pj)cnnients 
havcy) ^^I^Ug dM^rt ^^^ Pe!!!>r^ hi^S^nnfj^lire^^RgliiRlM 
in the^ji^^igiri^ KroiM^ ^Ts he has ^OTI^ ^ ^^^CT^^^^^ ^^ft 



^^^nbcro^prograTii>(liiT on his t!KH)^ ^g[i^njro r(-oii?^ 

Keviewing the Piaget-inifpii-ed researeh u ^^^^^ i# I liave bce^r 
j^^^ed with the Ji^caieity of thAtttgki"^ i^ul>nieveIopnient:d^^^ 
loT^itudinal, approach and ah^o wiTMlB j«:earcity of that having jlif^fS^ 
relevance to the ehis.sroonL The stiKhe.^ to be reported here rei#®^^|lt?V 
m ^l^ ^^^lMgit^^^hnal ^cfflaatol^>»»"^ innovation. ' 
^^^i^^^^^^^^^^ve no^l^^^^i^hed by TeiuJiui^^ 

-^Thinking fti ScccJmrame in 1970. T sluiTl sketc^^^^tf^^g\JtWP 
-5^carcRiji§x\\^^^ 



^-liejfigtrfenrijhtaB^^ 

sip^_of_aJj_c>ptibli>lier~froni Millie Ahny's Lnfilf^^UIiuUfug iu^^S^^^^ 
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/ :Tl)(-first:stiKfcJ^ was^oiicerned^iUi :tli(>: 

extent: pf^^^^^^ 
politsgizcleimiftarj^^ 

in a^^pwej-rclass i^eighb ^'itHf ar^mfxecl^ 
abiHt^ ^n^ 

-yjgnsciv^::^lie^^ 

of blocks through two trani^foOTtj^MCT^ ^^^ ^^^^^^^^ 
^^^r of one sc^ji'^g^^J^^^ ^^^^p ^^^^^^"^ 
SMMity to count,^^ ^gl^^^ ^^ ^^^ ^gliy^jHffiftcr a single % 

transfornuition. Tl^^^^^g^^ ^^^^^^^ ^ted to fooas the child's 
gi^^on on iiiinibeFjTOl^MEiT^TOi^^Kd the ''What about now?'' 
:^[g^tibn to .<ecure an answer without giving the child further clues. Where 

necessary, we a^^ked more spccific^iuestions: '^s there niore here? Or 
M^^^^^ ^lo \ve liave t ^amc ?" But i ^ipM ^fvas done beyond 
^-thmeqacsf for an explanationr"Why rlo yoirllun^of ' 
^ Our scoring procedure.^ were designed to take into account the nature 
^jo^^g^lg^^^^^^^^^^^^y to conserve^^^xample. 
:^^l^^|r%-^noWie~rc¥^^^^ the ''What a^tf^^^^rK" 

-?fgiu^d more ^fpecific questions.WEvenfiSllI' we were abl£Bsft^TiVS 
: le^cj^^mi^^^ falling in one of four patt^S^ont.ervation -7 

after cojijijinguconscoffl^ thayask-:^ 
. jmddn^^^ ta.^k, but not in^tlT^SuSW^JiquicI ta^k-^onf^- 

V ^^cgvatftn^miSllpin^^ ^^i^^ 

:})|i!C<yifeqM were able tog^^rfginWlitln^e^^^^ 

in^alUy^i-ee-!^^ - 

ayitimious, :andi cqn tMTplul^^^^^ "tfo" r^carch^^ 

Gciicvans, \vliil(j^t [MilciS^^ mmil5^ 
:ofnintercsting£questi6ns.- ^z^^^^^j^^ z^^^vi^^ :^:^^^^ 

a;hq^lbngmidinalrpart^o^t|ns?s^^ . 
- into.tlje sccond graclc. Fortj-%e ot^he injcldle-ch^^ 
four of-the^lowcrrclas|grouir^^^ 

in^the Slu ing of^thctkindei^rtemyei^^ gi-a^le^ : 

'and agaih in the fall otsccgndrgrade^^^^ sanieJtuneis 



iTaskJA: ^ .Orientation^ 




|ARE THERE JUST ASJlyUKYftfgrcyitfBLQCKS ASi fiJEDlBLOCKStaYOtfJTA^ 

M^_3 ^^tf oi|\glso)aag^eolpej a if ^ 

ineggssary^ARE AlHrn fJUSttASl^^ 





-WHAT*AB0irKH0W2i 



WHY-DO youTHm SO? 



Fig. 1 
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Ihat when the second gradm^^ 

ThelongUudinalr^^^^^ 
, f^r as the:sequence pf^(^ 

(liff<OTnccs.!)ctu-een^lie 
_ -to^xaniiii<-t|ijGt lel atipndiU)^etwecii^Mpii^ 
V -tionirig jiv^Otliei- arcag^oiW^ 

niathcmatjcsT^l " ~ ^ i ViS i 7^5^- v - >fVi5\^r £ - z- 

j-Oiuj^ndin^;ofc 
/,^g ^U(ud as^J^jfeQy^^^ 

reached .nccoik! pade than had been tj^^g ^^^geMml fgi^^^^B 

^iI)eat([d5M^ ni cTOESl^W MT ^TOi^B 
^rouj). or to innovation.4i!g|^gitiieinat i^^^Mj^^ ^^^^B^^^3 
J^|g^pi^J|c^pn anioii<rlhW^actor.<. coMj^^j^^S WffJMi^ 
;^li^^cp|tiimnate our intercut in the extent to which tlie so-Mlffl^^W 



AZii^tJiematics program--^ might aflVct chihh'cnV abihty to conserve and 
mtjre igagp^^^^^^ t of logical thiiiRin^* 

V^^^^lgpj^^^g^^^j^iit of inrrn^^^axjation in thc=^y^ 
^=;?iypjpf|^^^ to i)e^WleW\^ITilo the ge^^K 

i^:^e(j^^g^ug^ion held for all the cliilchcn. about half of them, in 

-fij;4i5g^t^fj^^^ l)rocedure and nQtMjJPT^^ffnce of de- 

-_- #:|^g^d<coiiAncUpnggli^^ than ce WITO 

^tAidj^(fe-gj0g^p¥^^^ 

gigiHKiitpido so. 1- £^=— -^^^^-J^r\:-r^^^^ 

Thespian for thii VtmhVfa^^ 
^tahce^at^ niade^it3j^iHI(^i^ 
t\vo groiipl.or c^^^^^^ 
sysfeniape hyffuc^ion^i^^^^^^^ 

and cjiildrcn-who ha(|f not Jlmhsuc ^^^ r^z^ ^^ -: 

tlie fiist£^stud\v^va^iii- 
Science eurrieiihniiiln]j)ro\'enient^fi3\^fS(SISj^^ " 
ccrned with ^he dcA'elopiju^nt^^^cieht^fl^lit^m 
ol expcriehces of a ^cicntific^kii# bcgh 

school, ^^^rcw on the thqorS^ ot3^got.^)art]ciilarly :in^iti5^<^)liasis;dip 
the importance ol^ahe^chifil'^dismyc^ ;con^ni(^gn^ tirtj 
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pre^autcd to liiiii. In tlic first two suimncr?^ of the proH^ct when tlic^^^ 
^:MI;i)rogi'aiiis foi- k^^ and first grade were beings foriiuilatedxT 

'1hter\'iewed niany oLtlie cliilclrcii n usiii<r modified Piagetian 

teclmiqueSj^^ to a^At^^^^ brouglit-to^tlie ex- 

" |)(^iiniL"tal: JTO^^ tirey fiinctioiiSl iln: it. In 

the fuH of I9654hc program began iif the jkiiidergartciis and first grades 
of threc-California-scliooWr r ; ; - ^ ^ _ - - 

Soineuliat^prior to thc fle 
AsspjcmtionfforU 

^^iSS^<S^ftMtlMil!lSP-^^ 

_thg::clnld!Wjll^le^^^^ 
^ ^afij[JanSlyj£s;^^T 

_ iiizihg^ancigjii^^^ 
:j»|)^ce^_tii^(ai!ejafi 
ilMtUSS^igFcr^^ 

grajii^rindri'aCecIt^^^^^ 
_ jEotSSjS^^ 
logi&6f^^la>'seSn^^^^ 

ypjigSxiuiatcly Jialftjj^i^iivcdcio^tl)^ 
IdgicQofrrelatipn^.^a 
iiJ^Wjpn^tjJjlm^ 
thMigli explorfilg, prodi 

irig. Botli;:i»^^^^ : 
ph5^^ical object^^ AnthiSfiJIS^phieiiig^^^ 

There is ofvi^onrse no^gViaraiitea^^^^ clas^rooni-uxpericircc of^the^chil- 

dren sietual \y relk]ct:?-t[ie5o ernphasiesr It is; 1^^^^^ possible to amdyze 
the verjfal iiiteraetioii-of tlje clfe^^^^ _ 

Botliitheseprograujs^^proviflodieonsid un^ysteniafic 
science experiences usually provided in kindergarten and rirst gi'mle* Tt 
^ecined possible that inofc tlian usual expcrienoe in rhissifying and. l6 a 
\ lesser extentvordering inight ix^^ iii earlier conservation^ or it iniglit in" 
sonic \vay nibdify tllc pattcrns that had appeared in tlie earlier study. 'Hie 



Piagetian Research and Mathematical Education 



total scope of this study is indicated in the table on the opposite page. 

Table 1 shows the number of children who were in the AAAS and SCIS 
P'-ogranis at the beginning of ;the study in 1965 and who remained in them 
in subsequent years. Note that these children also had the Greater Cleve- 
land Mathematics Program (GCMP) and 4liat a comparable group of 
children had only the GCMP program/that is, no science program. 

The program marked "No prescribed lessons** was^selected to provide 
a contrast to the programs where the lesson plans were specified in con- 
siderable detail. The curriculum guides ior this program, which had been 
pfep^redl)y conunittees of teachers and supervisors and were intended 
to meet local needs, reconnnended the general topics to be covered in 
kindergarten and firsts grades but did not include any detailed prescrip- 
tions for teaching such topics. ^ ^_ 

In the fall of 1966 another group of children v ^re added who hvA come 
froni a^ kindergarten prograni Avhore^^^ not received ihst.iierlon in 

either mathematics ;or acience. Half of these classes participated in the 
SGIS .first-gradOrogram. - All of them received instruction in mathe- 
matics, beghming in first grade: No one textbook was used,, but the 
program can be regarded as comparable to the Greater Cleveland 
Program. * . 

The major question raised, injhis study was: Do children who^reeeive 
systematic instruction in the basic concepts of mathematics and science 
when they arc in the kindergarten think niore logically in Piaget's terms 
when they reach second grade than do children who did not have such 
early instruction? Obviously, an adequate answer to this question re- 
quires that the samples of children representing the various programs be 
comparable and that the teaching in each of the programs be congruent 
with its aims and of quality comparable to that in the other programs. 

The pubhshed report f Alniy et al. 1970) goes into these details, describ- 
ing the intellectual ability of the children aj^ measured by the Peabody 
Pietiu'e Vocabulary test, the occupational level of their parent^?, and the 
teaching as observed by experts rc^presenting the instTUctional programs 
and reported by the teachers themselves. As might be anticipated, the 
evidence for comparability of the groups is better than the evidence about 
the teaching. Acebrdinglv, tha answer to the major question remains 
somewhat equivocaL iuwever, the picture of the thinking of second 
graders that emerges from, our interviews with the 633 who remained in 
the study tu its completion is not equivocal and constitutes a major 
contribution of the study. 

= Each child was interviewed either two or three times, depending -on 
whether he was in a program initiate'd'in kindergarten or in one that did 
not start until first grade. Each of these interviews presented the same 
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TABLE I 



ficp«rlMntaI ProgruM, Nuaber of SchooUr C1mm« snd Children^ 
1965-1967 



1965-1966 



1966*1967 



FaU, 1968 



AAAS 

(GGIff ) , 

SCIS 

CSCMP 
only 

Ko Pre- 
Lesflons 



SCIS 
(llAth) 

Math 



7 
6 
7 
16 



m 8 

159 10= 

168 17 

181* 11 



105 
118 
U3 
1^2 



11 94 

:13 79 

16 122 

U 136 



Prbiraa Initlftt«d In First Grade 



139 
113 



15 115 
U 87 



not include children in these clweee enrolled injmblic 
kindergarten^ but scheduled for first grade in per^hial school. 

^Classes include children etk) had not pirticipated in prograa 
in kindergarten. ^ 

^Classes include children who had not participated in prograa 
in kindergarUn an^or firtt_ grade. 
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conservation ta^ks that wore uml in the first and >eeon(l >tii(lie^. described 
earlier. In addition, wo inchided a ela.-;*.inchision ta^k as schematiml in 
figure 3. Proeedure? for this task had been developed for a training study 
conducted by Paula :VIiller (1900K so that normative data for kimleiL 
garfner^ and second graders wore available. ^ 
The perfonnanco of the children in the successive administrations of 
the conservation and class-inelnsion tasks constitutes the longitudinal 
tiata for the study. However, in the fimd. or posttcst. interview five addi- 
tional kinds of tasks were added. 

Our intent was to provide a l)attery of test^ from which some kind of 
index of logical or operational thinking might be derived. The criteria for 
the selection of the tasks arc described in detail in the published report, 
but it is well to note here that tlie procedures wtTe^tanclanlized. that they 
had all been used in relatively coniparablc fonn by researehcrs other than 
Piaget, and that nonnative data on the tasks were available. 

Bear in mind that in tho .spring of 1968 when this battery was developed, 
very little testing of the same children with a vai'ftty of Plaget tasks had 
been reported. Nor had there been nuich of the kind of excliange between 
Genevan aiid American researchers that is cnrrontly going on. If we were 
designing such a battery of tests totlay. we niighi .select a sonunvhat^liffer. 
ent array and use somewhat difTerent procedures. = 
A set of suHal ordering tasks were posed, with two sc^ts of cards pictinfng 
monkeys anff balloons and two sets picturing knives and forks^^C 
scliematization of the task* api)ears in figure 4 ipp. 227-28 1. ^"^ 

We tested the childV ability to grasp the idea of trmsitivity by asking 
—him to dcfluce the relationship of two black Micks each of which had been 
measured aj^ainst the same blue stick. In each instance the black sticks 
are presented in the context of the Mnller-Lyer illusion, tending to mislead 
the child who relies on perceptual cues. (One child described this as an 
"obstacle illusion."! Figure 5 schematism's the tasks. 

A set of matrix tasks, taken directly from Piaget, wen^ presented next. 
Figure f) shows the cards used for these. However, it is difficult to tell 
when a child nniy be using a graphic solution and when an operjitional 
solution. In view of this the Genevans, as we learned from Dr. Sinclair, 
regard the matrix as one of the least good tasks for appraising operational 
thinkmg. Accordingly, we treated the residts from these tasks quite sepa- 
rately from the results in the ojjier tasks. 

The final task in the po.-ttest interview is schematized in figure 7 fp. 
232). It deals with the conservation of weight. 

The categorization and scoring procedures in tins study were similar to 
those used in the previous studies. Essentially they consisferl in weighing - 
the evidence as to whether or nol the child wa^ thinking at an operational 
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figure J 



CLASS XKaOSION TASKS 
Task A: Fruit (4 plastic bananas, 6 plastic grapes) 




Qrlentatioii: JW^i«Efiy;MiSE£6BJ^ - 
CAH^lWin>fesCii^^ 



:SUPR)SM^WAMTBbVAIXtTO^ 



HOf CAKsYOO TECL?^ 



Task-B: Wooden BIoc1ts> {6 blue and 3 pri^^ 



Orientation: CAN YOU FIND SCMEiWAYf WPITT-T^ 

fKIOiCBEUJNG TOGE^ POT-m OF TlffiifOC»EN;HLOCKS 4 
OMEOROOP. _ 



'rfOCLD A TOiER MADE OOT OrAIX/THE IKXH)EM^^ 

OR/SRORtffi TH^ BLUE BL0CIC5? 



H0» CAM YOU TELL? 
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lERlC, 




TMkCt itettXCara (8 blue «nd 4 Md) 




lOri<aWion:MH0ifi8EiiiJaM 



j^gywapjiOTAtHEsg icwj imjiiro^^ 






: ^ ^ ^ Fig. Z^CofU, --L_ \ - V 
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HERE5 




(MJ^^^^ KMIPE THAT (JOES WITH THIS POMCt 



pERJC] 



FlgureJ,5 
TRANSITmxy 



Practice I 



. r /iWHICHtOHEfOFSTHESEtlWOfOT 



^«st A. 



LWHICHiONElOF^THKEfcWlS'rtClKB^^ 



iB^RE^OU^EU^i!ilES*H|CH?IS^ 




WHICH IS LONCERi IHE^ MAJE C«iTHE BIJUaCr 



imicH IS WHoro/ TP atrs OR^THSiaiiAc^^^ 



WHICH OF THE BLACK SHC)© IS IXM^^ 

- I'ig.S .. 
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Fig, 6^C«/*i. 




^ Figure 7 - 
OONSERV^OM OP WnCHT 



Oritntation 
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level iiueaeh of the items in a seVof tasks, -and then considering^ the evi- 
dence for tho entire set. Eventually we arrived at a simple 0 (not opera- 
tional) or 1 (operaUanal) for each of the khul^ of tasks^^: conservation ofT 
"number and of weight; clas;? ulchl^ion. seriatfoii, reorJering. and ordinur 
tion; and transitivity. ^ ^ 

When the data are reduced in tiiis- fashion, the richness of the various 
stages described: by the Genevans is lost On thcotlier hand, .^uehj'eduetion 
ynnpoScs a rigorpus^^^ 

facilitated by curncular^ : ^ : . 

SdSjfm^ookijg 

6y ef a Ijs^plef f o rmaiicl^^^ i I d rjeii^sf prMncig:ogra m nilihied ^^can ribe: 

iexanii necK^Eig i ows^f o r%ca cl ft o fet I icj^eyentki n (Is^o fcjjost t^ W asksp_ 

^theiiyrpiyorUorLfoL^^^ 
-^{rTlre?tasl^5^ 

ifowlogi caljUnnlo ng^^ f y i ii gvrandfseri a [^orc I eri ngr #Ko r^cacl i 
jo]MjfflptibiiilMage^ 

rthMA^l^^L^QiBtM 
^expec^(l^to^:c:oTiserj^^^^ 

j^conf^cnyef!\vei gl^to = a r ra nge = a sen es^j^bef ores 1 1 ley rcb u I di so 1 ve ^tl i e p robi ei \\- 




pP?ratic«iftl 
petf oroince 



OjUier: - 
.perforisihee. 



Fig,^lv^ rpr^porti«^^^ with claaply 



liig, 8^ 
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of ordination, and to accomplish both of these before they could reorder a 
series that has been scrambled. Tha transitivity problem may be regarded 
as^a problem of the seriation type, successful^solutidn following seriation 
and ordmation and Possibly reordering: The : transitivity problem may 
also be regarded as an extension of die conservation problell^s invol^^^ 
the conservation of length/ SuectesTulisolution.of^^^^ 
reprcsentsrthe iiiost advanced sOTt of classifijaf ion. ^ ^ i ^ 
On a ^heoi-oticaPbasis^tlien, one mighliexpectio^find an^rdSring oHlid 
^conservatmn jiml seriatipirjc^^ 

/tqsgppljga\^li^^ 
i according to predominant patterns. 

1 to<X5Jiq^^:aji5^ 
wejgl^.shownd,^:cliiIcIr^^ 

any^l^cgscs^tlifeinitt^^^ 
^on^the4)asis ^f^hc^seqiicnccs^dSGi^^^^ 
pa«erns,chiWi-eiv^e^ 

whcMhcy.|fi„Khot^.»(H,reciqS 
Attempts4o;prrlcr th(mi,?eithcrmtlie.!iaiisj^ 

unsuccessful. ; - ^ y ' -^^) ^ 

Goryi(leringt!,cnaiTOagaa-ang,.^ 
of l)erfcM;n,ancaof:chd,lrennmdor tlie^agS;^^^ 

kmds of operations in^tl6;:pam'rns.tl^al>M^ 
peHiapSj^nFarnmtcd. Tl)M%'^orreMcis fj^ 

tasks Avcre:loNv.:thelargesti!>einffg»» , 

ccyiservation, of weight. -This^uggcsts^hat-for^sSn^ri^akolda ' 

diction^f muoperational^response^rian.^^ 

(^<mwhen%tasks:bear:#closfe^^tlicc3ret^^ 

as do the t«o conservation tasks or theSei^tipn^anc^ 

. n ™. tlreHotaUniiiiibhr 6^:^ 
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With the overall perPoniiancaof the children in view, we can now turn 
to the results so far as curricular intervention is concerned. They arc 
somewhat paradoxical. On the one hand, when the performances in the 
posttests o£ the children who received preserilied lessons beginning in 
kindergarten are coniparedwith the performances of those;\vho did not 
receivf ..^struction until fi^st grade, a number of significant differences 
arb appareht, tf,king PPA'T EQ^ into account, BTere itmu 

.that littje Ayas-knownvabout thc nature otthe kindergarten experience pf 
the: childrcniwho did not begin i>rescribed lei^soris until first grades - 

^MfflgQ^K^^gyhjJ ^^^ 

iJessQiM^ 

?tiij^^5uj£5abp^ 

iTn^wlfocd idtno friram 



liUtiiUd In Ktedte^ 
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(luctioii of mathcjiiatieal and scientific concepts in the ciiriiculuni of eariy 
childhood can facilitate the develoi)nient of logical thinking. Such intro- 
duction IS more efficacious when it occurs in kindergarten than when it is 
postiwned to first grade. However, experienced teachers familiar with and 
Wterested in the elementary concepts, r'aiining activities around the chil- 
dren s interei^ts, are as effective as teachers who use prescrn)ed lessons 
(I think this IS in line with the analysis of traininc studies that Beiliii 
lias made iiere, suggesting that a luiniber of kinds of training may under 
certain circumstances, be effective.) We don't have s-ifKcient data to prove 
that this IS the correct resolution, but it seems to make ^=ense in the con- 
text of the development of logical tliinkiiig that we have inferred from the 
results. - ^ - 

Pi!i!?et has postuhited an integration of the abilities involved in classify- 
ing, ordering, and conserving at. about the age of seven, when the child 
becomes truly operational: - . 

It is remarkable to .?ce the foriiiiitioii of a whole series of (liese sroupiiigs 
by children at about age ^evcii. They transform the iiitiiitioiis into operations 
of all kinds ai, i sAim the traiisforiiiatiou of thinking <icscribe(t earlier, 
.-^bovc all, it is sti iking to see how these groupings arc formed, often very 
rapidly, throifgh a i-orf of totar reorganizafion. No operation e-xists In an 
isolated state; it is always formed as a function of the fofalitv of operations 
^of the .'^aiiie kind. For e.Naniplc, a logical conceirt of class (coiiibiiiation of 
nid-- .mis) is not coibtnicted in an isolated sf.-ito but necessarily within . 
fl.'s-;!.cation of ihe groiipi.ig of wliieli'it forms a part. A logical familv rela- 
tion (brother, uncle, etc.) is coiisfitiitcd only as a iinictioii of a set of 
analogous relations whose totality constitutes a system of relationships. Nmii- 
bcrs do not appear independently of each other (3, 10, 2, 5, etc.); they arc 
grasped only as elements within an or 'ered seric.-^: I,2,;i . . . , etc. Likewise, 
value-' cNist only as a fiiiictioii of a total system or '•scale of valnts." An 
asynnnetric relationship .such as li < C is intelligible oiilv in relation to the 
possible .seriation of fl-oset Q < A < B < C < D . . . , etc. What is even 
luorejemarkable is that these systems of sets are formed oiilv in the child's 
flnnkuig in eofineetion with the precise reversibility of the operations, .so that 
they acquire a definite and complete structure right away. [I'iagot m7, p. 

The loj\:^£onelations among the perforinhnces in the various tasks in 
our study simply do not supi)ort the idea of integration at age seven. This 
may be an artifact of tlie standardized procedure, and of the inclusion of 
children who, although they were in second grade, had not yet reached the 
age of seven. Nevertheless, the rangp of tasks presented and the number 
of children^ involved are suflicient to warrant some generalization The 
child beginning second grade is tyi)ically inconsistent and often illogical ' 
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when confronting the kinds of t^isks posed in the study. lie has not yet 
developed, or-does not readily bring to bear on the tasks, the coordinated 
structures that Piaget describes as typical of the child who has reached 
the operational level of thinking.- 

The issue here, of course, is not so much the timing of the transition as 
the question of the extent of reorganization of the cliikPs thinking, how 
it is brought about, and niost importantly how education contributes to it. 
Without clinical or qualitative appraisal of the individual it may be diffi- 
cult to grasp the "functional unity'* that Piaget and Inhelder (1969) dc- 
scribe (within each subperiod) as binding "cognitive, playful, affective, 
social and moral reactions into a whole'* (p. 128f. 

Further, without longitudinal appraisal, and appraisal in the classroom 
setting, it. is equally difficult to judge tlie extent to which the cliikrs edu- 
cational encounters do indeed contribute to his thinking. = 

The clinical approach has rarely been taken by-Ainerican uivestigators, 
largely because of fear that the child^s responses might reflect the inter- 
viewcr^s biases more thanjiis own convictions, partly, no doubt, be- 
cause the clinical interview takes so much time. In this regard we have 
much to learn from our British colleagues, notably among them K. Lovell. 
Their interview schedules, while sufficiently standardized for reliable 
replication, also allow for the probing necessary to reveal the suspect 
answers. For some purposes, and particularly foj- training teachers/ many 
opportunities to explore children*s thinking in a clinical way are impera- 
tive. ^ 

Under certain circumstances, however^ the standard procedure has some 
advantages. For example, in the longitudinal study the repetition, of the 
samaproblems and the same questions tends to highlight the changes in the 
children's responses. Given ^ sufficient number of children, the probabil- 
ities of change from one level of thinking to another at successive inter- 
views can be calculated. As our second longitudinal study shows, the rate 
of such tnmsition can be used as a means of comparison of the effective- 
ness of different curricular interventions. ^ 

One of the hazards of the successive repetition^f standard interviews is 
that the original problems and the questions may not be as effective as one 
anticipates. In our first longitudinal study, for examplCj for the child who 
did not give a spontaneous response to "What about now?^' we consistently 
used the question *^\re there more Hero, more here, or are they the same?'^ 
This standard procedure was easy for the interviewers, but some false 
positives might have been avoided if the question had varied to **Are 

2. This i)ar;igraph was writtcii boforc rc;u!ing The Dcvchpynenl oj the Concepl oj 
Spuce hi Ihv Chilfl by Lmiicndcau and Pinard. wherein Piaget comments on the genera I 
problem oVdvcaUujca. 



237 



Piagetian Regearch ami Mathematical Education 

they the same, or are there more here, or more here?'* Simihirly, *'How 
can you tell?" or "Explain that to me" have proved to be more neutral 
than the "Why?" or "Why do you think so?" questions, which some chil- 
drcn take to mean that they are in error. 

Attrition constitutes another and perhaps the most obvious hazard to 
longitudinal research. In the first longitudinal study over 20 percent of 
the children studied in kindergarten were no longer available at the end of 
first grade. In the second study the loss from kindergarten to thej)egin« 
ning of second ^rade was nearly 35 percent In many instances the chiT^ 
dren were still available in the school system but had moved away from 
the^chool that was using the innovative clirriculum. The rate of attrition 
may be somewhat less when kindergarten, which parents sometimes regard- 
as less critical to the child^s schooling, is not included. 

All of this suggests that from a practical viewpoint three years is ^bouf 
^as long as one can hope to keep a large-scale longitudinal study going; 
Data for -youngsters followed from kindergarten or earlier through the 
period of concrete operations and into fornial operational thinkhig would 
be extremely useful. Ho>vever: except fox oi>e study reported by the 
Geneva group, but apparently as yetunpublished,.such data do not seem 
to ba forthcoming,^ A possible substitute might be three parallel three-year 
studies encompassing ages five through seven, seven through nine, and nirn^-^^ 
through eleven. If an analysis of the data of the overlapping groups indi- - 
cated |hem to be comparable, the data might be combined and the^ 
sequences and rates of change derived, as^from a six-year longitudinal 
study. - 

Considering the number of rather huge-scale cross-sectional studies 
dealing with a variety of kinds of thinking-^as, for example, those in 
mathematics under sponsorship of Professor Rosskopf, Professor Ix)velPs 
studies in England, and those he has inspired here/such as Lillian Whyte's 
study of classification among Canadian children with normal and sub- 
normal mental ability-^the necessity for large-scale longitudinal studies 
seems not very great. 

^^yhat appears to be more needed at^his point is smaller-scale longi- 
tudinal studies. Some might well be sets of case studies that include re^ 
peated iu;crviews and ako include observational material related to 
classroom functioning. - = 

Piaget has sketched the grand design of developing intelligence^. He- 
and his folio wer ^iave now fijled in inany of the details of the ways 
knowing proceeds frotirinffrnfyTTadolSence^^Iniiumerable rese 
including manyj\vho, on various theoretical grounds, contest the adequacy 
of the Piagetian view, have explored andniianipulated many aspects of 
children's thinking. But it is not Piaget's idea that a few sessions with an 
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experiinenter, or thirty ininiites a day with a new mathematics program, 
is likely to importantly change a child^s way of thinking. Thcsuccess of 

-any intervention into the child's thinking, either experimental or curricu- 
la?, can be measured only by its |yervasive and durable effects. 

Proponents of the modem British primary school have, it seems, under- 
stood Piaget in this regard considerably better than have the Americans. 
Yet they too are only beginning to come to grips \dtluihe^ iinplicatLons=of- 
the theory for the education of the child. In exploring p^ssiBTlitieSj how- 
ever, it seeins-they have been much more inclined than we to go directly to 

7cIassrdoms£find^to inw^^ 

Active -participatio7r of t^acliers in^planiiiirg^icarryjnf out^ and evaluat- 
ing researcli-intlVerdcvelopine^^ of cliildren^s tliinWng^e^^ 
It is true^ that notaU teatliers will be willin^tp part 
active fashion, and^tTTis wUrH But as 

our own studies bear \vitness> it^is:clearlyq)r^^ 
rooms uliere the teacher js t^^ 

,situation>in^\\1uch:the teacher=fcparti^^ ; 

Suppose tliat a longitudinal^ study of at leWt a school ^ear in length is/ 
^lannedr All the^chi!dren in a given: clas^ 

viewed, wi th the f ocusi per I laps on a si ngle, :but pi vd t^l, bpefatio n— co n^ 
servationMs clearly a Jikely/chpipe. Qr^a^^^ 

exhausti vely interviewed. In; ci tlier eventv^uch; interviewing \vouJd- be 
either shared by^ or rcported?to theiteacher. rancf tli^e implications o^ the 
results for the planned curriculum discussed. Several of the children could 
then beSysteuhatically observed and interviewed as the y^^ 
all instances with the teacher sharing the resulting (lata. Possibly sucli 
systematie:study of aj;clatively sui^ 

<Iata afyout individual styles of eopingAvith problems and about prefermi 
ways of Ic:frning. Year-end interviews with air the childrx2n/_as well as 
with those intensively studied, would provide information on the possible 
effects of such study as well as on tiic general progress of the group. 

A plan of this sort could be used to investigate a single aspect: of tlie 
,currictilum-^inatheinaticSj for examplc-'-or, more narrowly, a single 
atopic; or_ it might deatmore broadly with the child*s thinking in various 
aspects of the curriculum. For exainple, one^ight to be able to see the 
influence of mathematics in the children's performance in the science 
program.^ = ^ - . : 

Some proponents of Piagct's theory—Hans Fui th^ particularly— ^hold 
that the traditional three Es cuiTicuIum-for the early elementary school 
should be abandoned in favor of a curriculum for thinking — the specific 
content in the years before tjie fifth=grade being of considerably ^*ss im- 
portance than the opportunities provided for the child^s knowing. Such a 
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projwsal seems to exemplify the "functional unity" of the child; (iescribed 
by Piaget, better than do attempts to tie segmented aspects of the eur- 
rieuhnn to the sequences of development described by Piaget. But there 
IS no necessity to take a particular stance on 'the jiiatter xvliilo invcstl- 
gatmg the actual manifestations of cirildfen's tlfinking in classrooni« with 
varied kinds of curricula. The only danger is that the investigator may 
find himself working in situatioJis wJiere there is truly very little provo- 
cation for thinking. . 1- 

Another hazard in tlic?ob.servatloii of tile ehikynjhelclassrooni i>. - of 
coiirs(^Vtlie.difficulf^.invdlyed-in;ijife ; 

^behavioiv 4^angpgerTr6nutlie«iewi)pinabfrt 
Avclhas.revaa|=Shougl%4ii%^ 

,sllo^yn,:tll(y^lexlcali:quality.^f^llc^lanpag^^^ 

stnicture oMli?uglit>aiuftlieTinore;:fro^^ p»of^ew llie 

Jeaclierlyi^.iioaltenatj2^ftovinfe^ 
says:and|Z{loe5.: ^\-hiI<^^pcl,n-ciffi 

i)^cognitiveyntera5tiph^ia!ie:cJassi-oWiV 

as thc.pioneer \vorfcof;investigators^.?iicli i^^^^^ 

Mikia Tal)aHiiis acimmsfra-tet^^fi^ Eeli^e^orcfis^liasilioxVn V 

tliat suck ana lysis ^an*be:M 

are appljcabje in fhe^^g^^^ j V : j ^ V 

:fiagetian^inferviews,^epcated^^ 
process of^liaiigeunderlyingthechild's^hinking^^ 
%e dynainit processes , uiiderlying^such criang^^^^^ 

b>^:Bjagct^s4lieoiy are to be integrated intci^a flieorj' of education, aa 
essential next step appears to be tlre inteiisive. developmental stuc|r^df 
mciividual children in: tjm natural seftingi^f their classrooms, ^ " 
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